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PREFACE, 



Most persons do not possess, and do not easily acquire, the 
power of abstraction requisite for apprehending the Greometri- 
cal conceptions, and for keeping in mind the successive steps 
of a continuous argument. Hence, with a very large proportion 
of beginners in Geometry, it depends mainly upon the form in 
which the subject is presented whether they pursue the study 
with indifference, not to say aversion, or with increasing interest 
and pleasure. 

In compiling the present treatise, this fact has been kept con- 
stantly in view. All unnecessary discussions and scholia have 
been avoided ; and such methods have been adopted as experi- 
ence and attentive observation, combined with repeated trials, 
have shown to be most readily comprehended. No attempt has 
been made to render more intelligible the simple notions of 
position, magnitude, and direction, which every child derives 
from observation ; but it is believed that these notions have 
been limited and defined with mathematical precision. 

A few symbols, which stand for words and not for operations, 
have been used, but these are of so great utility in giving style 
and 'perspicuity to the demonstrations that no apology seems 
necessary for their introduction. 

Great pains have been taken to make the page attractive. 
The figures are large and distinct, and are placed in the middle 
of the page, so that they fall directly under the eye in imme- 
diate connection with the corresponding text. The given lines 
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of the figures are full lines, the lines employed as aids in the 
demonstrations are short-dotted, and the remUing lines are long- 
dotted. 

In each proposition a concise statement of what is given is 
printed in one kind of type, of what is required in another, and 
the demonstration in still another. The reason for each step 
is indicated in small type between that step and the one follow- 
ing, thus preventing the necessity of interrupting the process of 
the argument by referring to a previous section. The number 
of the section, however, on which the reason depends is placed 
at the side of the page. The constituent parts of the propo- 
sitions are carefully marked. Moreover^ each distinct assertion in 
the demonstrations, and each particular direction in the construc- 
tions of the figures, begins a new line ; and in no case is it neces- 
sary to turn the page in reading a demonstration. • 

This arrangement presents obvious advantages. The pupil 
perceives at once what is given and what is required, readily 
refers to the figure at every step, becomes perfectly femiliar with 
the language of Geometry, acquires facility in simple and accu- 
rate expression, rapidly learns to reason, and lays a foundation 
for the complete establishing of the science. 

A few propositions have been given that might properly be 
considered as corollaries. The reason for this is the great diffi- 
culty of convincing the average student that any importance 
should be attached to a corollary. Original exercises, however, 
have been given, not too numerous or too difficult to discourage 
the beginner, but well adapted to afford an effectual test of the 
degree in which he is mastering the subjects of his reading. 
Some of these exercises have been placed in the early part of 
the work in order that the student may discover, at the outset, 
that to commit to memory a number of theorems and to repro- 
duce them in an examination is a useless and pernicious labor ; 
but to learn their uses and applications, and to acquire a readi- 
ness in exemplifying their utility, is to derive the full benefit 
of that mathematical training which looks not so much to the 
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cUtainment of informcUum as to the discipline of the mental fac- 
tdties. 

It only remains to express my sense of obligation to Dr. 
D. F. Wells for valuable assistance, and to the University 
Press for the elegance with which the book has been printed ; 
and also to give assurance that any suggestions relating to the 
work will be thankfully received. 

G. A. WENTWOETH. 

Phillips Exeter Academt, 
January, 1878. 



NOTE TO THIRD EDITION. 

In this edition I have endeavored to present a more rigor- 
ous, but not less simple, treatment of Parallels, Ratio, and 
Limits. The changes are not sufficient to prevent the simulta- 
neous use of the old and new editions in the class ; still they are 
very important, and have been made after the most careful and 
prolonged consideration. 

I have to express my thanks for valuable suggestions received 
from many correspondents ; and a special acknowledgment is due 
fix)m me to Professor C. H. Judson, of Furman University, 
Greenville, South Carolina, to whom I am indebted for assist- 
ance in effecting many improvements in this edition. 

TO THE TEACHEB. 

When the pupil is reading each Book for the first time, it will be 
well to let him write his proofs on the blackboard in his own lan- 
guage ; care being taken that his language be the simplest possible, 
that the arrangement of work be vertical (without side work), and 
that the figures be accurately constructed. 

This method will furnish a valuable exercise as a language lesson, 
will cultivate the habit of neat and orderly arrangement of work, 
and will allow a brief interval for dehberating on each step. 

After a Book has been read in this way the pupil should review 
the Book, and should be required to draw the figures free-hand. He 
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should state and prove the propositions orally, using a pointer to 
indicate on the figure every line and angle named. He should be 
encouraged, in reviewing each Book, to do the original exercises ; to 
state the converse of propositions ; to determine from the statement, 
if possible, whether the converse be true or false, and if the converse 
be true to demonstrate it ; and also to give well-considered answers 
to questions which may be asked him on many propositions. 

The Teacher is strongly advised to illustrate, geometrically and 
arithmetically, the principles of limits. Thus a rectangle with a 
constant base 6, and a variable altitude as, will aflPord an obvious 
illustration of the axiomatic truth contained in [4], page 88. If x 
increase and approach the altitude a as a limit, the area of the rec- 
tangle increases and approaches the area of the rectangle a & as a 
limit ; if, however, x decrease and approach zero as a limit, the area 
of the rectangle decreases and approaches zero for a limit. An arith- 
metical illustration of this truth would be given by multiplying a 
constant into the approximate values of any repetend. If^ for exam- 
ple, we take the constant 60 and the repetend .3333, etc., the approxi- 
mate values of the repetend will be ^^, ^, ^^, -^if^, etc., and 
these values multiplied by 60 give the series 18, 19.8, 19.98, 19.998, 
etc., which evidently approach 20 as a limit ; but the product of 60 
into J (the limit of the repetend .333, etc.) is also 20. 

Again, if we multiply 60 into the diiferent values of the decreasing 
series, ^, ^, y^, ^j^, etc., which approaches zero as a limit, 
we shall get the decreasing series, 2, ^, -g^, -g^, etc. ; and this series 
evidently approaches zero as a limit. 

In this way the pupil may easily be led to a complete comprehen- 
sion of the whole subject of limits. 

The Teacher is likewise advised to give frequent written examina- 
tions. These should not be too difficult, and sufficient time should 
be allowed for accurately constructing the figures, for choosing the 
best language, and for determining the best arrangement. 

The time necessary for the reading of examination-books will be 
diminished by more than one-half, if the use of the symbols employed 
in this book be permitted. 

G. A. W. 

Phillips Exeter Academy, 
January, 1879. 
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BOOK L 

RECTILINEAR FIGURES. 




Introductory Remarks. 

A ROUGH block of marble, under the stone-cutter's hammer, 
may be made to assume regularity of form. 

If a block be cut in the shape repre- 
sented in this diagram, 

It will have six flat faces. 

Each fax:e of the block is called a Sur- 
face. 

If these surfaces be made smooth by pol- 
ishing, so that, when a straight-edge is applied to any one of 
them, the straight-edge in every part will "touch the surface, the 
surfaces are called Plane Siirfaces, 

The sharp edge in which any two of these surfaces meet is 
called a Line, . 

The place at which any three of these lines meet is called a 
Point, 

If now the block be removed, we may think of the place 
occupied by the block as being of precisely the same shape and 
size as the block itself; also, as having surfaces or boundaries 
which separate it from surrounding space. We may likewise 
think of these surfaces as having lines for their boundaries or 
limits ; and of these lines as having points for their extremities 
or limits. 

A Solid, as the term is used in Geometry, is a limited por- 
tion of space. 

After we acquire a clear notion of surfaces as boundaries of 
solids, we can easily conceive of surfaces apart from solids, and 
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suppose them of unlimited extent. Likewise we can conceive of 
lines apart from surfaces, and suppose them of wdimited length; 
of points apart from lines as having position, but no extent. 

Definitions. 

1. Dep. Space or Uxtension has three Dimensions, called 
Length, Breadth, and Thickness, 

2. Def. a Point has position without extension. - 

3. Def. A Line has only one of the dimensions of exten- 
sion, namely, length. 

The lines which we draw are only imperfect representations 
of the true lines of Geometry. 

A line may be conceived as traced or generated by a point in 
motion. 

4. Dep. A Surface has only two of the dimensions of ex- 
tension, length and breadth. 

A surface may be conceived as generated by a line in motion. 

6. Dep. A Solid has the three dimensions of extension, 
length, breadth, and thickness. Hence a solid extends in all direc- 
tions. 

A solid may be conceived as generated by a surface in motion. 

Thus, in the diagram, let the upright B F 

surface ABCD move to the right to 
the position E F H K. The points 
A, B, C, and D will generate the lines 
AE,BF,CK, and D H respectively. G K 

And the lines AB, BD, DC, and A C will generate the sur- 
faces A F, B H, D K, and A K respectively. And the surface 
ABCD will generate the solid A H. 

The relative situation of the two points A and H involves 
three^ and only three, independent elements. To pass from A to H 
it is necessary to move East (if we suppose the direction A E to 
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be due East) a distance equal to A E, North a distance equal to 
£F, and down a distance equal to FH, 

These three dimensions we designate for convenience length, 
breadth, and thickness. 

6. The limits (extremities) of lines are points. 
The limits (boundaries) of surfaces are lines. 
The limits (boundaries) of solids are surfaces. 

7. Def. Extension is also called Magnitude, 

When reference is had to extent, lines, surfaces, and solids are 
called magnitudes, 

8. Def. A Straight line is a line which has 
the same direction throughout its whole extent. 

9. Def. A Cwn;ecZ line is a line which changes 
its direction at every point. 

10. Def. a Broken line is a series of con- 
nected straight lines. 

When the word line is used a straight line is meant; and 
when the word curve is used a curved line is meant. 

11. Def. a Plane Surface, or a Plane, is a surface in which, 
if any two points be taken, the straight line joining these points 
will lie wholly in the surface. 

12. Def. A Curved Surface is a surface no part of which 
is plane. 

13. Figure or form depenc^ upon the relative position of 
points. Thus, the figure or H^m of a line (straight or curved) 
depends upon the relative positi^i 5f points in that line ; the 
figure or form of a surface depends upon* the relative position of 
points in that surface. 

When reference is had to form or shape, lines, surfaces, and 
solids are called figures. 
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14. Def. a Plane Figure is a figure, all points of which 
are in the same plane. 

16. Def. Geometry is the science which treats of position^ 
magnitvde, and form. 

Points, lines, surfaces, and solids, with their relations, are 
the geometrical conceptionSf and constitute the subject-matter of 
Geometry. 

16. Plane Geometry treats of plane figures. 

Plane figures are either rectilinear, curvilinear, or mixtilinear. 

Plane figures formed by straight lines are called rectilinear 
figures ; those formed by curved lines are called curvilinear fig- 
ures ; and those formed by straight and curved lines are csdled 
mixtilinear figures. 

17. Def. Figures which have the same form are called 
Similar Fig^ires, Figures which have the same eoctent are called 
Equivalent Figures, Figures which have the same form and 
extent are called Equal Figures, 



On Straight Lines. 

18. If the direction of a straight line and a point in the 
line be known, the position of the line is known; that is, a 
straight line is determined in position if its direction and one of 
its points be known. 

Hence, all straight lines which pass through the same point in 
the same direction coincide. 

Between two points* one, and but one, straight line can be 
drawn ; that is, a straight line is determined in position if tvx> of 
its points be known. 

Of all lines between two points, the shortest is the straight 
line ; and the straight line is called the distance between the 
^0 points. * 



DEFINITIONS. 



The "point from which a line is drawn is called its origin. 

19. If a line, as £ (7, ^ f ^ , be produced through 67 to 
A, the portions CB and CA may be regarded as different lines 
having opposite directions from the point C. 

Hence, every straight line, as AB, i. f , has two opposite 

directions, namely from A toward B, which is expressed by say- 
ing line A By and from B toward A, which is expressed by 
saying line B A. 

20. If a straight line change its magnitude, it must become 
longer or shorter. Thus by prolonging ii ^ to C, ^ f ^ , 
AC = AB + BC; and conversely, BG^AG — AB, 

If a line increase so that it is prolonged by its own magnitude 
several times in succession, the line is imdtiplied^ and the result- 
ing line is called a multiple of the given line. Thus, \i AB=^ 
BG^GD, etc., f_f_4_?._f, then AG=1AB, AD=^ 
SAB, etc. 

It must also be possible to divide a given straight line into an 
assigned number of equal parts. For, assumed that the 7ith 
part of a given line were not attainable, then the double, triple, 
quadruple, of the nth part would not be attainable. Among 
these multiples, however, we should reach the nth multiple of 
this 7ith part, that is, the line itself. Hence, the line itself would 
not be attainable j which contradicts the hypothesis that we have 
the given line before us. 

Therefore, it is alioays possible t^ mid, subtract, multiple/, and 
divide lines of given length, 

21. Since every straight line has the property of direction, 
it must be true that two straight lines have either the same 
direction or different directions. 

Two straight lines which have the same direction, toithout coin- 
ciding, can never meet ; for if they could meet, then we should 
have two straight lines passing through the same point in the 
same direction. Such lines, however, coincide. § 18 
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22. Two straight lines which lie in the same plane and 
have different directions must meet if sufficiently prolonged; 
and must have one^ and but one, point in common. 

Conversely : Two straight lines lying in the same plane which 
do not meet however far produced have the same direction; for 
if they had different directions they would meet, which is con- 
trary to the hypothesis that they do not meet. 

Two straight lines which meet have different directions; for 
if they had the same direction they would never meet (§ 21), 
which is contrary to the hypothesis that they do meet. 



On Plane Angles. 

23. Dep. An Angle is the difference in direction of two 
lines. The point in which tlie lines (prolonged if necessary) 
meet is called the Vertex, and the lines are called the Sides of 
the angle. 

An angle is designated by placing a letter at its vertex, and 
one at each of its sides. In reading, we name the three let- 
ters, putting the letter at the vertex between the other two. When 
the point is the vertex of but one angle we usually name the 
letter at the vertex only ; thus, in Fig. 1, we read the angle by 




H 

Fig. 1. Fig. 2. 

calling it angle A. But in Fig. 2, H is the common vertex of 
two angles, so that if we were to say the angle ZT, it would not 
be known whether we meant the angle marked 3 or that 
marked 4. We avoid all ambiguity by reading the former as 
the angle E H D, and the latter as the angle E H F. 
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C 



D 



The magnitude of an angle depends wholly upon the extent 
of openiifig- of its sides, and not upon their 
length. Thus if the sides of the angle BAGy 
namely, A B and A C, be prolonged, their 
extent of opening will not be altered, and the 
size of the angle, consequently, will not be 
changed, 

24. Def. Adjacent Angles are angles 
that have a common vertex and a com- 
mon side. Thus the angles CDE^nA. 
and CDF&re adjacent angles. ^~ 

25. Def. A Bight Angle is an angle included between two 
straight lines which meet each other so that the two adjacent 
angles formed by producing one of the lines 

through the vertex are equal. Thus if the 
straight line A B meet the straight line C D 
so that the adjacent angles ABC a.nd ABB 
are equal to one another, each of these an- 
gles is called a right angle. 

26. Def. Perpendicular Lines are lines 
which make a right angle with each other. 

27. Def. An Acute Angle is an angle 
less than a right angle ; as the angle BAC. 

28. Def. An Obtuse Angle is an angle 
greater than a right angle ; as the angle 
DEF. 

29. Def. Acute and obtuse angles, in ^ 
distinction from right angles, are called oh- 

lique angles ; and intersecting lines which are not perpendicular 
to each other are called oblique lines. 

30. Def. The Complement of an angle is 
the difference between a right angle and the 
given angle. Thus A B D is the complement 
of the angle BBC; also B B C is the com- 
plement of the angle A B D, 
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31. Def. The Supplement of an angle 
is the difference between two right angles 
and the given angle. Thus AC D \& the 
supplement of the angle I)CB; also DOB 
is the supplement of the angle AC D, 

32. Def. Vertical Angles are angles 
which have the same vertex, and their 
sides extending in opposite directions. 
Thus the angles ADD and COB are 
vertical angles, as also the angles AG C 
And BOB. 
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On Angular Magnitude. 




33. Let the lines B B^ and A A' be in 
the same plane, and let B B* be perpen- 
dicular to A A' at the point 0. 

Suppose the straight line (7 to move 
in this plane from coincidence with Ay 
about the point (? as a pivot, to the po- 
sition C 3 then the line C describes or 
generates the angle AO C 

The amount of rotation of the line, from the position A to 
the position C, is the Angular Magnitude AO C. 

If the rotating line move from the position A io the po- 
sition B, perpendicular to Ay it generates a right angle ; to 
the position A' it generates two right angles ; to the position 
OB'y as indicated by the dotted line, it generates three right 
angles; and if it continue its rotation to the position Ay 
whence it started, it generates four right angles. 

Hence the whole angular magnitude about a point in a plane 
is equal to four right angles, and the angular magnitude about 
a point on one side of a straight line drawn through that point 
is equal to two right angles. 
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34. Now since the angular magnitude about the point is 
neither increased nor diminished by the number of lines which 
radiate from that point, the sum of all the angles about a point 
in a plane, as AOB + £OC-hCOD, etc., in Fig. 1, t* equal 
to four right angles ; and Hhe sum of all the angles about a point 
on one side of a straight liiie draum through that point, as 
AOB + BOO-^-CQD, etc., Fig. 2, is equal to two Hght 
angles. / 

Hence two adjacent angles, OCA and GB, ff 

formed by two straight lines, of which one is 
produced from the point of meeting in both di- 
rections, are supplements of each other, and may 2. 
be called supplementary adjacent angles. 



On the Method op Superposition. 

35. The test of the equality of two geometrical magnitudes 
is that they coincide point for point. 

Thus, two straight lines are equal, if they can be so placed 
that the points at their extremities . coincide. Two angles are 
equal, if they can be so placed that their vertices coincide in 
position and their sides in direction. 

In applying this test of equality, we assume tliat a line may 
be moved from one place to another without altering its length ; 
that an angle may be taken up, turned over, and put down, 
without altering the difference in direction of its sides. 
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This method enables us to com- 
pare unequal magnitudes of the 
same kind. Suppose we have two 
angles, ABC and A' B' C' , Let 
the side j5 (7 be placed on the side 
B' C, so that the vertex B shall fall on B', then if the side B A 
fall on B' A', the angle ABC equals the angle A' B' C ; if the 
side B A fall between B' C and B' A' in the direction B' 2>, the 
angle ABC i& less than A* B' C ; but if the side B A fall in the 
direction B E^ the angle ABC\s> greater than A' B' C. 

This method of superposition en- ^ ^ 

ables us to add magnitudes of the 

same kind. Thus, if we have two c D 

straight lines AB and CD, by ^ ^ 



D 



placing the point C on B, and keeping C D m the same direc- 
tion with A B, we shall have one continuous straight line A D 
equal to the sum of the lines A B 
mdCJ), 

Again : if we have the angles 
ABC and D E F, by placing 
the vertex B on E and the side 
BC in. the direction of E D, the 
angle ABC will take the position 
AEDj and the angles JD E F and 
ABC will together equal the an- 
ctIqAEF. 




^ 
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Mathematical Terms. 

36. Def. a Demonstration is a course of reasoning by which 
the truth or falsity of a particular statement is logically established. 

37. Def. A Theorem is a truth to be demonstrated. 

38. Def. A Construction is a graphical representation of 
a geometrical conception. 

39. Def. A Problem is a construction to be effected, or a 
'=«tion to be investigated. 
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40. Def. An Axiom is a truth which is admitted without 
demonstration. 

41. Def. A Postulate is a problem which is admitted to 
be possible. 

42. Def. A Proposition is either a theorem or a problem. 

43. Dep. a Corollary is a truth easily deduced from the 
proposition to which it is attached. 

44. Def. A Scholium is a remark upon some particular fea- 
ture of a proposition. 

45. Def. An Hypotheda is £^ supposition made in the 
enunciation of a proposition, or in the course of a demonstration. 

46. Axioms. 

1. Things which are equal to the same thing are equal to each 

other. 

2. "When equals are added to equals the sums are equal. 

3. "When equals are taken from equals the remainders are equal. 

4. When equals are added to unequals the sums are unequal. 

5. When equals are taken from unequals the remainders are 

unequal. 

6. Things which are double the same thing, or equal things, 

are equal to each other. 

7. Things which are halves of the same thing, or of equal 

things, are equal to each other. 

8. The whole is greater than any of its parts. 

9. The whole is equal to all its parts taken together. 

47. Postulates. 
Let it be granted — 

1. That a straight line can be drawn from any one point to any 

other point. 

2. That a straight line can be produced to any distance, or can 

be terminated at any point. 

3. That the circumference of a circle can be described ab'^"* 

centre, at any distance from that centre. 
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48. Symbols and Abbreviations. 



.'. therefore. 

= is (or are) equal to. 

Z angle. 

A angles. 

A triangle. 

A triangles. 

II parallel. 
O parallelogram 
ZI7 parallelograms. 

J_ perpendicular. 

J? perpendiculars, 
ft. Z right angle, 
rt. A right angles. 

> is (or are) greater than. 

< is (or are) less than. 
]i. A right triangle, 
rt. A right triangles. 

O circle. 

® circles. 

+ increased by. 

— diminished by. 

X multiplied by. 

-r- divided by. 



Post, postulate. 

Def. definition. 

Ax. axiom. 

Hyp. hypothesis. 

Cor. corollary. 

Q. E. D. quod erat demonstran- 
dum. 

Q. E. r. quod erat faciendum. 

Adj. adjacent. 

Ext.- int. exterior-interior. 

Alt. -int. alternate-interior. 

Iden. identical. 

Cons, construction. 

Sup. supplementary. 

Sup. adj. supplementary-adja- 
cent 

Ex. exercise. 

111. illustration. 



perpendicttlar and oblique lines. 15 

On Perpendicular and Oblique Lines. 

Proposition I. Theorem. 

49. When one straight line crosses another straight line 
vertical angles are equal. 




P 
Let line OP cross A B at C, 

We are to prove ZOCB = /. ACP. 

Z.0CA-\-/.0CB=-2ri.A, § 34 

ipeing sup.-adj. A), 

Z 0CA-\-ZACP=2Tt.A, § 34 

(being sup.-adj. A). 

.\ZOCA + ZOCB = ZOCA + ZACP. Ax. 1. 

Take away from each of these equals the common Z OC A, 
Then ZOCB = ZAOP. 

In like manner we may prove 

Z ACO=-Z PCB, 

Q. E. D. 

60. Corollary. If two straight lines cut one another, the 
four angles which they make at the point of intersection are 
together equal to four right angles. 
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Proposition II. Theorem. 

51. When the sum of two adjacent angles is equal to two 
right angles, their exterior sides form one and the same 
straight line. 



— F- 



A C B 

Let the adjacent angles Z OCA-\- Z GB= 2 rt. A 
We are to prove A C and C B in the same straight line. 
Suppose (7 -P to be in the same straight line with A C, 

Then Z0GA + Z0GF=2T:tA, § 34 

{hewg sup.-adj, A ), 

But Z0CA + Z0CB = 2Tt. A. Hyp. 

.'.Z OCA + Z OCF=Z OCA + Z 00 B, Ax. 1. 

Take away from each of these equals the common Z G A. 

Then ZOCF^ZOGB, 

.'. G B and (7 /'coincide, and cannot form two lines as rep- 
resented in the figure. 

.\ AC and (7 jB are in the same straight line. 

Q. e. 0. 



PERPBNDICTJLAB AND OBLIQUE LINES. 
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Proposition III. Thboreil 
52. A perpendicular meamrei the shortest dUtance/rom 
a point to a straight line. 




Let AB be the given straight line, C the given point 
and C the peipendicular. 

We are to prove C -^c, any otiur line drawn from C to AB, 
asCF, 

Produce COto B, making OB=CO. 

Draw ER ' 
On ^ J? as an axis, fold over C F until it comes into the 
plane of OJg^^. 

The line C will take the direction of JS, 
{siTice Z COF= /.EOF, each being a rt. /). 

The point C will fall upon the point Ey 

(siTice 00= Ehy cons.). 

.-.line (7^= line ^^, 

(hamng their extremities in the same points), 

.',CF+ FE=2 CF, 
C0+ 0E=2 CO. 

C0+ 0E< CF+ FE, 

{a straight line is tlie shortest distance between tvjo points), 

Substitute 2COfoTCO-^OE, 

and 2 CF foi C F ■¥ FE\ then we have 

2 C0< 2CF. 

,\ C0< CF. 



and 
But 



§ 18 

Cons. 
§ 18 
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Proposition IV. Theorem. 

58. Tu)o oblique lines drawn from a point in a perpen- 
dicular , cutting off equal distances from the foot of the per- 
pendicular y are equal. 




Let F C be the pezpendicular, and C A and C two 
oblique lines cutting off equal distances from F. 



We are to prove C A = 0. 

Fold over CFA, on OF as an axis, until it comes into the 
plane of Ci^O. 

FA will take the direction of FO, 
(since Z CFA = Z.CFO, ea/ik being art. A), 

Point A will fall upon point 0, 
(FA = FO, hyhyp.). 



.-.line CA = line CO, 
{their extremities being the same points). 



§18 



Q. e- D. 
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Proposition Y. Theobbil 

54. The sum of two lines drawitfrom a point to the ex- 
tremities of a straight line is greater than the sum of two 
other lines similarly drawn, but included by them. 




Let C A and GB be two lines drawn from the point C 
to the extremities of the straight line A B. Let A 
and OB he two lines similarly drawn, hut included 
hyCA and OB. 

We are to prove C A-¥ C B> 0A + B. 

Produce AO io meet the line CB &t E, 

Then AC-\-CE>AO+OII, §18 

(a straight line is the shortest distance between ttoo points), 

and BE+ 0E> BO, §18 

Add these inequalities, and we have 

CA + GE+BE+OE>OA + OE+OB. 

Substitute for CjE^ + -5^ its equal G B, 

and take away E from each side of the inequality. 

We have OA+CB>OA-\'OB, 

Q. E. O 
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Proposition VL Theorem. 

55. Of two oblique lines drawn from the same point in a 
perpendicular y cutting off unequal distances from the foot of 
the ^perpendicular y the more remote is the greater. 
C 




Let OF be perpendicular to A By and CK and GH two 
oblique lines cutting off unequal distances from F. 

We are to prove CH > C K. 

Produce C F io E, making FF=CF. 

CH = HE, and CK = KE, § 63 

(tivo dbli^pie lines dravon from the same point in a ±, cutting off eqtuU dis- 
tances from the foot of the X, are equal). 

But CH-\-HE>CK-\-XE, §54 

(The sum of two oblique lines draicn from a point to the extremities of a 
straight line is greater than the sum ofttvo other lines similarly drawn, 
but included by them); 

.\2CH>2CK', 

.\CH>CK. 

Q. E. D. 

66. Corollary. Only two equal straight lines can be drawn 
from a point to a straight line ; and of two unequal lines, the 
Teater cuts off the greater distance from the foot of the perpeu- 
cular. 
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Proposition YII. Thbobek. 

57. Two equal oblique lines y drawn from ike same point 
in a perpendicular^ cut off equal distances from ike foot of 
the perpendicular. 




Let C F he the perpendicnlar, and C E and OK be two 
equal oblique lines drawn from the point C, 

We are to prove FE = FK. 

Fold over CFA on CF as an axis, nntil it comes into the 
^hueoiCFB, 

The line FE will take the direction FK, 
(Z CFE= Z CFK, each being a H. Z). 

Then the point E mnst fall npon the point K ; 

otherwise one of these ohlique lines mnst be more remote fix>m 
the ±, 

and .". greater than the other; which is contrary to the 

hypothesia § 55 

.\FE = FK. 

Q. E. D. 
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Proposition VIII. Theorem. 

58. If at the middle point of a straight line a perpen^ 
dicular be erected, 

I. Any point in the perpendicular is at equal distances 
from the extremities of the straight line, 

n. Any point without the perpendicular is at unequal 
distances from the extremities of the straight line. 

R 




Let PR be a peipendicnlaT erected at the middle 02 
the straight line AB, any point in PH, and C any 
point without PE. 



L Draw Oil and A 

We are to prove OA^^ OB,. 

Since PA^PB, 

OA-=OB, §53 

(two oblique Imes dravm from the same point in a ±, cutting off equal dis^ 
tancesfrom the foot oftJie ±, are equal). 

XL BmwCAojidCB. 

We are to prove A and C B unequal. 

One of these lines, as CA, will intersect the J-. 
From D, the point of intersection, draw D B. 
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DB-^DA, §53 

{twc oblique lines drawn from the same point ina ±, euUing off equal dis- 
tances from the fool of the X, are equal), 

CB<CD + D£, §18 

(a straight line is the shortest distance betvoeen two points). 

Substitute for D B its equal D A, then 

CB<CI> + DA. 

But Cn + DA^CA, Ax. 9. 

.\CB<CA. 

Q. E. D. 

59. The Locus of a point is a line, straight or curved, con- 
taining all the points which possess a common property. 

Thus, the perpendicular erected at the middle of a straight 
line is the locus of all points equally distant from the extremi- 
ties of that straight line. 

60. Scholium. Since two points determine the position of 
a straight line, two points equally distant from the extremities 
of a straight line determine the perpendicular at the middle 
])oint of that line. 



Ex. 1. If an angle be a right angle, what is its complement 1 

2. If an angle be a right angle, what is its supplement 1 

3. If an angle be J of a right angle, what is its complement 1 

4. If an angle be ^ of a right angle, what is its supplement ? 

5. Show that the bisectors of two vertical angles form one 
and the same straight line. 

6. Show that the two straight lines which bisect the two 
pairs of vertical angles are perpendicular to each other. 



V 

0^ 
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Proposition IX. Theorem. 

61. At a point in a straight line only one perpendicular 
to that line can be drawn ; and from a point without a 
straight line only one perpendicular to that line can be drawn. 



AE 



AF 



P C EB D 

Fig. 2. 

Let BA {fig. 1) be peipendicnlsLX to C D at the point B. 

We are to prove B A the only perpendicular to C D at the 

point B. 

If it be possible, let B Ehe anotber line A. to C D at B, 
Then Z EB D is a,Tt, Z, §26 

But Z ABD is ^Tt.Z, §26 

.'.Z EBD = Z ABD. Ax. 1. 

That is, a part is equal to the whole ; which is impossible. 
In like manner it may be shown that no other line but BA 

is ± to Ci> at B, 

Let AB {fig. 2) be perpendicular to C D from the point A. 
We are to prove A B the only l^to C D from the point A. 

If it be possible, let ^ j^ be another line drawn from A J. 
to(7Z). 

Conceive Z AE B ioh^ moved to tlie right until the ver- 
tex E falls on B, the side E B continuing in the line CD. 

Tlien the line E A will take the position BF. 

Now a A EhB l.io C D, BF is l.io CD, and there will 
be two Js to CD at the point B ; which is impossible. 

In like manner, it may be shown that no other line but 
ABisl.io CD horn A. 



Q. E. D. 



62. Corollary. Two lines in the same plane perpendicular 
to the same straight line have the same direction ; otherwise 
they would meet (§ 22), and we should have two perpendicular 
lines drawn from their point of meeting to the same line ; which 
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On Parallel Likes. 

63. Parallel Lines are straight lines which lie in the same 
plane and have the same direction, or opposite directions. 

Parallel lines lie in the same direction, when they are on 
the same side of the straight line joining their origins. 

Parallel lines lie in opposite directions, when they are on 
opposite sides of the straight line joining their origins. 

64. Two parallel lines cannot meet § 21 

65. Two lines in the same plane perpendicular to a given 
line have the same direction (§ 62), and are therefore parallel, 

66. Through a given point only one line can be drawn par- 
allel to a given line, § 18 




If a straight line EF cut two other straight lines AB 
and C 2>, it makes with those lines eight angles, to which par- 
ticular names are given. 

The angles 1, 4, 6, 7 are called Interior angles. 
The angles 2, 3, 5, 8 are called Exterior angles. 
The pairs of angles 1 and 7, 4 and 6 are called Alternate- 
interior angles. 

The pairs of angles 2 and 8, 3 and 5 are called Alternate- 
exterior angles. 

The pairs of angles 1 and 5, 2 and 6, 4 and 8, 3 and 7 *^« 
called Extejnor-interior angles. 
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Proposition X. Theorem. 

67. If a straight line he perpendicular to one of two 
parallel lines, it is perpendicular to tlie other. 



if- 



1^ 



-.V 



K 

Let A B And E F he two paisdlel lines, and let HK be 
perpendicular to A B, 

We are to prove HK ±to EF. 

Through C draw ifiV ± to ZrJT. 



Then i/"i\^ is II to il B. 

(TvH> lines in the same plane Xtoa given line are parcUlet), 

But EFiaWioAB, 



§65 

Hyp. 
§66 



,\EF coincides with M N. 
{Tkrofiigh the same point only one line can he dravm Wtoa given line), 

.\EFis±ioHK, 
that is HKiB ± to EF. 

Q. E. D. 



^ABALLfiL LlKfiS. 27 



Proposition XL Thbobbm. 

68. If two parallel straight lines be cut by a third 
straight line the alternate-interior angles are equal. 




liOt EF and OH he two parallel straight lines cut by 
the line BC. 

We are to prove Z B^Z. C. 

Through 0, the middle point oiBG, draw ADl^io OK 

Then Ji 2) is likewise ± to ^J^, §67 

(a straight line ± to one of two lb is ± to <A« i]itker\ 

that is, GB and BA are both ± to iii>. 
Apply figure COL to figure BOA so that OD shall fall 
on OA. 

Then C will fall on OB, 

(since ZCOD = ^BOA, being veriical A) ; 

and point C will fall upon B, 

(since 0C= OBby construction). 

Then JL (7 Z> will coincide with ±BA, § 6 1 

(fiom a point withotU a straight line only one ± to that line can he dravm). 

/. Z. CD coincides with Z. OB A, and is equal to it. 

Q. E. D. 

Scholium. By the converse of a proposition is meant a 
proposition which has the hypothesis of the first as conclusion 
and the conclusion of the first as' hypothesis. The converse of 
a truth is not necessarily true. Thus, parallel lines never meet; 
its converse, lines which never meet are parallel, is not true unless 
the lines lie in the same plane. 



KoTB. — The converse of many propositions will be omitted, 
but their statement and demonstration should be required as an 
important exercise for the student. 
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Proposition XII. Theorem. 

69. Conversely : When two straight lines are cut hy a 
third straight liney if the alternate-interior angles be equal, 
fke two straight lines are parallel. 




Let E F cut the stradght lines A B and CD in the points 
H and K, and let the Z A HK = Z HKD, 

We are to prove A B II to C D. 
Throngh the point H draw MN II to CD; 

then Z MHK=Z HKD, § 68 

{J>eing alt. -int. A ). 

But 



But 



ZAHK=ZffKD, 


Hyp. 


.\ZMEK=ZAffK. 


Ax. 1. 


.'. the lines MN' and A B coincide. 




MJ^is II to CD; 


Cons. 


. A By which coincides with MN,\a II to C D. 




Q 


. E. D. 
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Proposition XIII. Theorem. 

70. If two parallel lines be cut by a third straight line, 
tAe exterior-interior angles are equal. 

E 




Let AB and C D be two parallel lines cut by the 
straight line E F^ in the points H and K. 

We art to prove Z EHB = Z HKD. 

ZEHB=-/LAHK, §49 

(being vertical A)» 

But AARK^AUKD, §68 

Q>eing aUMrd, A)* 

.\ZEHB = /LHKD. Ax. 1 

In like manner we may prove 

ZEHA=ZHKG. 

Q. E. D. 



71. Corollary. The alternate-exterior angles, EHB and 
CKF, and also AHE and DKFy9.re equal. 
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Proposition XIV. Theorem. 

72. CoNVERSELT : When two straight lines are cut by a 
third straight line, if the exterior-interior angles be equal, 
these two straight lines are parallel. 




Let EF cut the stxsdght lines AB and G D in the 
points H And K, and let the Z EHB = Z HKD. 

We are to prove AB II to C D , 
Through i^e point H draw the straight line MN II to CD, 



Then 


/.EHN=ZHKD, 

{being eaa. 'int. A). 


§70 


But 


Z EHB = Z HKD, 


Hyp 




,\ZEffB = ZEHK 


Ax. 1 




.'.the lines M^ and A B coincide. 




But 


MN is II toC2>, 
A B, which coincides with MN^is II to D. 


Cons 




Q 


E. D. 
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Proposition XV. Theorem. 



78. If two parallel lines be cut by a lAird MtraigU line, 
f/ie sum of the two interior angles on tke same side of the 
secant line is equal to two right a/ngles* 




Let AB and C D he two parallel lines cut by the 
straight line EF in the points H and K. 

We are to prove Z BHK + Z HKD = ttoo H. A. 

Z EHB + Z BEK-= 2 rt. .i, § 34 

{being Slip. -adj. A), 

But Z EffB == Z HKD, § 70 

(beiiig ext.-int. A\ 

Substitute A HKD for A EHB in the first equality; 

then Z BHK + Z HKD = 2 rt. A 

Q. E. D. 
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Proposition XVI. Theorem. 

74. Conversely : When two straight lines are cut hy a 
third straight line, if the two interior angles on the same side 
of the secant line be together equal to two right angles, then 
the two straight lines are parallel. 

E 




Let EF cut the straight lines AB and C D in the 
points U and K, and let the Z BHK + Z HKD 
equal two light angles. 

We are to prove AB 11 to D. 

Through the point H draw MN H to D, 

Then Z NHK + Z HKD = 2 rt. A, § 73 

(Jking two interior A mi t?ie same side of the secant line). 

But Z BHK + Z HKD = 2 rt. A Hyp. 

.\Z]^IIK+ZHKD = ZBffK+ZffXD, Ax. 1. 
Take away from each of these equals the common ZHK D^ 
then ZNHK=ZBHK. 

.'. the lines A B and M N coincide. 

But M.N\B W ioC D^, Con& 
,\ AB, which coincides with if iV, is II to CD, 

Q. E D. 
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Proposition XVII. Theorem. 

75. Two straight lines which are parallel to a third 
straight line are parallel to each other* 



A- 

C- 

E- 



B 



Let AB and C D be paraUel to £F, 

We are to prove A B II to C D. 

Dmw UK ± to JSF. 

Since CD and £ F are W^.HKis ± to CD, § 67 
{if a straight line he A. to one of two lb, it is Ho the other also). 

Since A B and E F are H, HK is also l.io AB, § 67 

.\/.HOB = /.HPD, 

(ea^h being a rt, Z. ). 

.-. .4 5 is II to CD, § 72 

{yohen two straight lines are cut by a third straight line, if the ext. -int. A 
be eqital, the two lines are II ). 

Q. E. D. 
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Proposition XVIII. Theorem. 

76. Two parallel lines are everywhere equally distant 
from each other, 

E M H 




F P K 

Let A B and CD be two parallel lines, and from any 
two points in AB, as E and H, let EF and HK 
be drawn perpendicular to A B. 
We are to prove EF= HK, 

• JSTow EF and ff K sue ± to CD, § 67 

(a line A. to one of two \\s is A. to the other also). 

Let M be the middle point of E II, 
Draw MP l.io AB, 
On MP as an axis, fold over the portion of the figure on 
the right of MP until it comes into the plane of the figure on 
the left. 

MB will fall on MA, 
(for Z.PMH=/.PME, each being art. Z.) ; 

the point H will fall on E, 
{f(yr M H= ME,hy hyp.) ; 

i7^ will fall on ^2^, 

{for Z MIIK= Z MEF, each being a rt. Z) ; 

and the point K will fall on E F, ot E F produced. 

Also, Pi) will fall on P (7, 
(ZMPK= Z MPFj each being art. Z) ; 

and the point K will fall on P C. 

Since the point K falls in both the lines ^jP and P C, 

it must fall at their point of intersection F, 

,\IIK=EF, .§18 

(their extremities being fJie same points), 

Q. E. D. 



PARALLEL LINES. 



35 



Proposition XJX. Tuboreh. 

77: Two avgles whose sides are parallel, iwo and two, 
and lie in the same direction, or opposite directions, from theit 
vertices^ are equal. 

Ff :,E' 




Fig. 1. Fig. 2. 

Let A B and E {Fig. D have their sides B A and ED, 
and BC and EF respectively, parallel and lying 
in the same direction from their vertices. 

We are to prove the Z. B = Z. E. 

Produce (if necessary) two sides which are not ii until they 
intersect, as at ZT; 

then AB = ADHC, §70 

{heirrg co^. -int. A ), 

and ZE^ZBHC, §70 

.'.ZB = ZE. Ax. 1 

Let A B' and E' {Fig. 2) have B' A' and E' Z)', and B' C 
and E' F' respectively, parallel and lying in oppo- 
site directions from their vertices. 

We are to prove the Z B' = Z E'. 

Produce (if necessary) two sides which are not II until they 
intersect, as at W. 

Then ZB = Z Eire, §70 

{being exf.-int. A)y 

and Z E' = Z E'H'C, § G8 

{being aU.-int. A) ; . 

,\ZB' = ZE', Ax. 1. 

Q. E. D. 
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Proposition XX. Theorem. 

78. If two angles have two sides parallel and lying in 
the same direction from their vertices ^ while the other two 
sides are parnllel and lie in opposite directions, then the two 
angles are supplements of each other. 




Let ABO and D E F be two angles having B C and ED 
parallel and lying in the same direction from their 
vertices, while E F and B A are parallel and lie in 
opposite directions. 

We are to prove /.ABC and /. D E F supplements of each 
oilier. 

Produce (if necessary) two sides which are not II until they 
intersect as at H. 

Z ABC = Z Biri), §70 

{being ext.-int. A ). 

Z DEF=Z BHE, §68 

{being alt, -int. A ). 

But ZBffD and Z B HE are supplements of each other, § 34 
(being sup. -adj. A ). 

.-. Z A BO and Z D E F, the equals of Z BHD and 
Z B H Ef are supplements of each other. 

Q. E. D. 
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On Triangles. 

79. Def. a Triangle is a plane figure bounded by three 
straight lines. 

A triangle has six parts, three sides and three angles. 

80. When the six parts of one triangle are equal to the six 
parts of another triangle, each to each, the triangles are said to 
be equal in all respects. 

81. Dep. In two equal triangles, the equal angles are called 
Homologous angles, and the equal sides are called Homologous 
sides. 

82. In equal triangles the equal sides are opposite the 
equal angles. 




ISOSOELES. EQUILATERAL. 



83. Def. A Scalene triangle is one of which no two sides 
are equal. 

84. Def. An Isosceles triangle is one of which two sides 
jire equal 

85. Def. An Equilateral triangle is one of which the three 
sides are equal. 

86^ Def. The Base of a triangle is the side on which the 
triangle is supposed to stand. 

In an isosceles triangle, the side which is not one of the 
equal sides is considered the base. 
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87. Def. a Right triangle is one which has on© of the 
angles a right angle. 

88. Def. The side opposite the right angle is called the 
Hypotenuse. 

89. Def. An Obtuse triangle is one which has one of the 
angles an obtuse angle. 

90. Def. An Acute triangle is one which has all the angles 
acute. 




EQUIANGULAR. 




91. Def. An Equiangular triangle is one which has all 
the angles equal. 

92. Def. In any triangle, the angle opposite the hase is 
called the Vertical angle, and its vertex is called the Vertex of 
the triangle. 

93. Def. The Altitude of a triangle is the perpendicular 
distance from the vertex to the base, or the base produced. - 

94. Def. The Exterior angle of a triangle is the angle in- 
cluded between a side and an adjacent side produced, as Z (7j5/). 

95. Def. The two angles of a triangle which are opposite 
the exterior angle, are called the two opposite interior angles, as 
A A and C, 
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96. Any side of a triangle is less than the sum of the 
other two sides. 

Since a straight line is the shortest distance between two 
points, 

AC<AB+Ba 

97. Any side of a triangle is greater than the difference 
of the other two sides. 

In the inequality AC<AB+BG, 

take away A B from each side of the inequality. 

Then MC-ABKBC; or 

BOAG-AB, 



Ex. 1. Show that the sum of the distances of any point in a 
triangle from the vertices of three angles of the triangle is greater 
.than half the sum of the sides of the triangle. 

2. Show that the locus of all the points at a given distance 
from a given straight line A B consists of two parallel lines, 
drawn on opposite sides of A B, and at the given distance 
from it. 

3. Show that the two equal straight lines drawn from a point 
to a straight line make equal acute angles with that line. 

4. Show that, if two angles have their sides perpendicular, 
each to each, they are either equal or supplementary. 
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Proposition XXL Theorem. 

98. The sum of the three angles of a triangle is equal 
to two right angles, 

B E 

A / 



^' c" "■■■■>^ 

Let ABO be a triangle. 

We are to prove A B -V A B CA -\- A A = two rt. A. 

Draw CB Wto AB, and prolong A C, 

ThenAI!CF+ AECB + A BCA = 2rt.A, § 34 
(tJie sum of all the A about a point onl the same side of a straight line 
=^2rt. A ). 

But AA = AECF, §70 

{being ext. -int. A), 

* 

^xi^AB-= ABGE, § 68 

{being alt -int. A). 

Substitute fov A E CFd,iidA B CE theiv equal A, A and B, 
Then A A + AB^ A BOA = 2 rt. A 

Q. E. D. 

99. Corollary 1. If the sum of two angles of a triangle be 
known, the third angle can be found by taking this sura from 
two right angles. 

100. Cor. 2. If two triangles have two angles of the one 
equal to two angles of the other, the third angles will be equal. 
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101. Cor. 3. I£ two right triangles have an acute angle 
of the one equal to an acute angle of the other, the other acute 
angles will be equal. 

1 02. Cob. 4. In a triangle there can be but one right angle, 
or one obtuse angle. 

103. Cor. 5. In a right triangle the two acute angles are 
complements of each other. 

104. CoR. 6. In an equiangular triangle, each angle is one 
third of two right angles, or two thirds of one right angle. 



Proposition XXIL Theorem. 

105. T/ie exterior angle of a triangle is equal to tie sum 
of the two opposite interior angles. 

B 




Let BG H he an exterior angle of the triangle ABC, 
We are to jyrove Z B CH ^ Z A + Z B, 

Z BCH+ Z ACB = 2ri.A, § 34 

(being sup. -adj. A), 

ZA + ZB+ZACB = 2TtA, § 98 

(three AofaA = two rt. A ). 

.^.ZBCH-^ZACB^ZA^-ZB-VZACB. Ax. 1. 
Take away from each of these equals the common Z A C B\ 
then ZBCH=ZA + ZB. 



Q. E. D. 
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Proposition XXIII. Theorem. 

106. Two triangles are equal in all respects when two 
sides and the included angle of the one are equal respectively 
to two sides and the included angle of the other. 




B Af 




In the tiiangles ABC and A' B' C, let A B== A' B', 
A C=-A'C',Z.A=Z.A', 

We are to prove A A B C = A A' B' C. 

Take up the A ABO and place it upon the A A' B* C QO 
that A B shall coincide with A' B', 



Then A C will take the direction of A' C", 
{for AA = AA',hy hyp.\ 

the point C will fall upon the point C, 
(for A = A' Of, by hyp.) ; 

, .\CB-^C'B', 

{their extremities being the same points). 



§ 18 



the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXIV. Theorem. 

107. Two triangles are equal in all respects when a side 
and two adjacent angles of the one are equal respectively to a 
side and two adjacent angles of the other. 

a 





B A' 



In the triangles ABC and A' B' C, let A B = A' B\ 
ZA=ZA\ZB = ZB', 

We are to prove AABG = A A' B' C 

Take up A ABC and place it upon A A' B'C, so that 
A B shall coincide with A' B\ 

A C will take the direction of A' C, 
(/or Z.A = Z.A\ly hyp.) ; 

the point C, the extremity of A (7, will fall upon A' C or 
A' C produced. 

B C will take the direction of B' C, 
{f(yrZ.B = AB\hy}iyp.)\ 

the point (7, the extremity of B C, will fall upon B' C or 
B* C produced. 

.". the point (7, falling upon both the lines A' C and B' C, 
must fall upon a point common to the two lines, namely, C. 

.'. the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXY. Theorem. 

108. Two triangles are equal when the three sides of the 
one give equal respectively to the three sides of the other, 
B Bf 





In the triangles ABC and A' B' C", let A B = A' B, 
AC^A'C, BG = B'C'. 

We are to pt^ove A A B C = A A' B' C. 

Place A A' B'C' in the position A B' G, having its greatest 
side A' C in coincidence with its equal A (7, and its vertex at 
B\ opposite B. 

Draw B B' intersecting AG 2X H, 

Since AB = AB', Hyp. 

point ii is at equal distances from B and B*, 

Since BG = B'G, Hyp. 

point G is at equal distances from B and B'. 

»\ AG \s Jl to B B' at its middle point, § 60 

(two points at equal distances from the extremities of a straight line deter- 
mine the ± at the middle of that line). 

Now \i A AB' Gh^ folded over on AG as an axis until it 
comes into the plane oi A ABG, 

HB' will fall on H B, 
{for Z. A HB - Z.A EB\ each being a rt. Z), 

and point J5' will fall on B, 
(forBBf = HB). 

.', the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXVI. Theorem. 

109. Two right triangles are equal wlien a side and the 
hypotenuse of the one are equal respectively to a side and the 
hypotenuse of the other, 

A Ai 




C D^ 




In the light triangles ABC and A' B C, let AB=A' B\ 
and AC = A'C'. 

We are to prove A A BC = A A^ B^ C. 

Take uip the A ABO and place it upon A A' B^ C, so that 
A B will coincide with A' B'. 

Then B C wiU fall upon B' C, 

(Jar Z.ABC= AA^&a, eachheingaH. Z), 

and point C will fall upon C ; 

otherwise the equal oblique lines A C and A' C would cut 
off uneqital distances from the foot of the J-, which is im- 
possible, § 57 
(two equal oblique lines from a point in a ± cut off equal distances from the 
foot of the ±), 

.•. the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXVIL Theorem. 

110. Two right triangles are equal when the hypotenuse 
and an acute angle of the one are equal respectively to the 
hypotenuse and an acute angle of the other. 





In the Tight triangles ABC and A' B' C, letAC= A' C", 
and Z A=Z. A'. 



We are to pr(rve A ABO = A A' B'C. 
AC = A' C\ 
ZA=ZA', 



Hyp. 
Hyp. 



then ZC = ZC', § 101 

{if two rt. A have an acute Z of the one equal to an acute Z. of the other, 
then the other acute A are equal). 

.\AABC^AA'B'C', § 107 

i^wo A are equal when a side and two adj. A of the one are eqval 
respectively to a side and two adj. A of tJic other), 

Q. E. D. 

111. Corollary. Two right triangles are equal when a 
side and an acute angle of the one are equal respectively to an 
homologous side and acute anpjle of the other. 
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Proposition XXVIII. Theorem. 

112. In an isosceles triangle the angles opposite the 
equal sides are equal, 

C 




E 

Let ABC be an isosceles triangle, having the sides 
A C and C B equal. 

We are to prove Z. A =^ /. B, 

From C draw the straight line C-^ so as to bisect the 
ZACB, 

In the A i( C^ and jB C E, 

AG=BG, Hyp. 

GE=CE, Iden. 

ZACE^ZBCE; Cons. 

.\t^ACE = t^BCE, §106 

{^vso k, are eqtml when two sides and the included Z. of the one are equal 
respectively to two sides and tlie included Z. of the other). 



.'.ZA=ZB, 

(being homologous A of equal A ). 



Q. E. D. 



Ex. If the equal sides of an isosceles triangle be produced, 
show that the angles formed with the base by the sides produced 
are equal. 
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Proposition XXIX. Theorem. 

113. A straight line which bisects the angle at the vertex 
af an isosceles triangle divides the triangle into two equal 
triangles, is perpendicular to the base, andubisects the base. 

O 




Let the line C E bisect the Z. AC B of the isosceles 
AACB. 

We are to prove I. AACB=ABCE; 
11. lineCE HoAB; 
III. AE = BE. 



I. lntheAACEa,iidBCE, 

AC=BCy 

CE=CE, 
ZACE = Z BOE. 



Hyp. 

Iden. 

Cons. 

.\AACE = ABCE, §106 

{hamrtg tioo sides aiid the included A of the (me eqical respectively to two sides 
and the iiicluded Z of the. other). 

Also, 11. Z CEA =Z CEB, 

{being homologous A of equal A ). 

.',CEi8±to AB, 
{a straight line meeting another ^ making the adjaceiit A equal, is ± to 

that line). 

Also, III. AE=^EB, 

(being homologous sides of equal A ). 

<».^D. 
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Proposition XXX. Theorem. 

114. If two angles of a triangle be equals the iides op- 
posite the equal angles are equals and the triangle is isosceles. 




D 

In the txi&ngle ABC, let the ZB = ZC. 
We are to prove AB^^ AC. 

J)t2l^ AD l^ioBC. 
In the rt. A ii 2>-S and ADCy 

AD^ AD, Iden. 

Z^ = Z C, 

/. rt. A^Z)5 = rt. AiiZ)(7, § 111 

(having a side aiid an acute /.of the one eqvxU respectively to a side and an 
acute Z of the other), 

.\AB==AC, 
{being homologous sides of equal. iL ). 

Q. E. D. 



Ex. Show that an equiangular triangle is also equilateral 
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Proposition XXXI. Theorem. 

115. If two triangles have two sides of the one equal 
respectively to two sides of the other, but the included angle 
of the first greater than the included angle of the second, then 
the third side of the first will be greater tluin the third side 
of the second. 




E 

In the ^ ABC and ABE, let A B = A B, BC==B E; 
but Z ABO Z ABE. 

We are to prove A O A E. 

Place the A so that AB ot the one shall coincide with A B 
of the other. 

Draw ^ i^ so as to bisect Z EBC. 
Draw EF. 
In the A EBF&nd CBF 

EB^BC, Hyp. 

BF-^BF, Iden. 

ZEBF^ZCBF, Cons. 

.-. the A ^^ 7^ and (7 2? i^ are equal, § 106 

[Juiviiig two sides and the included Z of mie equal respectively to two sides 

and the included Z of tJie other). 

r.EF=FC, 

(being homologous sides of equal ^). 

Now AF+ FE>AE, §96 

(the sum of two sides of a A is greater Oian the third side). 

Substitute for FE its equal FC. Then 

AF+ FOAE'.ov, 

AOAE. 

Q. E. O. 
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Proposition XXXII. Theorem. 

116. Conversely: If Iwo sides of a triangle be equal 
respeciively to two sides of another y but the third side of the 
first triangle be greater than the third side of the second^ then 
the afigle opposite the third side of the first triangle is greater 
than the angle opposite the third side of the second. 





C B 



In the A ABC and A' B' C, let A B = A' B', AC = A'C''y 
but BO B' C 

We are to prove A A'> A A*, 
If A A=^AA\ 

then would t.ABC = £^A'B'C', § 106 

{having two sides and the included Z of the one equal respectively to two sides 
and the included Z of the otJier), 

and BC = B'C', 

{being homologous side^ of cqxuil A ). 

And if A< A', 

then would BC<B'C', § 115 

{JLf two sides of a b^ he equal respectively to two sides of anotJier A, biU the 
included Z of the first be greater than the included Z of the second, the 
third side of the first will be greater than the third side of the second.) 

But both these conclusions are contrary to the hypothesis ; 

.'. Z A does not equal Z A\ and is not less than Z A', 

.\ZA>Z A'. 

Q. E. D 
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Proposition XXXIIL Theorem. 

117. Of two sides of a triangle, that is the greater 
which is opposite the greater angle, 

B 




In the triangle ABC let angle AC B be greater than 
angle B, 

We are to prove AB> AC 

Draw CE so as to make ABCE^AB. 

f 

Then EC = EB,^ §114 

(peing sides opposite equaZ A ). 

Now AE+EOAC, §96 

(tJie sum of two sides of a A is greater than the third side). 

Substitute for J^C its equal E B, Then 

AE'\- EB>AC, or 

AB>AC 

Q. E. D. 



Ex. ABC and ABD are two triangles on the same base 
A By and on the same side of it, the vertex of each triangle 
being without the other. If A C equal A D, show that B 
cannot equal B D, 
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Proposition XXXIV. Theorem. 

118. Of two angles of a triangle y that w the greater 
which is opposite the greater aide. 



B 




C 

In the triangle ABC let AB be greater than A C. 

We are to prove ZACB>ZB, 

Take AH eqnvLl to AC; 

BmwEC. 

ZAEC = /.ACE, §112 

(Jlmng A opposite eqtval sides). 

But Z.AEOZ.B, §105 

{an exterior Zofa Ais greater than either opposite interior /.), 

and ZACB>ZACE. 

Substitute fov Z ACE its equal ZAEC, then 

ZACB>ZAEC. 

Much more \aZACB>ZB, 

Q. E. D. 



Ex. If the angles ABC and A C B, kt the base of an 
isosceles triangle, be bisected by -the straight lines BJ), CD, 
show that DBC will be an isosceles triangle. 
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Proposition XXXV. Theorem. 
119. The three bisectors of the three angles of a triangle 
meet in a point. 



Jk' -p ^Li 

Let the two bisectors of the angles A and C meet 
at 0, and OB be drawn. 

We are to prove B bisects the Z B. 

Draw the ^ K, P, and H. 

In thfi rt. A a K and OOP, 

00= 0, Iden. 

/.OOK^ZOOP, Cons. 

.-.A OOK=A OOP, § 110 

(having the hypotenuse and an acute Z. of the one equal respectively to the 
hypotenuse and an acute Z of the other). 

.\OP=OK, 

(homologous sides of equal A ). 

In the rt. A Oil P and OAff, 

OA = OA, Iden. 

ZOAP = ZOAff, Cons. 

.\AOAP==AOAff, §110 

[having the hypotenuse and an acute Z of the one eqiud respectively to the 
hypotenuse and an acute /.of the other). 

.-. OP=OH, 

(bein^ homologoTis sides of equal A ). 

But we liave already shown P ^= K, 

r.OH=OK, Ax. 1 

Now in rt. A HB and KB 
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.-.A OHB = A KB, §101) 

(having the hypotenuse aiid a side of t/ie mie equal respectively to tlic hjjiote' 
nuse and a side of tJie olker\ 

.-.Z OBU = Z OBK, 

{bei7ig homologous A of equal ^ ). 

Q. E. D. 

Proposition XXXVI. Theorem. 
120. The three perpendiculars erected at the middle 
points of t/te three sides of a triangle meet in a point. 
A 




F 

Let DD', E FJ, F F\ be three pezpendicnlaTS erected 
at /), F, F, the middle points of A B, A C, andBC. 

We are to prove tltey meet in some pointy as 0. 

The two ^ D D' and E E' meet, otherwise they would be 
parallel, and A B and A C, being J^ to these Hues from the same 
point Ay would be in the same straight line ; 

but this is impossible, since they are sides of a A. 

Let be the point at which they meet. 

Then, since is in i> D', which is »L to ^ ^ at its middle 
point, it is equally distant from il and ^. § 59 

Also, since is in E E', A^ io AC at its middle point, it is 
equally distant from A and C. 

.*. is equally distant from B and C ; 

.*. 6> is in FF' ± to B C at its middle point, § 59 

(the locus of all points equally distant fro7n the extremities of a straight lin% 

is the ± erected at the middle of thai line). 

Q. E. D. 
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Proposition XXXVII. Theorem. 

121. The three perpendiculars from the vertices of a tri- 
angle to the opposite sides meet in a point. 

B 



In the triangle ABC, let B Py AH, C K, be the per- 
pendiculars from the vertices to the opposite 
sides. 

We are to prove they meet in some point, as 0. 

Through the vertices A, B, C, draw 

A'B' II to^^, 
it'C II to AC, 
B' C II to A B. 

In the &, A BA' and ABC,vre have 

AB^AB, Iden. 

ZABA'-^ZBAC, §68 

(being altemaie interior A ), 

ZBAA' = ZABC. §68 

.\AABA' = AABC, § 107 

(having a side and two adj, A of the one equal respectively to a side and 
two adj. A of the other). 

.\A'B^AC, 

(being homologous sides of eguaZ ^ ). 
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In the AGBC BJiiiABC, 

BG = BC, Ideii. 

ZCBC'^ZBCA, §68 

{hehig alternate interior A ). 

ZBOC'=-ZCBA. §68 

.\ACBC' = AABC, § 107 

{having a side and two adj, A of the one equal respectively to a wide and ttco 
adj. A of the other). 

.\BC' = AC, 
(being homologous sides of eqiuU ^ ), 

But we have already shown A' B = A C, 

.\A'B = BC', Ax. 1. 

.\B is the middle point of A* G*, 

Since BPi&A^ioAG, Hyp. 

it is ± to it' C", §67 

(a straight lint which is Xto one of two Wsis ±tothe other also). 

But B is the middle point of A^ G' ; 

.'. 5 P is ± to ii' C" at its middle point. 

In like manner we may prove that 

il ZTis J- to il' ^ at its middle point, 

and C Jr± to B' G' at its middle point. 

.\ B Py A H, and C^ are Js erected at the middle points 
of the sides of the A A' B' G'. 

.\ these J2 meet in a point. § 120 

{the three JS erected at the middle points of the sides of a A meet in a point). 

Q. E. O. 



58 



GEOMETRY. — BOOK I. 



On Quadrilaterals. 

122. Def. a Quadrilateral is a plane figure bounded by 
four straight lines. 

123. Dep. a Trapezium is a quadrilateral which has no 
two sides parallel. 

124. Def. A Trapezoid is a quadrilateral which has two 
sides, and only two sides, parallel. 

125. Def. A Parallelogram is a quadrilateral which has 
its opposite sides parallel. 




TRAPEZIUM. 



TRAPEZOID. 



PARALLELOGRAM. 



126. Def. A Rectangle is a parallelogram which has its 
angles right angles. 

127. Def. A Square is a parallelogram which has its 
angles right angles, and its sides equal. 

128. Def. A Rhombus is a parallelogram which has its 
sides equal, but its angles oblique angles. 

129. Dep. A Rhomboid is a parallelogram which has its 
angles oblique angles. 

The figure marked parallelogram is also a rhomboid. 



REOTANQLE. 
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130. Def. The side upon which a parallelogram stands, 
and the opposite side,, are called its lower and upper bases ; and 
the parallel sides of a trapezoid are called its bases. 

131. Def. The Altitude of a parallelogram or trapezoid is 
the perpendicular distance between its bases. 

132. Def. The Diagonal of a 
quadrilateral is a straight line joining 
any two opposite vertices. 



Proposition XXXVIII. Theorem. 

133. TAe diagonal of a parallelogram divides the fgure 
into two equal triangles, 

B C 





A E 

Let ABC E he a, parallelogram, and A C its diagonal. 

We are to prove AABC = AAEC. 
* In the Ail ^C' and ^^C 

AC = ACy Iden. 

ZACB^ZCAE, § G8 

(beivg alt.-int. A). 

ZCAB = ZACE, §68 

.\AABC = AAEC, §107 

{having a side and two adj. A of the one equal respectively to a side and two 

adj, A of the other). 

Q. E. D. 
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Proposition XXXIX. Theorem. 

134. In a parallelogram the opposite sides are equals 
and the opposite ayigles are equal, 

B C 



A E 

Let the figure ABC E be & paiallelogism. 

We are to prove BC = AE, and AB=^ EC, 

also, Z.B = Z.E,and/.BAE=-Z. BCE. 

Draw A (7. 

AABC = AAEC, §133 

(the diagonal of a CD divides the figure iiUo two equal A). 

.\BG = AE, 

and AB = CE, 

{being homologous sides of equal A ). 

ZB = ZE, 

{being homologous A of equal A ). 

ZBAC = ZACE, 

and ZEAC = ZACB, 

Q)eing homologous A of equaZ ^). 

Add these last two equalities, and we have 

ZBAC + Z EAC=-ZACE-\- ZACB\ 
or, ZBAE=ZBCE. 

Q. E. O. 

135. Corollary. Parallel lines comprehended between par- 
allel lines are equal. 
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Proposition XL. Theorem. 

186. If a quadrilateral have two sides equal and par- 
allely th^n the other two sides are equal and parallel^ and the 
figure is a parallelogram. 





Let the Hgnre ABC E he s quadzilater&l, having the 
side A E equal and parallel to B 0, 

We are to prove A B equal and II to E C 

Draw A C. 

In the A i( ^ C and ^ i: (7 

BC = AE, Hyp. 

AC = AC, Iden. 

ZBCA^ZCAE, §68 

(being alt. -int. A). 

,\AABO = AACE, §106 

(having two sides and the included /. of the one equal respectively to two sides 
and the included A of the other), 

.'.AB^EC, 
(being Jumwlogous sides of equal S^ ). 

Also, ZBAC = ZACE, 

(being homologous A of eqv/il A ) ; 

.-.^^is II ioEC, §69 

(when two straight lines are cviby a third straight line, if the altMnt, A be 
equal the lines are parallel). 

/. the figure ABOEissLCJ, § 125 

(i?ie opposite sides being parallel). 

Q. E. D. 
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Proposition XLI. Theorem. 

137. If in a quadrilateral the opposite sides be equal, the 
figure is a parallelogram. 




Let the figure A B C E be a quadrilateral havings 
BG = AE and AB-= EC. 

We are to prove figure ABC E a O. 

Draw A C. 

InihQ A A B C Qxid A E C 

BG==AE, Hyp. 

AB^CE, Hyp. 

AG = AC, Iden. 

.\AABC = AAEC, §108 

(having three sides of the one equal respectively to three sides of the other). 

.\ZACB-=Z CAE, 

and ZBAC^ZACE, 

{being homologous A of equal A ). 

.-.^(7 is II ioAE, 

and ABh II to EC, §69 

{wh&ii two straight lines lying in the same plane are cut by a third straigJU 
line, if the alt. -int. A be equal, tlie lines are parallel). 

.'. the figure ABCEisaCJ, § 125 

(having its opposite sides 2>arallel). 

Q/E. D. 
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63 



Proposition XLII. Theorem. 
138. The diagonals of a parallelogram bisect each other. 
B 




Let the figure ABC E be a paiallelogram, and let 
the diagonals AC and BE cut each other at 0. 



We are to prove AG ^= OC^ and B '• 
In tlie A AOE audBOC 

AE=BC, 

(being opposite sides of a CJ\ 

Z OAE^Z. OCB, 

{being alt. -int. A ), 

Z OEA=Z OBC; 



OE. 



§ 134 
§68 

§ 68 

.\AAOE=A BOC, § 107 

(having a side and two adj. A of the one equal respectively to a side and two 
adj. A of the other). 

.\AO = OC, 

and BO = OE. 

{being homologous sides of equal h. ). 



Q. E. D. 
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Proposition XLIII. Theorem. 

139. The diagonaU of a rhombus bisect each other at 
right angles. 




Let the figure ABCE be a rhombus, having the 
diagonals A C and BE bisecting each other at 0. 

We are to prove Z AOE and A AOB rt. A, 

In the A il iSr and ii 0^, 



AE^AB, 


§128 


(pting aides of a rhombui) ; 




OE=OB, 


§138 



(pu diagonals of a CD bisect each other) ; 

AO = AO, Iden. 

.\AAOB = AAOB, §108 

(having three sides of the one equal respectively to three sides of the other) ; 

.\/.AOE-=r/.AOB, 

(being homologous A of equal A) ; 
.'.Z AOE&ndZ AOB are rt. J. § 25 

( When (me straight liiie meets another straight line so a^ to indke the adj. A 
equal, each /.is art, Z ). 

Q. E. D. 
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Proposition XLIV. Theorem. 

140. Two parallelograms y Jiaving two sides and the in- 
cluded angle of the one equal respectively to two sides and the 
included angle of the other y are equal in all respects, 

B C B O 



In the psLTSLUelogiams ABC D and A' B* O D', le 
AB = A'B', A 3 = A'D', and ZA=Z A'. 

We are to prove that the UJ are equal. 

Apply CJ A BCD to n A'B'aD',m that A D wiU fall 

on and coincide with A' L*. 

Then A B will faU on A' B', 
{for AA = AA\hy hyp.\ 

and the point B will fall on B', 
{for AB = Af B', hy hyp.). 

Now, B C and B' C are both II to A' D' and are drawn 
through point B' \ ^ 

.'.the lines B C and B' C coincide, § 66 

an.l C falls on B' C or B' C produced. 
In like manner D C and L' C are II to A' B' and are drawn 
through the point D'. 

.\ DC and D' C coincide ; § 66 

.-.the point C falls on D' C, or D' C produced ; 
.-. C falls on both B' C and D' C \ 
.\ C must fall on a point common to both, namely, C. 
.*. the two m coincide, and are equal in all respects. 

Q. E. D. 

141. Corollary. Two rectangles having the same base and 
altitude are equal; for they may be applied to each other and 
will coincide. 
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Proposition XLV. Theorem. 



142. TAe straight line which connects the middle points 
of the non-parallel sides of a trapezoid is parallel to the par- 
allel sides, and is equal to half their sum. 



E 




Let SO be the straight line Joining the middle points 
of the non-parallel sides of the trapezoid ABC E. 

We are to prove SO II to A E and EC ) 
also SO = i(AE+ EC), 

Through t^e point draw F II W to A E, . 

■ • and produce ^47 to meet F OH at II, 

Jnthe A FOE &nd CO ff 

OE=OC, /_ • : Cons. ; 

ZOEF=ZOCIIr"' ^. §68 

{being alt -int. A), 

ZFOE-=ZCOII, .-./ §49-''' 

^ (being vertical A). . • * 

.\AFOE^A COH, \ § 107. 

{having a side and two adj. A of the one eqtcal respeddivclj^io a side and two 
adj. A of the other). • ,. ' ' , ' 
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and OF=OH, 

{being homologous aides of eqtuil i^ ). 

Now FH=^^ABy §135 

( 11 lines comprehended between II lines are equal) ; 

.'.F.O^AS. Ax. 7. 

.•.thefigure^/'O/S'isaO, - §136 

(having ttco opposite sides equal and parallel), 

.'.SOJB II to AF, §125 

{being opposite sides of a CJ). < 

^0 is also tl to^C, . 
(a straight line II to one of two W lines is II to the other also). 



Now 


SO = AF, 


§*125 , 




{being opposite tides of a d). 


<< 


and 
But 


So/=BH. 

af4ae-fe,~ ./• ' '^ 


1 125 ' ; 

- 


and • 


BH = BC\-CH. 





Substitute for A F smd BIT their equals, A :^ — F E and 

an^add, observing that C 11= F^y. 

then 2S0 = AE-^ EC. 

.It . • .. 

-. , .■.SO='\{AE+ BC). ":, • 

■^ «. E. o. 
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On Polygons in General. 

143. Dep. a Polyg(m is a plane figure bounded by straight 
lines. 

144. Dep. The bounding lines are the «tc?e5 of the polygon, 
and their sum, bsAB + BC-^CD, etc., is the Perimeter of 
the polygon. 

The angles which the adjacent sides make with each other 
are the angles of the polygon. 

145. Dep. A Diagonal of a polygon is a line joining the 
vertices of two angles not adjacent. 

B B' 



C A' 





yD Ff 



146. Dep. An EquilcUe^^al polygon is one which has all its 
sides equal. 

147. Dep. An Equiangular polygon is one which has all 
its angles equal. 

148. Dep. A Convex polygon is one of which no side, 
when produced, will enter the surface bounded by the perimeter. 

149. Dep. Each angle of such a polygon is called a Salient 
angle, and is less than two right angles. 

150. Dep. A Concave polygon is one of which two or more 
sides, when produced, will enter the surface bounded by the 
perimeter. 

151. Dep. The angle FD E is called a Be^ntrarU angle. 
When the term polygon is used, a convex polygon is meant. 
The number of sides of a polygon is evidently equal to the 

number of its angles. 

By drawing diagonals from any vertex of a polygon, the fig- 
ure may be divided into as many triangles as it has sides less two. 



POLYGONS. 



152. Dep. Two polygons are Equal, when they can be 
divided by diagonals into the same number of triangles, equal 
each to each, and similarly placed; for the polygons can be 
applied to each other, and the corresponding triangles will evi- 
dently coincide. Therefore the polygons will coincide, and be 
equal in all respects. 

153. Dep. Two polygons are Mutually Equiangular, if the 
angles of the one be equal to the angles of the other, each to 
each, when taken in the same order; as the polygons ABODE F, 
and A' B' C Jy W F, in which /LA=-Z.A', Z. B=^/.B', 
AG=^Z.G\ etc. 

154. Dep. The equal angles in mutually equiangular poly- 
gons are called Homologous angles; and the sides which lie 
between equal angles are caUed Homologotis sides. 

155. Dep. Two polygons are Mut^iallg Equilateral, if the 
sides of the one be equal to the sides of the other, each to each, 
when taken in the same order. 




Fig. 1. Fig. 2. Fig. 8. Pig. 4. 

Two polygons may be mutually equiangular without being 
mutually equilateral ; as Figs. 1 and 2. 

And, except in the case of triangles, two polygons may be 
ifiutually equilateral without being mutually equiangular; as 
Figs. 3 and 4. 

If two polygons be mutually equilateral and equiangular, 
theg are equal, for they may be applied the one to the other so 
as to coincide. 

156. Dep. A polygon of three sides is a Trigon or Tri- 
angle ; one of four sides is a Tetragon or QuadrilatercU ; one of 
five sides is a Pentagon ; one of i^ix sides is a Hexagon ; one of 
seven sides is a Heptagon ; one of eight sides is an Octagon ; one 
of ten sides is a Decagon ; one of twelve sides is a Dodecagon, 
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Proposition XLVI. Theorem. 

157. The sum of the interior angles of a polygon is 
equal to two right angles^ taken as many tirnes less two as 
the figure has sides. 

D 





A B 

Let the figure ABC DBF be a polygon having n sides. 

We are to prove 

ZA + ZB+ZC, etc., ==- 2 rt. A {n - 2). 
From the vertex A draw the diagonals A C, A D, Q.nd A B. 

The sum of the A of the A = the sum of the angles of the 
polygon. 



Now there are {ji — 2) A, 
and the sum of the A of each A = 2 rt. A. 



§98 



/. the sum of the A of the A, that is, the sum of the A of 
the polygon = 2 it A (n — 2). 

Q. E. D. 

158. Corollary. The sum of the angles of a quadrilateral 
equals two right angles taken (4 — 2) times, i. e. equals 4 right 
angles ; and if the angles be all equal, each angle is a right 
angle. In general, each angle of an equiangular polygon of n 

sides is equal to —^ 1 right angles. 
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Proposition XLVII. Theorem. 

159. The exterior angles of a polygon^ made hy produr 
cing each of its sides in succession, are together equal to four 
right angles. 




Let the figure ABODE be a polygon, having its sides 
produced in succession. 

We are to prove the sum of the ext. A^= ^ rt. A, 

Denote the int. A of the polygon hy A, B,C,D,E; 

and the ext. A by a, b, c, d, e, 

ZA + Za = 2Tt.A, § 34 

(being sit]), -adj. A ). 

ZB-\- Zb^ 2 It A, § 34 

In like manner each pair of adj. A = 2 rt. A; 

.'. the sum of the interior and exterior A = 2 rt. A taken 
as many times as the figure has sides, 
♦ or, 2 n rt. A, 

But the interior A = 2 it. A taken as many times as the 
figure has sides loss two, = 2 it. A (71 — 2), 

or, 2 7t it. A — i rt. A. 

,'. the exterior ^ = 4 rt. A. 

Q. E. D. 
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Exercises. 

1. Show that the sum of the interior angles of a hexagon is 
equal to eight right angles. 

2. Show that each angle of an equiangular pentagon is f of 
a right angle. 

3. How many sides has an equiangular polygon, four of 
whose angles are together equal to seven right angles'? 

4. How many sides has the polygon the sum of whose in- 
terior angles is equal to the sum of its exterior angles ? 

5. How many sides has the polygon the sum of whose in- 
terior angles is double that of its exterior angles I 

6. How many sides has the polygon the sum of whose 
exterior angles is double that of its interior angles 1 

7. Every point in the bisector of an angle is equally distant 
from the sides of the angle ; and every point not in the bisector, 
but within the angle, is unequally distant from the sides of the 

_angle. 

8. BACissi triangle having the angle B double the angle 
A, li BD bisect the angle B, and meet A C in 2), show that 
B D IS equal to A D, 

9. If a straight line drawn parallel to the base of a triangle 
bisect one of the sides, show that it bisects the other also ; and 
that the portion of it intercepted between the two sides is equal 
to one half the base. 

10. ABCJ) ifi a, parallelogram, ^ and F the middle points 
of AD and B C respectively ; show that B E and D F will 
trisect the diagonal A C. 

11. If from any point in the base of an isosceles triangle 
parallels to the equal sides be drawn, show that a parallelogram 
is fonned whose perimeter is equal to the sum of the equal 
sides of the triangle. 

12. If from the diagonal B J) of & square ABCB.BFhe 
cut off equal to BC, and EF he drawn perpendicular to B B^ 
show that D E is equal to E F, and also to FC. 

13. Show that the three lines drawn from the vertices of a 
triangle to the middle points of the opposite sides meet in a 
point. 
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Definitions. 

160. Dbp. a Circle is a plane figure bounded by a curved 
line, all the points of which are equally distant from a point 
within called the Centre, 

161. Dep. The Circumference of a circle is the line which 
bounds the circle. 

162. Dep. A Radivs of a circle is any straight line drawn 
from the centre to the circumference, 2A A, Fig. 1. 

163. Dep. A Diameter of a circle is any straight line pass- 
ing through the centre and having its extremities in the circum- 
ference, as A B, Fig. 2. 

By the definition of a circle, all its radii are equal. Hence, 
all its diameters are equal, since the diameter is equal to twice 
the radius. 

M M 




Fig. 1. 



164. Dep. An Arc of a circle is any portion of the circum- 
ference, as A MBf Fig. 3. 

165. Dep. A Semi-circumference is an arc equal to one 
half the circumference, a.^ A M B, Fig. 2. 

166. Dep. A Chord of a circle is any straight line having 
its extremities in the circumference, as A B, Fig. 3. 

Every chord subtends two arcs whose sum is the cir- 
cumference. Thus the chord A B, (Fig. 3), subtends the arc 
A MB and the arc A D B. Whenever a chord and its arc are 
spoken of, the less arc is meant unless it be otherwise stated, 
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167. Dep. a Segment of a circle is a portion of a circle 
enclosed by an arc and its chord, sls A MB, Fig. 1. 

168. Def. a Semicircle is a segment equal to one half the 
circle, as AB G, Fig. 1. 

169. Def. a Sector of a circle is a portion of the circle 
enclosed by two radii and the arc which they intercept, as AC B, 
Fig. 2. 

170. Def. a Tangent is a straight line which touches the 
circumference but does not intersect it, however far produced. 
The point in which the tangent touches the circumference i§ 
called the Point of Contact, or Point of Tangency. 

171. Def. Two Circumferences are tangent to each other 
when they are tangent to a straight line at the same point. 

172. Def. A Secant is a straight line which intersects the 
circumference in two points, as A D, Fig. 3. 




173. Def. A straight line is Inscribed in a circle when its 
extremities lie in the circumference of the circle, as A B, Fig. 1. 

An angle is inscribed in a circle when its vertex is in the 
circumference and its sides are chords of that circumference, as 
ZABCFig.l. 

A polygon is inscribed in a circle when its sides are chords 
of the circle, as A A B C, Fig. 1. 

A circle is inscribed in a polygon when the circumference 
touches the sides of the polygon but does not intersect them, 
as in Fig. 4. 

174. Dep. A polygon is Circumscribed about a circle when 
all the sides of the polygon are tangents to the circle, as in Fig. 4. 

A circle is circumscribed about a polygon when the circumfer- 
ence passes through all the vertices of the polygon, as in Fig. 1. 
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175. Dep. Equal circles are circles which have equal radii. 
For if one circle be applied to the other so that their centres 
coincide their circumferences will coincide, since all the points 
of both are at the same distance from the centre. 

176. Every diameter bisects the circle 
and its circumference. For if we fold over 
the segment A MB on A B aiS a.n axis until 
it comes into the plane of APB, the arc 
A MB will coincide with the arc APB; 
because every point in each is equally dis- 
tant from the centre 0. 




Proposition I. Theorem. 

177. TAe diameter of a circle is greater than any other 
chord. 

Let AB be the diameter of the circle 
A MBj and A E any other chord. 

We are to prove A B > A E. 

From O, the centre of the O, draw C E. 
CE-=CB, 
(being radii of the same cirde). 

But AC + CE>AE, § 96 

ifke sum of two sides of a t^> the third side). 

Substitute for C E, in the above inequality, its equal C B. 

Then AC-\-CB>AE, 01 

AB> AE, 

Q. E. D. 




76 geometry. — book h. 

Proposition IL Theorem. 

178. A straii^ht line cannot intersect the circumference 
of a circle in more than two points. 

M 




P 
Let HK be any line cutting the circumference A MP, 

We ai^e to prove that H K can intersect the circumference 
in only ttoo points. 

If it be possible, let H K intersect the circumference in three 
points, H, P, and K, 

From 0, the centre of the O, draw the radii OH, OPy 

Then OH, OP, and K are equal, § 163 

(^cing radii of the same circle). 

/,\i H K could intersect the circumference in three points, 
we should have three equal straight lines H, P, and K 
drawn from the same point to a given straight line, which is 
impossible, § 56 

{only two equal straigM lines can be dravmfrom a point to a straight line). 

.'.a straight line can intersect the circumference in only- 
two points, 

Q. E. D. 
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Proposition III. Theorem. 

179. In the same circle y or equal circles ^ equal angles 
at the centre intercept equal arcs on the circumference. 





P P 

In the equal circles ABP and A'B'F let ZO=ZO'. 

We are to prove arc BS= arc R' S'. 

Apply O^^P to QA'B'P', 

so that Z shaJl coincide with Z 0'. 

The point R will fall upon R', § 176 

(for 0R= Of Rf, being radii of eqical ©), 

and the point S will fall upon S', § 176 

{for 0S= 0' S^f being radii ofeqval ©). 

Then the arc 7? aS' inust coincide with the arc ^'aS''. 
For, otherwise, there would be some points in the circumference 
unequally distant from the centre, which is contrary to the 
definition of a circle. § 160 

Q. E. D. 
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Proposition IV. Theorem. 

180. Conversely : In the same circle, or equal circles, 
equal arcs subtend equal angles at the centre. 





In the equal circles ABF and A' B' F' let arc ES 
= arc R'S', 

We are to prove /. ROS^Z. R' 0' S', 

Apply O ^ ^P to O A'BP, 

so that the radius R shall fall upon 0' R'. 

Then aS', the extremity of arc RS, 

will fall upon S'l the extremity of arc R' S', 
(for BS=EfSf, by hyp.), 

.-. S will coincide with 0' S', § 18 

(tJieir extremities being the saine points). 

,', Z RO S will coincide with, and be equal to, Z R' 0' S'. 

Q. E. D. 
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Proposition V. Theorem. 

181. In the same circle, or equal circles, equal arcs are 
subtended by equal chords. 





In the equal circles ABF and A' B' F let arc RS 

= aTc R'S'. 

We are to prove chord li S = chord R' S'. 

Draw the radii R, S, 0' R', and 0' S'. 
In the AROS^LTidR' 0' S' 



OR=0'R', 

(being radii of equal ®), 


§176 


OSLO'S', 


§176 


ZO^ZO', 


§ 180 



{eqttal arcs in eqical (D subtend equal A at the centre). 

.-.A ROS = A R'O'S', § 106 

i^wo sides and the included Z of the one being eqv/il respectively to two sides 
and the included /.of the other), 

.-. chord RS^ chord R' S', 
(being homologous sides of equal ^). 

Q. E. D. 
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Proposition VI. Theorem. 

182. Conversely : In the same circle, or equal circles y 
equal chords subtend equal arcs. 





In the equal circles ABP and A' B' P, let chord RS 
= chord R'S'. 



We are to prove arc B S = arc R' S', 

Draw the radii R, S, 0' R', and (y S', 
In the A i? /S and R' 0' JS' 

RS = R*S', 



OR = 0'R\ 

{being radii of equal (D), 

OSLO'S') 



Hyp. 
§ 176 

§176 
§108 



.\AROS = AR'0'S', 

(three sides of the one being equal to three sides of the other). 

{being homologoiLS A ofeqiml A). 

.-.arc 72^ = arc ^'a^', §179 

[in the same O, or equal ©, equal A at the centre intercept equal arcs on the 

circtimference). 

Q. E. D. 
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Proposition VII. Theorem. 

183. The radius perpendicular to a chard bisects the 
chord and the arc subtended by it. 




Let AB he the chord, and let the radius CS be per- 
pendicular to A B at the point M. 

We are to prove AM = BMy and arc A S = arc B S. 

Draw CA and C B, 

CA = CB, 

(being radii of the same 0) ; 

.\ A AC B ia isosceles, § 84 

{t?is opposite sides being equal) ; 

.-. ± (7 aS' bisects the base A B and the Z (7, § 113 
{the JL drawn from the vertex to the base of an isosceles A bisects the base and 
the /. aithe vertex). 

.\AM = BM. 

Also, since ZACS^ZBCS, 

Q^TC A S=SiTG SB, §179 

(equal A at the centre intercept equal arcs on the circtimference). 

Q. E. D. 

184. Corollary. The perpendicular erected at the middle 
of a chord passes through the centre of the circle, and bisects 
the arc of the chord. 
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Proposition VIII. Theorem. 

185. In the same circle, or equal circles, equal chords 
are eqv,ally distant from the centre ; and of two unequal 
chords the less is at the greater distance from the centre. 



In the circle AB EC let the chord A B equal the chord 
CF, and the chord CE be less than the chord OF. 
Let Py OH, and K be Js drawn to these chords 
from the centre 0, 

Wearetoprove OP=OI£, and OH < OK. 

Join OA and 0. 
In the rt. AAOP&ndCOH 

OA =00, 

{being radii of the same O) ; 

AP = CH, §183 

(being halves of eqvM chords) ; 

.'.AAOF=ACOJH. §109 

.\OF=Off, 
Again, since CIJ< CF, 

the ZCOF<COF, §116 

and the arc CF< the arc CF. 

.•.± O^will intersect Ci^in some point, as m. 

Now OK>Om. Ax. 8 

But Om>OH, §52 

{a !.%& the shortest distance from a point to a straight line). 

.'.much more mOK> OH'. 

Q.E.D. 
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Proposition IX. Thborem. 

186. A straight line perpendicular to a radius at its 
s^etremity is a tangent to the circle. ^ 




Let BA be the radius, and MO the straight line 
perpendicular to BA at A. 

We are to prove M tangent to the circle. 

From B draw any other line to MO, as BCH. 

Bn>BA, §62 

(rt X measures the shortest distance from apoiiU to a straight line). 

.', point H is without the circumference. 

But BHi8 any other line than B A, 

.'. every point of the line JWO is without the circumference, 
except A. 

.'. M \8K tangent to the circle at A. § 171 

Q. E. D. 

187. Corollary. When a straight line is tangent to . a 
circle, it is perpendicular to the radius drawn to the point of 
contact, and therefore a perpendicular to a tangent at the point 
of contact passes through the centre of the circle. 
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Proposition X. Theorem. 

188. When two circumferences intersect each other , the 
line which joins their centres is perpendicular to their common 
chord at its middle point. 




Let G and C be the centres of two circumferences 
which intersect at A and B. Let A B be their 
common chord, and G G' Join their centres. 

We are to prove G G^ ± to A B at its middle point. 

A ± drawn through the middle of the chord A B passes 
through tlie centres G and C", § 184 

{a ± erected at the middle of a chord passes through the centre of the O). 
.•.the line G G', having two points in common with this ±, 
must coincide with it. 

.'.G G' i&JLio A B 2X its middle point. 

Q. E. D. 



Ex. 1. Show that, of all straight lines drawn from a point 
without a circle to the circumference, the least is that which, 
when produced, passes through the centre. 

Ex. 2. Show that, of all straight lines drawn from a point 
within or without a circle to the circumference, the greatest is 
that which meets the circumference after passing through the 
centre. 
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Proposition XI. Theorem. 

189. When two circumferenceB are tangent to each other 
their point of contact is in the straight line joining their 
centres. 




Let the two circumferences, whose centres are G and 
(7^ touch each other at 0, in the straight line A B, 
and let GC be the straight line Joining their cen- 
tres. 

We are to prove is in the straight Hne G G'. 

A. JLto A B, drawn through the point 0, passes through the 
centres CandC", §187 

{a l.to a tangerU at the point of coiUad passes through the cetvtre of the O). 

.*. the line G (7, having two points in common with this _L, 
must coincide with it. 



is in the straight line G G', 



Q. E. D. 



Ex. AB, a, chord of a circle, is the hase of an isosceles 
triangle whose vertex G is without the circle, and whose equal 
sides meet the circle in D and E. Show that G J) is equal 
to GK 
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On Measurement. 

190. Def. To measure a quantity of any kind is to find 
how TTumy times it contains another known quantity of the same 
kind. Thus, to measure a line is to find how many times it con- 
tains another known line, called the linear unit. 

191. Dep. The number which expresses how many times 
a quantity contains the unit, prefixed to the name of the unit, 
is called the numerical measure of that quantity ; as 5 yards, etc. 

192. Def. Two quantities are commensurable if there be 
some third quantity of the same kind which is contained an 
exact number of times in each. This third quantity is called 
the comTnon measure of these quantities, and each of the given 
quantities is called a multiple of this common measure. 

193. Def. Two quantities are incommensurable if they 
have no common measure. 

194. Def. The magnitude of a quantity is always relative 
to the magnitude of another quantity of the sam£ kind. No 
quantity is great or small except by comparison. This relative 
magnitude is called their Ratio^ and this ratio is always an ab- 
stract number. 

When two quantities of the same kind are measured by the 
same unit, their ratio is the ratio of their numerical measures. 

195. The ratio of a to 6 is written -, or a : 6, and by this 
is meant : ^ 

How many times 6 is contained in a; a 

or, what part a is of b. b 

I. If b be contained an exact number of times in a their 
ratio is a whole Jiumber. 

If b be not contained an exact number of times in a, but 
if there be a common measure which is contained m times in a 

and n times in 6, their ratio is \XiQ fraction — . 

n 

II. If a and b be incommensurable, their ratio cannot be 

exactly expressed in figures. But if b be divided into n equal 

parts, and one of these parts be contained m times in a with 

1 Tit 

a remainder less than - part of 6, then — is an approximate 
n n 

a 1 

value of the ratio - , correct within - . 
n 



m m! m" 
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Again, if each of these equal parts of 6 be divided into n 
equal parts ; that is, if 6 be divided into n' equal parts, and if 
one of these parts be contained m' times in a with a remainder 

1 vn! 

less than —^ part of 6, then — j is a nearer approximate value 

of the ratio - , correct within -5- . 
o n 

By continuing this process, a series of variable values, 

— , — ^ , — r , etc., will be obtained, which will differ less and 
n n nr „ 

less from the exact value of - . We may thus find a fraction 

which shall dififer from this exact value by as little as we please, 
that is, by less than any assigned quantity. 

Hence, an incommensurable ratio ia the limit toward which 
its successive approximate values are constantly tending. 

On the Theory of Limits. 

196. Def. When a quantity is regarded as having & fixed 
value, it is called a Constant ; but, when it is regarded, under 
the conditions imposed upon it, as having an indefinite mimber 
of diffei-ent values, it is called a Variable. 

197. Def. When it can be shown that the value of a vari- 
able, measured at a series of definite intervals, can by indefinite 
continuation of the series be made to differ from a given con- 
stant by less thcan any assigned quantity, however small, but 
cannot be made absolutely equal to the constant, that constant 
is called the Limit of the variable, and the variable is said to 
approach indefinitely to its limit. 

If the variable be increasing, its limit is called a superior 
limit ; if decreasing, an inferior limit. 

198. Suppose a point ± ^ fj! ^' ^ 

to move from A toward -fi, under the conditions that the first sec- 
ond it shall move one-half the distance from A to B, that is, 
to Jf ; the next second, one-half the remaining distance that is, 
to if' ; the next second, one-half the remaining distance, that 
is, to M", and so on indefinitely. 

Then it is evident that the moving point may appToa/:h as 
near to B as we please, hut will never arrive at B. For, however 
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near it may be to B at any instant, the next second it will pass 
over one-half the interval still remaining ; it must, therefore, 
approach nearer to B, since half the interval still remaining is 
some distance, but will not reach B, since half the^nterval still 
remaining is not the whole distance. 

Hence, the distance from A to the moving point is an in- 
creasing variable, which indefinitely approaches the constant 
ABd^ its limit ; and the distance from the moving point to B 
is a decreasing variable, which indefinitely approaches the con- 
stant zero as its limit. 

If the length of ^ -B be two inches, and the variable be 
denoted by x, and the difference between the variable and its 
limit, by v : 

after one second, a: = 1, v = 1 ; 

after two seconds, rr = l + }, t;=i; 

after three seconds, a; = l-|-i + i» v = i\ 

after four seconds, a; = l + J + t + ii v = \] 
and so on indefinitely. 
Now the sum of the series 1 + J + t + i etc., is evidently 
less than 2 ; but by taking a great number of terms, the sum 
can be made to differ from 2 by as little, as we please. Hence 
2 is the limit of the sum of the series, when the number of the 
terms is increased indefinitely ; and is the limit of the vari- 
able difference between this variable sum and 2. 
lijn. will be used as an abbreviation for limit. 
199. [1] The difference between a variable and its limit is 
a variable whose limit is zero. 

[2] If two or more variables, v, v\ v^\ etc., have zero for a 
limit, their sum, v -f v' + v", etc., will have zero for a limit. 

[3] If the limit of a variable, v, be zero, the limit of a±iv 
will be the constant a, and the limit of aXv will be zero. 

[4] The 'product of a ccmstant and a variable is also a va- 
riable, and^he limit of the product of a constant and a variable 
is the product of the constant and the limit of the variable. 

[5] The sum or product of two variables, both of which are 
either increasing or decreasing, is also a variable. 
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Proposition I. 
[6] If two variablea he alvfays equals their limits are equal. 

Let the two variables A M and 
A N be always equal, and let A C 
and AB be their respective limits. 

We are to prove AC = A B. 

Suppose AO AB. Then wo may 
diminish AG to some value A Q' such 
i\\2XAC' = AB, 

Since A M approaches indefinitely to 
A G, we may suppose that it has reached 
a value A P greater than A G', 

Let AQhQ the corresponding value of A N, 

Then AP=AQ, 

Now AG'=-AB. 

But both of these equations cannot be tme, ioT A P> A C", 
and A Q<AB. .'.AG cannot be greater than A B. 

Again, suppose AG<,AB, Then we may diminish A B to 
some value A B' such that AG = AB', 

Since A N approaches indefinitely to -4 ^ we may suppose 
that it has reached a value A Q greater than A B', 

Let J. P be the corresponding value of A M, 

Then - AP^AQ. 

Now AG-='AB', 

Eut both of these equations cannot be true, for A P < A G, 
and A Q> AB'. .'.AG cannot be less than A B. 

Since A G cannot be greater or less than A B, it must be 
equal to A B. «• ^- ^^ 

[7] Corollary 1. If two variables be in a constant ratio, 
their limits are in the same ratio. For, let x and y be two variables 

X 

having the constant ratio r, then - = r, or, x^^ r y, therefore 

y 

It/fyt ( Xt 
Urn. (x) = lim. (r y) = rX Urn. (y), therefore ,. , , = r. 

hm. (y) 

[8] Cor. 2. Since an incommensurable ratio is the limit of 

a 
h 



its successive approximate values, two incommensurable ratios 

a' 
and — are equal if they always have the same approximate vah 

when caressed vdthin th^ scime rneamre of precision. 
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Proposition II. 

[9] The limit of the algebraic sum of two or more variables 
is the algebraic sum of their limits. 



XfOt X, y, 2, be variables, a, b, and c, ^ ^— 

their respective limits, and v, t/, and t/', 

the variable differences between x, y, z, b k— 

and a, b, c, respectively. 

We are to prove Urn. (X + y+z) = a+ 6-h c. c ^ *-^ 

Now, x = a — V, y=b — vf, z = c — v". 
Then, x-^ y^r z = a — t;-f6 — zZ + c — v". 

.*. lim,{x-^y-^z)='lim.{a—v-\rb—v'+c—v^*). [6] 

But, lim.{a — v-^b'-v' + c — vf') = a + b-^ c, [3] 

.*. Urn. (x + y-\- z) = a + b-^r c, 

Q. E. D. 

Proposition III. 

[10] The limit of the product of two or more variables is the 
•product of their limits. 

Let X, y, z, be variables, a, 6, c, their respective 
limits, and v, t/, t/', the variable differences between 
X, y, z, and a, 6, c, respectively. 

We are to prove lim. (xyz) = abc. 

Now, x = a'—v, y = b — v', z = c'-v'\ 

Multiply these equations together. 

Then, xyz = abc^ terms which contain one or more of 
the factors v, t/, v", and hence have zero for a limit. [31 

.*. lim. (xyz) = lim. (abc^^ terms whose limits are zero). [6] 
But lim. {ab c^^ terms whose limits are zero) = abc. 
,\ lim. (xy z) = abc. 

Q. E. D. 

For decreasing variables the proofs are similar. 



Note. — In the application of the principles of limits, refer- 
ence to this section (§ 199) will always include the fundamental 
truth of limits contained in Proposition I. ; and it will be left as 
an exercise for the student to determine in each case what other 
truths of this section, if any, are included in the reference. 
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Proposition XII. Theorem. 

200. In the same circle, or equal circles, two comment 
surable arcs have the same ratio as the angles which theg 
subtend at the centre. 




P 

In the circle A PC let the two arcs be AB and A C, 
and AOB and AOC the A which they subtend. 

We are to prove = -——-——.. 

^ arc il (7 /.AOC 

Let HKhQQ. common measure oi AB and A C, 
Suppose ifiT iT to be contained in ^ ^ three times, 



Then 



and \xi AC five times, 
arc AB 3 



arc -4 C 5 

At the several points of division Gn A B and A C draw radii. 

These radii will divide A AOC into five equal parts, of 

which Z. AOB will contain three, § 180 



(wi ike, same O, or equal ©, eqwil arcs subtend equal 


Aatthi 


J centre). 


ZAOB 3 






•• ZAOC 5 






arc ^ ^ 3 

But 7Ty=K- 

arc ^ C 5 






arc ^ ^ ZAOB 
' ' axoAC Z AOC 




Ax. 1. 

Q. E. D. 



92 GEOMETRY. BOOK II. 

Proposition XIII. Theorem. 

201. In the same circle, or in equal circles, incom- 
mensurable arcs have the same ratio as the angles which 
they subtend at the centre. 

pi p 





In the two equal ® ABF and A'B'P' let AB and A' B 
be two incommensurable axes, and C, O the A which 
they subtend at the centre. 

We are to prove = — — . 

avcAB Z 

Let AB he divided into any number of equal parts, and 
let one of these parts be applied to A' B' as often as it will bo 
contained in A^B^. 

Since A B and A^ B' are incommensurable, a certain num- 
ber of these parts will extend from A' to some point, as />, 
leaving a remainder D B' less than one of these parts. 
DrawC"/>. 
Since A B and A'D are commensurable, 

arc A'D ^ Z A' C D c goo 

'^vqAB ZACB' 
(tivo commensurable arcs have the same ratio as the A which they svbtend at 

the centre). 

Now suppose the number of parts into which A B is divided 
to be continually increased ; then the length of each part will 
become less and less, and the point I) will approach nearer and 
nearer to B', that is, the arc A^ D will approach the arc A^ B^ as 
its limit, and the Z A' C I) the Z A' C B' as its limit. 
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Then the limit of ""^ ^' ^ ^m y^ ^vc A' B 
axoAB SLTG A£ ' 

and the limit of ^_^:^ ^m be ^ ^'^'^'. 
^ACB Z.T(fB 

Moreover, the corresponding values of the two variables 
namely, ' 

^^A'D ^^^ Z,A'G'L 
^Q,AB ZACb' 

are equal, however near these variables approach their limits. 

Q. E. D. 

202. Scholium. An angle at the centre is said to he meaa- 
ured by its intercepted arc. This expression means that an angle 
at the centre is such part of the angular magnitude about that 
point (four right angles) as its intercepted arc is of the whole 
circumference. 

A circumference is divided into 360 equal arcs, and each 
arc is called a degree, denoted by the symbol (°). 

The angle at tJie centre which one of these equal arcs sub- 
tends is also called a degree. ^ 

A quadrant (one-fourth a circumference) contains there- 
fore 90"; and a right angle, subtended by a quadrant, con- 
tains 90°. 

Hence an angle of 30° is J of a right angle, an angle of 45° 
is J of a right angle, an angle of 135° is f of a right angle. 

Thus we get a definite idea of an angle if we know the 
number of degrees it contains. 

A degree is subdivided into sixty equal parts called min- 
utes, denoted by the symbol ('). 

A minute is subdivided into sixty equal parts called sec- 
onds, denoted by the symbol ("). 
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Proposition XIV. Theorem. 

203. An inscribed angle is measured by one-half ^ the 
arc intercepted between its sides. 

BBS 




Case I. 

In the circle FAB (Fig, 1), let the centre C be in one 
of the sides of the inscribed angle B. 

We are to prove Z. B is measured hy \ arc PA, 

Draw CA, 

CA = CB, 

(being radii of the same 0). 

.'.Z B = ZA, § 112 

(beiiig opposite equal sides). 

ZPCA=ZB + ZA. §105 

(the exterior A of a t^ is equal to the sum of the two opposite interior A), 

Substitute in the above equality Z B for its equal Z A. 

Then we have ZFCA = 2ZB. 

But Z P (7 il is measured hj A P, § 202 

(tJie Z at the centre is measured by the iivtercepted are). 

.'.2 Z B is measured hyAP. 

.*. Z B is measured hy ^ A P. 
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Case II. 

In the circle BAE (Fig. 2), let the centre C tsdl 
within the angle EBA, 

We are to prove Z EBA is measured by J arc E A, 

Draw the diameter BC P. 

A PBA is measured by \ arc P A^ (Case I.) 

Z PBE is measured by \ arc P E, (Case L) 

.-. Z PBA + Z PBE is measured by ^ (arc PA + arc P E). 

.*. Z EBA is measured by J arc i^il. 

Case III. 

In the circle B4Qi^{Fig. 3), let the centre C tall with- 
out the angle A B F, 

We are to prove Z A B F is measured by ^ arc A F, 

Draw the diameter B C P. 

Z P B Fia measured by J arc P F, (Case I.) 

Z PBA is measured by J arc PA, (Case I.) 

.'.Z PBF—Z PBA ismeasuredby KarcP/*— arcPil). 

,', Z. AB Fia measured by i arc il F. 

Q. E. D. 

204. Corollary 1. An angle inscribed in a semicircle is 
a right angle, for it is"^Hiftsured by ona-half a semi-circumfer- 
ence, or by 90°. 

205. Cor. 2. An angle inscribed in a segment greater than 
a semicircle is an acute angle ; for it is measured by an arc less 
than one-half a semi-circumference ; i. e. by an arc less than 90°. 

206. Cor. 3. An angle inscribed in a segment less than a 
semicircle is an obtuse angle, for it is measured by an arc greater 
than one-half a sem^-circumference ; i. e. by an arc greater 
than 90°. 

207. Cor. 4. All angles inscribed in the same segment are 
equal, for they are measured by one-half the same arc. 
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Proposition XV. Theorem. 

208. An angle formed hy two chords, and whose vertex 
lies between the centre and the circumference, is measured hy 
one-half the intercepted arc jphis one-half the arc intercepted 
by its sides produced. 




Let the /. AOC be formed by the chords A B and CD. 

We are to prove 

/. A OC 18 measured hy \ arc AC + \ arc B />. 

Draw A />. 

Z.COA=Z.D-VZA, §105 

(the exterior /.of a t^ is eqtuil to the sum of the two opposite interior A ). 

But Z B is measured by \ arc AC^ § 203 

(an inscribed /. is measured hy i the intercepted arc) ; • 

and "Z A is measured by J arc B Dj § 203 

,\Z COAia measured by | arc ^ (7 + | arc j5 i>. 

Q. E. D. 



Ex. Show that the least chord that can be drawn through 
a given point in a circle is perpendicular to the diameter drawn 
through- the point. 
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Pboposition XVI. Theoreic. 

209. An angle formed by a tangent and a chord is 
measured by one-Aalf tie intercepted arc. 




Let HAM be the angle formed by the tangent OM 
and chord AH. 

We are to prove 

Z HA M is measured hy \ arc A EH. 

Draw the diameter AG F. 

"i" 
Z ^^ if is a rt.Z, §.186 

(the radius drawn to a tangent at the point o/cofUaet is ± to it). 

Z F.AM, being a rt. Z, is measured by J^e semi-circum- 
ference -4 -^/'.- * "'^f 

/ FAHia measured by ^ arc FH, § 203 

(an inscribed Z is measured hy ^the intercepted arc) ; 

.\ZFAM— Z FAHia measured by J (arc A EF— arc HF\ 
.*. Z HA M is measured by j arc ^ J^ZT. 

Q. E. D. 
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Proposition XVII. Theobbm. 

210. An angle formed by two secants, two tangents, or 
a tangent and a secant, and which has its vertex without the 
circumference, is measured by one-half the concave arc, minus 
one^half the convex arc. 





M D 

Pig. 1. Fig. 2. Fig. a 

Case I. 
Let the Single (Fig. 1) be formed by the two secants 
OA and OB. 

We are to prove 

Z is measured by ^ axe A B — ^ arc E C. 
Draw GB. 

ZACB = ZO + ZB, § 105 

{the exterior Zofa Ais equal to the sum of the two opposite interior d ). 

By transposing, 

ZO = ZACB-ZB, 

But Z A CB is measured by J arc A B, § 203 

(an inscribed Z. is measured by J t?ie intercepted arc). 

and Z B 18 mea^r^d by | arc C £1, . § 203 

.*. Z is measured by J arc ^ 5 — j^ arc CB. • 
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Case II. 
Let the angle {Fig, 2) he foxmed by the two tan- 
gents OA and OB, 

We are to prove 

A u measured by \ arc A MB — ^ arc -4 SB, 

Draw A B, 

ZABC = ZO + ZOAB, §105 

(the exterior /.ofat^is equal to the sum of the two opposite interior A ). 

By transposing, 

Z 0=-ZABC-ZOAB, 

But ZABCia measured hj^axcA MB, § 209 

(an 4 formed by a tangent and a chord is measured by i the intercepted arc), 

and Z OABia measured by ^sltcASB, § 209 

.'. Z is measured by J arc A MB — ^ arc il SB, 

Case III. 

Let the angle (Fig, 3) be formed by the tangent 
OB and the secant OA, 

We are to prove 

Z is measured by \ dXQ A D S — ^ arc C E S, 
Draw OS, 

ZAOS=Z + Z CSO, § 105 

{the exterior A of a t^ is equal to the sum of tJie two opposite interior A), 

By transposing, 

Z = ZACS-ZCSO, 

But Z ACSia measured by | arc ^ i> /S', § 203 

(being an inscribed Z). 

and Z CSO is measured by ^ sltg C U S, § 209 

(being an Z formed by a tangent and a chord). 

.', Z is measured by J, arc ADS.^ \ arc C ES, ' 
-^ q: E. a 
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Supplementary Propositions. 

Proposition XVIII. Theorem. 

211. Two ^parallel lines intercept upon the circuTn- 
ference equal arcs, 

A 




Let the two parallel lines CA and B F {Fig, 1), inter- 
cept the arcs C B and A F. 

We are to prove arc C B =^ arc A F, 

Draw A B, m 

ZA=ZB, § 68 

(being alt. -int. A). 

But the arc CB h double the measure of Z A, 

and the arc A F is double the measure of Z B. 

.'. SiVG C B = arc A F. Ax. 6. 

Q. E. o. 

212. Scholium. Since two parallel lines intercept on the 
circumference equal arcs, the two parallel tangents MJ^ and 
P (Fig. 2) divide the circumference in two semi-circumferences 
AC B and AQB, and the line A B joining the points of contaxjt 
of the two tangents is a diameter of the circle. 
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Proposition XIX Theorem. 

213. If the sum of two arcs be less than a cirn/m- 
ference the greater arc is subtended by the greater chord; 
and conversely, the greater chord subtends the greater arc. 

B 




P 
In the circle A CP let the two arcs A B and BO to- 
gether be less than the circumference, and let 
AB be the greater. 

We are to prove chord A B> chord B C. 

Draw A G, 

In the A ABO 

Z. O, measured by | the greater arc AB, § 203 

is greater than Z A, measured by J the less arc B 0. 

.-. the side ^ ^ > the side BO, § 117 

{in a tlihe greater Z. has the greater side opposite to it). 

Conversely : If the chord ^ ^ be greateflr than the 
chordae. 

We are to prove arc A B'> arc B 0. 

In the A ^ ^ (7, 

AB>BO, Hyp, 

.'.ZOA, §118 

(in a tithe greater side ha? the greater Z opposite to it). 

.'.a.TC ABy double the measure of the greater Z 0, is greater 
than the arc B 0, double the measure of the less Z A. 

Q. E. D. 
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Proposition XX. Theorem. 

214. If the mm of two area he greater than a circum- 
ference, the greater arc is subtended by the less chord; and, 
conversely, the less chord subtends the greater arc, 

B 




In the circle BCE let the arcs AECB and BAEC 
together be greater than the circumference, and 
let arc AECB be greater than arc BAEC, 

We are to prove chord AB < chord B C. 

From the given arcs take the common arc AE C ; 

we have left two arcs, CB and A B, less than a circumference, 

of which CB ia the greater. 

.-. chord CB> chord A B, § 213 

{vj?Len the sum of two arcs is less than a circumference^ the greater arc is 
subtended by the greater chord). 

.'. the chord A B, which subtends the greater arc AECB, 
is less than the chord B (7, which subtends the less arc BAEC. 

Conversely : If the chord ABhe less than choi*d B C, 

We are to prove arc A EC B > arc BAEC, 

Arc AB + nvG A EC B = the circumference. 

Arc BC + EiYC BA E C = the circumference* 
.-. q,vqAB+ arc AECB = ^vcBC+ arc BA EC. 

But aTGAB< arc BC, § 213 

{being subtended by the less chord). 

.-. arc AEC B> arc BAEC, 

Q. E. D. 
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On Constructions. 

Proposition XXI. Problem. 

215. To find a point in a plane, having given iU dis" 
iancea from two known points, 

C 



A B 

Let A and B be the two known points; n the dis- 
tance of the required point from A, o its distance 
from B, 

It w required to find a point at the given distances from A 
and B. 

From ^ as a centre, with a radius equal to n, describe an arc. 

From ^ as a centre, with a radius equal to o, describe an arc 
intersecting the former arc at C. 

G is the required point. 

Q. E. F. 



216. Corollary 1. By continuing these arcs, another point 
below the points A and B will be found, which will fulfil the 
conditions. 

217. CoR. 2. When the sum of the given distances is equal 
to the distance between the two given points, then the two arcs 
described will be tangent to each other, and the point of tan- 
gency will be the point required. 
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Let the distance from A to B equal n + o. 

From ^ as a centre, with a \/ 

radius equal to n, describe an arc ; -4.' c\ 'B 

and from ^ as a centre, with A 

a radius equal to o, describe an ^ 

arc. " 

These arcs will touch each ^ 

other at C, and will not intersect. 

,\ C ia the only point which can be found. 

218. Scholium 1. The problem is impossible when the 
distance between the two known points is greater than the sum 
of the distances of the required point from the two given points. 

Let the distance from A to B he greater than n + o. 

Then from ^ as a centre, 
with a radius equal to 7i, -de- A' j | 'B 

scribe an arc; 

and from ^ as a centre, with a 
radius equal to o, describe an arc. 

These arcs will neither touch 
nor intersect each other ; 

hence they can have no point in common. 

219. ScHO. 2. The problem is impossible when the distance 
between the two given points is less than the difference of the 
distances of the required point from the two given points. 

Let the distance from ^ to ^ be less than n — o. 

From ^ as a centre, with a radius ^-^ "^^^ 
equal to n, describe a circle ; / ^ \ 

and from ^ as a centre, with a / / \ \ 

radius equal to o, describe a circle. / / A« .« \ ^ 

The circle described from ^ as a I \ / / 

centre will fall wholly within the circle \ \^ y / 

described from ^ as a centre ; o "^v ./ 

hence they can have no point in ^ 

common. 



\ 


/ 

1 




1 

\ 


n 







/ 
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Proposition XXII. Problem. 

220. To bisect a given straight line, 
C 

X 



X 

E 
Let AB be the given straight line. 
It is required to bisect the line A B. 

From A and B as centres, with equal radii, describe arcs 
intersecting at C and E. 

Join CE, 
Then the line CE bisects A B. 
For, Cand j^, being two points at equal distances from the 
extremities A and B, determine the position of a X to the mid- 
dle point oiAB. § 60 

Q. E. F. 

Proposition XXIII. Problem. 

221. At a given point in a straight line, to erect a 
perpendicular to that line. R 



HO" 
Let be the given point in the straight line A B. 
It is required to erect a 1. to the line A B at the point 0. 

TakeOH=OB. 
From B and H as centres, with equal radii, describe two 
arcs intersecting at B. 

Tlien the line joining ^ is the i. required. 
For, and B are two points at equal distances from B and ff, and 
.'. determine the position of a ± to the line HB dX its 
middle point 0, § 60 

Q. E. F, 
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Proposition XXIV. Problem. 

222. From a point without a straight line, to let fall a 
perpendicular upon that line. 

C 






E^^^ ^ '"K ■ 

Let AB be a given straight Une, and C a given point 
without the line. 

It is required to let fall a J- to the line A B from the point C 

From (7 as a centre, with a radius sufl&ciently great, 

describe an arc cutting A B Sit the points H and K. 

From H and K as centres, with equal radii, 

describe two arcs intersecting at 0, 

Draw 0, 

and produce it to meet ^ ^ at m. 

CmiS' the JL required. 

For, C and 0, being two points at equal distances from H 
and K, determine the position of a .L to the line HK at its 
middle point. § 60 

Q. E. F. 
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Proposition XXV. Problem. 

223. To construct an arc equal to a given arc whose 
centre is a given point, 

F- 



Cf 




x w 



\ 



I / 
a 



Let G be the centre of the given arc AB, 

It is required to construct an arc equal to arc A B, 

Drawee, C A, 0,11^ A B. 

From C' as a centre, with a radius equal to C B, 

describe an indefinite arc B' F. 

From ^' as a centre, with a radius equal to chord A B, 

describe an arc intersecting the indefinite arc at A', 

Then arc A' B' = arc il A 

draw chord A' B', 



For, 



and 



The (D are equal, 
{being described with equal radii), 

chord A' B' = chord A B ; 

.•.arc A* B' — arc A B, 
(in equal © eqtial chords siibtend equal arcs). 



Cons. 
§182 



Q. E. F 
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Proposition XXVI. Problem. 

224. At a given point in a given straight line to con^ 
struct an angle equal to a given angle. 

F 




w 

B 5' 

Let C he the given point in the given line C' By and 
C the given angle. 

It is required to constriict an Z at C equal to the Z C. 

From (7 as a centre, with any radius di& B, 

describe the arc -4 jB, terminating in the sides of the Z. 

Draw chord AB, - 

From C' as a centre, with a radius equal to C By 

describe the indefinite arc Bf F, 

From B* as a centre, with a radius equal to A B, 

describe an arc intersecting the indefinite arc at A', 

Draw A' C. 
Then /.C' = Z.a 
For, join^'^'. 

The (D to which belong arcs A B and A* B' are equal, 
(fcewigr described with equal radii). 

and chord A* B = chord A B ; Cons. 

.-. arc^'^' = arciljB, § 182 

(in equal (D equal chords subtend eqtuil arcs). 

.\ZC' = Z C, §180 

(in equal (D eqv/il arcs subtend equal A at the centre). 

Q. E. F- 
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Proposition XXVIL Froblbm. 
225. To bisect a given are. 




Let A OB be the given arc. 

It 18 required to bisect the arc A OB. 

Draw the chord A B. 

From A and B as centres, with equal radii, 

describe arcs intersecting at E and (7. 

Drawee. 

E G bisects the arc A OB. 

For, E and (7, being two points at equal distances from 
A and B, detennine the position of the J_ erected at the middle 
of chord AB; § 60 

and a _L erected at the middle of a chord passes through 
the centre of the O, and bisects the arc of the chord. § 184 

Q. E. F. 
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Proposition XXVIII. Problem. 
226. To bisect a given angle. 




B 

Let AEB he the given angle. 

It w required to bisect Z. AEB, 

Prom jE^ as a centre, with any radius, as E Ay 

describe the arc A^O B, terminating in the sides of the Z. 

Draw the chord A B. 

From A and B ak centres, with equal radii, 

describe two arcs intersecting at C. 

Join EC, 

E C bisects the Z E. 

.For, E and C, being two points at equal distances from A and 
Bj determine the position of the -L erected at the middle of 
AB. § 60 

And the ± erected at the middle of a chord passes through 
the centre of the O, and bisects the arc of the chord. § 184 

.'. arc ^ = arc By 

.'.ZAEO = Z BEO, §180 

(in the satne circle equal arcs subtend eqical A at the centre). 

Q. E. F. 
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Proposition XXIX. Problem. 

227. Through a given point to draw a Hraighi line 
parallel to a given straight line. 

E -T- H 



Let AB he the given line, and H the given point. 

It is required to draw through the point H a line 11 to the 
line A B, 

Draw HA, making the ARAB, 

At the point E construct Z A HE = Z HA B. 

Then the line i7JS^ is II to A B. 

For, LEHA=AHAB\ . Cons. 

.-. HE is II to ii ^, § 69 

(tt?A«» two straight lines^ lying in, the same plane, are cut by a third straight 
line, if the alt -int. A be equal, the lines are parallel). 

Q..E. F. 



Ex. 1. Find the locus of the centre of a circumference which 
passes through two given points. 

2. Find the locus of the centre of the circumference of a 
given radius, tangent externally or internally to a given cir- 
cumference. 

3. A straight line is drawn through a given point A, inter- 
secting a given circumference at B and C Find the locus of 
the middle point P of the intercepted chord B G, 
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/ 

Proposition XXX. Problem. 

228. Two angles of a triangle being given to find the 

third. 

R 






E .>-^.. 



Let A and B be two given angles of a triangle. 

It is required to find the third Z of the A. 

Take any straight line, as B F, and at any point, as H, 

construct A RHF equal to Z By 

z.tAASEFj equal to Z A. 

Then Z i^^'/S' is the Z required. 

For, the sum of the three /4 of a A = 2 rt. ^4, § 98 

and the sum of the three A about the point H^ on the same 
sideof ^i^=2rt. A §34 

Two A of the A being equal to two A about the 
point ZT, Cons. 

the third Z of the A must be equal to the third Z about 
the point H, 

Q. E. F. 
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Pboposition XXXI. Problem. 

229. Two aides and the included angle of a triangle 
being given, to conatrtict the triangle. 




A^ 



Let the two sides of the triangle be E and Fy and 
the included angle A. 

It is required to construct a A having two sides equaC to E 
and F respectively, and their included Z = Z ^. 

Take HK equal to the side F, 

At the point H draw the line H M, 

making the Z KUM = Z ii. 

On HM take HC equal to E. 

Draw C K. 

Then A CHE is the A required. 

aE. F. 
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Proposition XXXII. Problem. 

280. A side and two adjacent angles of a triangle being 
given, to constrtAct the triangle. 




Let CE he the given side, A and B the given angles. 

It is required to construct a A having a side eqtud to C E, 
and two A adjacent to thai side equal to A A and B respectively. 

At point C constract an Z equal \x> /. A. 

At point E constract an Z equal to Z ^. 

Produce the sides until they meet at 0. 

Then A (7 JF is the A required. 

aE. F. 

231. Scholium. The problem is impossible when the two 
given angles are together equal to, or greater than, two right 
angles. 



CONSTRUCTIONS. 115 



Proposition XXXIIL Problem. 

232. The three sides of a triangle being given, to eon^ 
itruct the triangle. 





\c 




m 


/ 




\ 




n 


x^ 




I 

Let the three 


sides be 


m, 




n, and o. 



It is required to construct a A having three sides respectively^ 
equal to m, riy and o. 

Draw A B equal to n. 

From ^ as a centre, with a radius equal to .o, 

describe an arc ; 

and from ^ as a centre, with a radius equal to w, 

describe an arc intersecting the former arc at C, 
Draw (7^ and (7^. 
Then A {7 ^1 ^ is the A required. 

Q. E. F. 

233. Scholium. The problem is impossible when one side 
is equal to m^ greater than the sum of the other two. 
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Proposition XXXIV. Problem. 

234. The hypotenuse and one side of a right triangle 
heing given, to construct the triangle. 



C 



\ 



\ 



\ 



\ 



\ 



Let m be the given side, and o the hypotenuse. 

It is required to coiistruct a rt, A Jiaving the hypotentise 
equal o and one side equal m. 

Take A B equal to m. 

At A erect a _L, ^ X, 

From ^ as a centre, with a radius equal to o, 

describe an arc cutting A X di C. 

Draw (7 A 

Then A (7^1 J? is the A required. 

Q. E. F. 



COX8TRUCTIONS. 117 



Proposition XXXV. Problem. 

235. The base, the altitude, and an angle at the base, 
of a triangle being given, to construct the triangle. 



^ 



y 



Let equal the base, m the altitude, and C the angle 
at the base. 

It is required to construct a A having the base eqtud to o, 
the altitmh equal to m, and an Z at the base equal to C. 

Take A B equal to o. 

At the point A, draw the indefinite line A R, 

making the Z BAE = Z C. 

At the point A, erect 2l A. A X equal to m. 

From X draw XS II to A B, 

and meeting the line AE sit S, 

Draw SB, 

Then A ^ ^S'^ is the A required. 

Q. E. F. 
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Proposition XXXVI. Problem. 

236. Two sides of a triangle and the angle opposite one 
of them being given ^ to construct the triangle. 

Case I. 

Whin the givm angle is acute, and the side opposite to it is less than 
the other given side, 

D 




— E 



A"^ 



Let c be the longer and a the shorter given side, and 
Z A the given angle. 

It is required to construct a A having two sides equal to a 
and c respectively, and the Z opposite a equal to given Z. A. 
Construct A B AE equal to the given A A, 
Ox).AD take AB=-c, 
From ^ as a centre, with a radius equal to a,- 
describe an arc intersecting the side AEdXC and C". • 

Draw B C and B C", 
Then both the A ^1 ^ C and A B 0" fulfil the conditions, 
and hence we have two constructions. 

When the given side a is exactly equal to the _L B C, there 
will be but one construction, namely, the right triangle ABC, 

When the given side a is less than B C, the arc described 
from B will not intersect A E, and hence the problem is im- 
possible. 
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Ca8B II. 

When the given angle is aciUe, righi, or obHue, and the Hde opponU 
to it is greater than the other given side, 
D 

IB 




c/x 



\ 



\ 



A 



.•/ 



Fig. 1. 



\ 




Fig. 2. 



When the given angle is obtuse. 
Construct the Z DAE (Fig. 1) equal to the given Z S. 

Take A B equal to bt. 
From ^ as a centre, with a radius equal to <?, 
describe an arc cutting E A bA. C, and EA produced at C". 
ZomBC QXi^BC. 

Then the A ABCis the A required, and there is only one 
construction ; for the A ii ^ C" will not contain the given Z S, 

When the given angle is amte, as angle BA C*. 
There is only one construction, namely, the A j5ii C (Fig. 1). 

When the given A is a right angle. 

There are two constructions, the equal ABAC and BAC 
(Fig. 2). ^ Q.E.P. 

The problem is impossible when the given angle is right or 
obtuse, if the given side opposite the angle be less than the 
other given side. § 117 
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Proposition XXXVII. Problem. 

237. Two sides and an included angle of a parallelo- 
gram being given, to constrtcct the parallelogram. 







Let m and o be the two sides, and C the included 
angle. 

It is required to construct a O having two adjacent sides 

equal to m and o respectively, and their included A equal to A C» 

Draw A B equal to o. 

From A draw the indefinite line A R, 

making the Z A equal to Z C, 

On AE take A H equal to m. 

From ZT as a centre, with a radius equal to o, describe 
an arc. 

From ^ as a centre, with a radius equal to m, 
describe an arc, intersecting the former arc at E, 
Draw EH&ndJSB, 
The quadrilateral A B EH is the O required. 
For, AB = HE, \ Cons. 

AH = BE, Cons. 

.-. the ^^XQ ABE His a O, § 136 

(a quadrUcUeraly which has its opposite sides eqiutl, is a O). 

Q-E. F. 
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Proposition .XXXVIIL Problem. 

238. To describe a circumference through three points 
not in the same straight line. 



/ 



\ o 



B 

Let the three points he A, B, and 0. 

It is required to describe a circumference Hirough the three 
points Ay Bj and C. 

Draw ^^ and ^(7. 

Bisect 1^ and ^C 

At the points of bisection, E and F, erect J2 intersect- 
ing at 0. 

From as a centre, with a radius equal to A, describe a 
circle. 

O -4 ^ C is the O required. 

For, the point 0, being in the A. E erected at the middle 
of the line A By is at equal distances from A and B ; 

and also, being in the J_ i^O erected at the middle of the 
line (7 -6, is at equal distances from B and (7, § 58 

(every point in the ± erected at the middle of a straight line w at equal 
distances from the extremities of that line). 

.*. the point is at equal distances from A, B^ and C, 
and a O described from as a centre, with a radius equal 
to A, will pass through the points A, B, and (7. 

Q. E. F. 

239. Scholium. The same construction serves to describe 
a circumference which shall pass through the three vertices of a 
triangle, that is, to circumscribe a circle about a given triangle. 



122 



GEOMETRY. — BOOK H. 



Proposition XXXIX. Problem. 
240. Through a given point to draw a tangent to a 
given circle, , 

U 





Case 1. — Whm the given point is on the circumference. 

Let ABC {Fig. J) he a^given circle, and C the given 
point on the circumference. 

It is required to draw a tangent to the circle at C. 

From the centre 0, draw the radius 0, 

At the extremity of the radius, C, draw C MA. to OC. 

Then C M is the tangent required, § 186 

(a straight line ± to a radiits at its extremity is tangent to the O). 

Case 2. — When the given point is withovZ the drcumference. 

Let ABC {Hig. 2) be the given circle, its centre, 
E the given point without the circumference. 
It is required. to draw a tangent to the circle ABC from 

the point E. 

Join OE, 

On E as a. diameter, describe a circumference intersecting 
the given circumference at the points M and ff. 

Draw CM and OH, EM and EH, 

Now Z ME is a rt. Z, § 204 

(being inscribed in a semicircle). 

.'. EM is ± to OM at the point M; 

.-. EM is tangent to the O, § 186 

(a straight line ±to a radius at its extremity is tangevU to the O). 

In like manner we may prove HE tangent to the given O. 

Q. E. F. 

241. C0ROLLA.RY. Two tangents drawn from the same point 
to a circle are equal. 
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Proposition XL. Problem. 

242. To inscribe a circle in a given triangle. 

B 







II 



Let ABC be the given triangle. 
It M required to inscribe aO in the A ABC 
Draw the line A E, bisecting Z Ay 
and draw the line G By bisecting Z G. 
Draw EH± to the line A G 
From E, with radius EH^ describe the Q KMH. 
The O KHM is the O required. 
For, draw J^^ ± to -4 J?, 
and JSr if ± to ^C. 
In the rt. A il KE and A HE 
AE=-'AE, 
. /.EAK-=/.EAH, 



Iden. 

Cons. 

.'.AAKE^AAHE, §110 

{Two rt. &i are equal if the hypotenuse and an a4mte Z, of. the one he equal 

respectively to the hypotenuse and an a>cute /.of the other). '' 

.\EK^EH, 

(being homologous sides of equal ^). 

In like manner it may be shown E M= EH. 
.-. EK, EH, and E M are all equal. 
.'. a O described from E aa a, centre, with a radius equal to EH, 

will touch the sides of the A at points H, K, and M, and 
be inscribed in the A. § 174 

Q. E. F. 
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Proposition XLI. Problem. 

243. Upon a given straight line, to describe a segment 
which shall contain a given angle. 

H 




E 



/ 



M 



Let AB be the given line, and M the given angle. 

It is required to describe a segment upon the line A B, which 
sfiall contain Z M, 

At the point B construct Z. A B E equal to Z. M, 

Bisect the line ABhj the L F H. 

From the point B; draw BO A^io EB. 

From 0, the point of intersection oi F H and ^ 0, as a 
centre, with a radius equal to B, describe a circumference. 

Now the point 0, being in a JL erected at the middle of 
-4 5, is at equal distances from A and By § 5.8 

{every point in a ± erected at t?ie middle of a straight line is at eqiuU dis- 
tances from the extremities of that line) ; 

.'.the circumference will pass through A. 

Now BEi^A^ioOB, Cons. 

/. B E is tangent to the O, § 186 

(a straight line A. to a radius at its extremity is tangent to the O). 

.'.Z A BE 18 measured by ^ arc AB, § 209 

(being an Z formed hy a tangent and a chord). 

Also any Z inscribed in the segment A H B, as for instance 
Z AKByh measured by ^ arc A B, § 203 

{being an inscribed /. ). 
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• .\Z.AKB=^Z.ABE, 

(being both measured by i the same are) ; 

.'.ZAKB = ZM. 
.'. segment AHBis the segment required. 

Q. E. F. 

Proposition XLII. Problem. 
244. To find the ratio of two commensurable straight 



E U 

J \—\-B 



K 

C\ ; , ^D 

F 

Let A B and C D be two straight lines. 

It is required to find the greatest common measure of AB 

and D, so as to express their ratio in figures. 

Apply CD to AB as many times as possible. 

Suppose twice with a remainder EB. 

Then apply EB to C B sls many times as possible. 

Suppose three times with a remainder FJ). 

Then apply FD to EB as many times as possible. 

Suppose once with a remainder HB, 

Then apply HB to FB as many times as possible. 

Suppose once with a remainder KB, 

Then apply K B to HB as many times as possible. 

Suppose KB is contained just twice in H B. 

The measure of each line, referred to KB as a unit, will 
then be as follows : — 

HB =2KB; 

FB = HB-\-KB= ZKB\ 

EB = FB-^- HB = bKB\ 

CB =35^+ FB = \SKB\ 

AB -=-2CB+ EB^ 4:1 KB. 

• ^ = ^IKB , 
' ' CB ISKB' 



.the ratio of ^--. 



Q. E. F 
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EXEBCISES. 



1. If the sides of a pentagon, no two sides of which are 
parallel, be produced till they meet ; show that the sum of all 
the angles at their points of intersection will be equal to two 
right angles. 

f 2. Show that two chords which are equally distant from the 
centre of a circle are equal to each other ; and of two chords, that 
which is nearer the centre is greater than the one more remote. 

3. If through the vertices of an isosceles triangle which has 
each of the angles at the base double of the third angle, and is 
inscribed in a circle, straight lines be drawn touching the circle ; 
show that an isosceles triangle will be formed which has each 
of the angles at the base one-third of the angle at the vertex. 

4. ABB is a. semicircle of which the centre is C ; and AEG 
is another semicircle on the diameter AC , AT is a common 
tangent to the two semicircles at the point A. Show that if 
from any point F, in the circumference of the first, a straight 
line FC h^ drawn to C, the part F K, cut off by the second 
semicircle, is equal to the perpendicular FH to the tangent A T. 

4 5. Show that the bisectors of the angles contained by the 
opposite sides (produced) of an inscribed quadrilateral intersect 
at right angles. 

6. If a triangle ABC he formed by the intersection of three 
tangents to a circumference whose centre is 0, two of which, 
A M and A N, are fixed, while the third, B (7, touches the con- 
vex arc at a variable point P; show that the perimeter of 
the triangle ABC is constant, and equal io A M + A Ny ot 
2 AM, Also show that the angle BOG is constant. 

7. A B is any chord and AG is tangent to a circle at A, 
G D E dL line cutting the circumference in D and E and parallel 
to AB', show that the triangle A CD is equiangular to the 
triangle EAB, 
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Constructions. 

1. Draw two concentric circles, such that the chords of the 
outer circle which touch the inner may be equal to the diameter 
of the inner circle. 

2. Given the base of a triangle, the vertical angle, and tlie 
length of the line drawn from the vertex to the middle point 
of the base : construct the triangle. 

3. Given a side of a triangle, its vertical angle, and the radius 
of the circumscribing circle : construct the triangle. 

4. Given the base, vertical angle, and the perpendicular from 
the extremity of the base to the opposite side : construct the 
triangle. 

5. Describe a circle cutting the sides of a given square, so 
that its circumference may be divided at the points of inter- 
section into eight equal arcs. 

^ 6. Construct an angle of 60°, one of 30**, one of 120®, one 
of 150°, one of 45°, and one of 135°. 

7. In a given triangle ABC, draw Q £> H parallel to the base 
B and meeting the sides of the triangle at J) and B^ so that 
i>^ shall be equal to DB + BC, 

8. Given two perpendiculars, A B and (72), intersecting in 0, 
and a straight line intersecting these perpendiculars in E and F] 
to construct a square, one of whose angles shall coincide with 
one of the right angles at 0, and the vertex of the opposite angle 
of the square shall lie in E F. (Two solutions.) 

9. In a given rhombus to inscribe a square. 

10. If the base and vertical angle of a triangle be given ; 
find the locus of the vertex. 

11. If a ladder, whose foot rests on a horizontal plane and 
top against a vertical wall, slip down; find the locus of its 
middle point. 



BOOK III. 

PROPORTIONAL LINES AND SIMILAR POLYGONS. 



On the Theory of Proportion. 

245. Dbf. The Terms of a ratio are the quantities com- 
d. 

^ 246. Def. The Antecedent of a ratio is its first term. 
. ^ 247. Def. The Co/ise^'wew^ q/ a ra^io is its second term. 
' .r*/^ 248. Def. A Proportion is an expression of equality be- 
. ' Itween two equal ratios. 

A proportion may be expressed in any one of the following 
forms : — 

L a : h \ : c \ d 

2. a : b = c : d 

3 ? = ^ 
^-.--^ ' b~d' 

Form 1 is read, a is to 6 as c is to d. 

Form 2 is read, the ratio of a to 6 equals the ratio of e to d. 

Form 3 is read, a divided by b equals c divided by d. 

The Terms of a proportion are the four quantities com- 
pared. 

The first and third terms in a proportion are the ante- 
cedents, the second, and fourth terms are the consequents. 

249. The Extremes in a propoition are the first and fourth 
terms. 

250. The Means in a proportion are the second and third 
terms. 
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251. Def. In the proportion a :b : : c :d; d i& ^ Fourth 
Proportional to a, b, and c. 

252. Dep. In the proportion a :b : :b :c; c is a Third 
Proportional to a and b. 

253. Def. In the proportion a :b : :b : e; b ia a Mean 
\ Proportional between a and c. 

254. Dep. Four quantities are Reciprocalltf Proportioned 
when the first is to the second as the reciprocal of the third is to 
the reciprocal of the fourth. 

Thus a : 6 ::-:-- . 

c d 

If we have two quantities a and 6, and the reciprocals of 

these quantities - and - ; these four quantities form a redpi^o- 
a b 

cat proportion, the first being to the second as the reciprocal of 
the second is to the reciprocal of the first. 

As a : 6 : : 1 : 1. 

6 a 

255. Def. A proportion is taken by Alternation^ when the 
njeans, or the extremes, are made to exchange places. 

Thus in the proportion 

a : b : ; c ', dy 
we have either 

a : c : : 6 : (/, or, d : b : : c : a, 

256. Def. A proportion is taken by Inversion, when the 
means and extremes are made to exchange places. 

Thus in the proportion 

a : b : : c \ d, 
by inversion we have 

b \ a : : d : c, 

257. Def. A proportion is taken by Composition, when 
the sum of the first and second is to the second as the sum of 
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the third and fourth is to the fourth ; or when the sum of the 
first and second is to the first as the sum of the third and fourth 
is to the third 



Thus if a : 6 : 


: c : d, 


we have by composition, 




a+6 : 6 : 


: c + d : d. 


or, a+ b : a : 


: c + d : c. 



258. Dep. a proportion is taken by Division, when -the 
difference of the first and second is to the second as the dif- 
ference of the third and fourth is to the fourth ; or when the 
difference of the first and second is to the first as the difference 
of the third and fourth is to the third. 



Thus if a : b : 


: c : d, 




we have by division 






a — b : b : 


: c-d : 


d, 


or, a — b : a : 


: c-d 


' c 



Vi 



Proposition I. 

259. In every proportion the product of the extremes w 
equal to the product of the nieans. 

Let a : b : : c : d. 

We are to prove ad "*= be. 

Now ? = ^, 

b d' 

whence, by multiplying by b d, 

ad = be. 

Q. E. D. 
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In the treatment of proportion, it is assumed that fractions 
may be found which will represent the ratios. It is evident that 
a ratio may be represented by a fraction when the two quanti- 
ties compared can be expressed in integers in terms of any 
common unit. Thus the ratio of a line 2^ inches long to a line 
3 J inches long may be represented by the fraction §| when both 
lines are expressed in terms of a unit ^^ of an inch long. 

But it often happens that no unit exists in terms of which 
both the quantities can be expressed in integers. In such cases, 
however, it is possible to find a fraction that will represent the 
ratio to ani/ required degree of accuracy. 

Thus, if a and h denote two incommensurable lines, and h be 
divided into any integral number (n) of equal parts, if one of 
these parts be contained in a more than m times, but less than 

m-\-\ times, then f > ^ but < ^^-Z — ; so that the error 
b n n 

in taking either of these values for -is < _. Since n can 

b n 

be increased at pleasure, - can be made less than any assigned 
n 

value whatever. Propositions, therefore, that are true for — and 

n 

—III — , however little these fractions differ from each other, are 



true for - ; and - may be taken to represent the value of -. 
b n b 



Proposition IL 

^ 260. A mean proportional between two quantities is 

equal to the square root of their product. 

In the proportion a : b : : b : c, 

b^ = ac, §259 

(the product of the extremes is equal to the product of the means). 

Whence, extracting the square root, 

b^^slHJ' ^ 

Q. E. D. 
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, Proposition III. 

261. If the product of two quantities he equal to the 
product of two others, either two may he made the extremes 
of a proportion in which the other two are made the means. 

Let ad = be. 

We are to prove a : b : i c : d. 

Divide both members of the given equation hy bd. 

Then ?^ = ^, 

b d' 

or, a : b : : c : d. 

Q. E. D. 

i 

Proposition IV. 




Let a : b : : c : d. 
We are to prove a : c : : b : d. 

Now, 5 = £. 

b d 

Multiply each member of the equation by - • 

c 

Then ^ = 1, 

c d 

or, a : c : : b : d. 

Q. E. D. 
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Proposition V. 

263. If four quantities he in proportion, they will be in . - 
proportion by inversion. ^ZSW* ^ "^5^ ^^^ UZ^^ *h^ /n 

Ltet a \ \ \ c \ a. 



We are to 


^ 'prove 


6 : a :: 


d : c. 


Now, 




a 

V 


e 
~d' 


Divide 1 


by each member of the equation. 


Then 




a 


c 


or. 




b : a 


:: d: c. 



Q. E. D. 

( 

Proposition VI. 

264. If four quantities be in proportion, they will be in 
proportion by composition. 

Let a : b : : c : d 

We are to prove a+6:6::c + (i:dL 



Now 


a c 
b "T 


Add 1 to each member of the equation. 


Then 


a c 
6+1 = ^+1' 


that is, 


a+b . c + d 

b d ' 


or. 


a + b : b :: c + d : d. 



Q. E. O. 
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Proposition VII. 

265. If four quantities he in proportion y they will he in 
proportion hy division. 

Let a : b : : c : d. 

We are to prove a — b : b : : c — d : d, 

XT a c 

Now - = - . 

b d 
Subtract 1 from each member of the equation. 

Then 



that is, 



a c 

6-1 = ^-1. 

a — b c — d 



b d 

or, a — b \ b : \ c^ d \ d. 



Q. E. D. 



Proposition VIII. 
266. In a series of equal ratios, the sum qf the ante- 
cedents is to the sum of the consequents as any antecedent is 
to its consequent. 

Let a : b = c : d = e :f = g : A. 
We are to prove a + c+c + ^:6 + c^+/+A::a:6. 
Denote each ratio by r. 

a c e g 
Then '•=6=^=7= A' 

Whence, a^^br, c = dr, e ^fr, g^ hr. 

Add these equations. 

Then a + c+ e + g = {b + d+f+ h)r. 

Divide by (b + d + J + h). 

rr.1 a + c + e + q a 

^^'"^ b + d+f+h =''=b' 

or, a + c -^ e + g : b + d + f + h : : a : b, 

Q. E. D. 
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Proposition IX. 
267. The products of the corresponding terms of two or 
more proportions are in proportion. 





Let a I h : 


: c : 


rf, 






e\f: 


' 9 ' 


A, 






k : I : 


: m : 


», 




We are 


to prove aek : hfl : : 


cgm 


I dhn. 


Now 


ace 
1~ d' 7" 


9 


k^ 
I 


m 
n 


Whence 


> by multiplication, 
aek 


cgm 








hfl^ 


dhn 


9 




or. 


aek : b/l :: 


cgm 


: dh 


n. 



Q.E. D. 

Proposition X. 
268. Like powers, or like roots, of the terms of a pro- 
portion cure in proportion. 

Let a : b : : c : d. 



We are to prove a^ : b'* : : c"* : d^, 




and a^ : b^ : : c^ : d^. 




Now ? = £. 
b d 




By raising to the n^ power, 




i.=f ;ora« : 6« : : c« 
ft" d^ 


: d^ 


By extracting the n^ root, 




1 i 
a^ c<^ 111 
-^ = — ; or, a»» : 6»» : : c* 


di 



6» c?« 

Q. E. D. 

269. Dep. Equimultiples of two quantities are the products 
obtained by multiplying each of them by the same number. 
Thus m a and m 6 are equimultiples of a and 6. 
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Proposition XL 

270. EquimuUijples of two quantilies are in the same 
ratio as the quantities themselves. 

Let a and h be any two quantities. 
We are to prove ma : mb : : a : b, 

Now ^ ^=^. 

b b 

Multiply both terms of first fraction by m. 

Then = 

mb b 

or, ma : mb : : a : b, 

Q. E. a 

Proposition XII. 

271. If two quantities he increased or diminished hy 
like parts of each y the results will be in the same ratio as the 
quantities themselves, 

Let a and b be any two quantities. 

We are to prove a ±,?^ a : b ±: - b : : a : b. 

In the proportion, 

ma \ mb \ \ a \ by 

substitute for m, 1 ± ^ . 

Then (l ± ^) a : (l ± ^) 6 : : a : 6, 



or a±-«:ft±-ft::a:ft. 

q q 



Q. E. O. 



272. Dep. Euclid's test of a proportion is as follows : — 
" The first of four magnitudes is said to have the same ratio 
to the second which the third has to the fourth, when any equi- 
multiples whatsoever of the first and third being taken, and any 
equimultiples whatsoever of the second and fourth ; 
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" If the multiple of the first be less than that of the second, 
the multiple of the third is also less than that of the fourth ; or, 

" If the multiple of the first be equal to that of the second, 
the multiple of the third is also equal to that of the fourth ; or, 

"K the multiple of the first be greater than that of the 
second, the multiple of the third is also greater than that of 
the fourth." 



Proposition XIIL 

273. If four quantities be proportional according to the 
algebraical definition y they will also be proportional according 
to Euclid's definition. 

Let a, 6, c, d be proportional according to the alge- 

a c 
braical definition ; that is r = j • 

o a 

We are to prove a, h, c, rf, proportional according to Euclid s 
definition. 

Multiply each member of the equality by — . 

n 

Then rna^7nc_ 

nb nd 

Now from the nature of fractions, 

if m a be less than nb, mc will also be less than n d ; 

if m a be equal to n 6, mc will also be equal to nd; 

if m a be greater than nb, mc will also be greater than n d. 

.'. a, 6, c, d are proportionals according to Euclid's def- 
inition. 

Q. E. D. 
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Exercises. 

1. Show that the straight line which bisects the external 
vertical angle of an isosceles triangle is parallel to the base. 

2. A straight line is drawn terminated by two parallel 
straight lines; through its middle point any straight line is 
drawn and terminated by the parallel straight lines. Show that 
the second straight line is bisected at the middle point of the 
first. 

3. Show that the angle between the bisector of the angle A 
of the triangle ABO and the perpendicular let fall from A on 
jBG is equal to one-half the difference between the angles B 
and a 

4. In any right triangle show that the straight line drawn 
from the vertex of the right angle to the middle of the hypote- 
nuse is equal to one-half the hypotenuse. 

5. Two tangents are drawn to a circle at opposite extremities 
of a diameter, and cut off from a third tangent a portion A B. 
If C be the centre of the circle, show that A GB is a, right angle. 

6. Show that the sum of the three perpendiculars from any 
point within an equilateral triangle to the sides is equal to the 
altitude of the triangle. 

7. Show that the least chord which can be drawn through a 
given point within a circle is perpendicular to the diameter 
drawn through the point. 

8. Show that the angle contained by two tangents at the 
extremities of a chord is twice the angle contained by the chord 
and the diameter drawn from either extremity of the chord. 

9. If a circle can be inscribed in a quadrilateral ; show that 
the sum of two opposite sides of the quadrilateral is equal to the 
sum of the other two sides. 

10. If the sum of two opposite sides of a quadrilateral be 
equal to the sum of the 'other two sides; show that a circle 
can be inscribed in the quadrilateral. 



proportional links. 139 

On Proportional Linesb. 

Proposition I. Theorem.' 

274. If a aeries of paralleU intersecting any two 
straight lines intercept equal parts on one of these lines, 
they will intercept equal parts on the other also. 

H HI 



K Kf 

Let the series of parallels AA\ BB', CC\ Diy, E E', 
intercept on H' K' equal parts A'B', B'C, C D', etc. 

We are to prove 

they intercept on H K equal parts A B, BC, C D^ etc. 

At points A and B draw A m and ^ n (! to H' K', 

Am^A'B', §135 

(parallels compreTiended between parallels are eqiuU], 

Bn = B'C\ §135 

.'. Am = Bn, 
In the A. BAm and C Bn, 

ZA=ZB, . . § "^"^ 

{having their sides respectively II and lying in the same direction from 
the vertices). 

Z. m = Z n, § 77 

and Am ^= Bfiy 

.'. ABAm = ACBn, §107 

(having a side and two adj. A of the one equal respectively to a side and 
two adj. A of the other). 

.-. AB = BC, 

(being homologous sides of equal A). 

In like manner we may prove BG = CD, etc. 

'' ^ Q. E. D. 
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Proposition II. Theorem. 

275. If a line he drawn through two Bides of a triangle 
parallel to the third side, it divides those sides propor- 
tionally. 



Fig. 1. • Fig. 2. 

In the triangle ABC let EF be drawn parallel to B C, 

rrr 4 EB FC 

We are to prove = — - . 

^ AE AF 

Case I. — When A E and EB {Fig. 1) are commensurdble, 

Find a common measufe oi A E and E B, namely Bm, 

Suppose -ff m to be contained in BE three times, 

and in ^ -5^ five times. 

Then M = l, 

AE 5 

At the several points of division on B E and A E draw 
straight lines II to B C, 

These lines will divide A C into eight equal parts, 

of which FC will contain three, and A F will contain five, § 274 

(if parallels intersecting any two straight lines intercept equal parts on one 

of these lines, they will intercept equal parts on the other also), 

. FC _i 
" AF~ 5' 

But M^r=^, 

AE 5' 

.•.^=^. Ax.l 

AE AF 
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Case. II. — fF?i^ A E and EB (Fig. 2) are incommensurable. 

Divide A E into any number of equal parts, 

and apply one of these parts io E B d^ often as it will be 
contained in E B, 

Since A E and EB SLve incommensurable, a certain number 
of these parts will extend from E to & point K, leaving a re- 
mainder KBf less than one of the parts. 

Biaw KHW to BC. 

Smce A E and EK are commensurable, 

E K EH ,^ • . 

Suppose the number of parts into which A E is divided to 
be continually increased, the length of each part will become less 
and less, and the point K will approach nearer and nearer to B, 

The limit of jE^^ will be EB, and the limit of EH will be EC. 

.*. the limit of will be , 

AE AE 

and the limit of will be . 

AE AE 

pt jr EH 

Now the variables — - and _— are always equal, how- 
A E A E 

ever near they approach their limits ; 

.-. their limits :^ and £1^, are equal, § 199 

AE A E 

Q. E. D. 

276. Corollary. One side of a triangle is to either part 
cut off by a straight line parallel to the base, as the other side is 
to the corresponding part. 

Now EB \ AE \\ EC \ AE. § 275 

By composition, 

EB-^ AE \ AE w EG-^- AE \ AE, § 263 

or, AB \ AE w AG : A E. 
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Proposition III. Theorem. 

277. If a straight line divide two sides of a triangle 
proportionally, it is parallel to the third side, 

A •- 




In the triangle ABC let EF he drawn so that—^ — . 

AE AF 

We are to prove EFW to BG, 

From E draw EH II to ^ (7. 

^^^'^ ^ = ^' 5 276 

(fine side of a IS. is to either part cut offhya line W to the base, as the other 
side is to (he corresponding part), 

. AO AC . , 

"AF-AH^ ^-^ 

.\ AF= AH. 

. • . EF and E H coincide, 
(their extremities being the same points). 

But E H is W to BC; Cons. 

/. EF, which coincides with E H, is II to BC, 

Q. E. D. 

278. Dep. Similar Polygons are polygons which have theii 
homologous angles equal and their homologous sides proportional 

Homologous points, lines, and angles, in similar polygons, 
are points, lines, and angles similarly situated. 
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On Similar Polygons. 
Pboposition IV. Theorem. 

279. Two triangles which are mutually equiangular are 

similar. 





In the A ABO and A' B O let A A, B, C be equal to 

A A'y J5', O respectively. 

Wearetoprove AB xA'B=-AC i A' C ^ BC \ B C. 
Apply the A A' B' C to the A ^ 5 0, 
so that Z A' shall coincide with Z A, 

Then the A A' B' C will take the position oiAAEH. 

Now Z a eh (same as Z ^') = ^ ^• 

.-. ^^isllto^C, §69 

{when tvx) straigJU lines, lying in the same plane, are cut by a third straight 
line, if the ext. int, A be eqiual the lines are parallel). 

.-.AB : AE = AO : AH, § 276 

{one side of a IS. is to either part cut off by a line II to the base, as the other 
side is to the corresponding part). 

Substitute for AEondiAH their equals A' B' and A' 0'. 

Then AB : A' B' =- AG \ A'C. 

In like manner we may prove 

AB : A' B' = BG : B'G'. 

.*. the two A are similar. § 278 

Q. E. D. 

280. Cor. 1. Two triangles are similar when two angles 
of the one are equal respectively to two angles of the other. 

281. Cor. 2. Two right triangles are similar when an acute 
angle of the one is equal to an acute angle of the other. 



144 



GEOMETRY. BOOK III. 



Proposition V. Theorem. 
282. Two triangles which have their sides respectively 
proportional are similar. 





In the triangles ABC and A' B' C let 

AB _ AC ^ BG^ 
A'B' "" A'C "" B'C' 
We are to prove 
A Af Bj and C eqical respectively to A A', B', and C. 

Take ouAB.AE equal to A' B\ 

and on AC, AH equal to A' C. Draw EH, 

AB ^ AC_ jj 

A'B' A'C' ^' 

Substitute in this equality, for A' B' and A' O their equals 
^ j^ and ^ H, 

AB ^ AC 
AE AH' 

.'.EHis II to BC, § 277 

{if a line divide two sides of a A proportionally , it is II to the third side), 

Now in the A A BC and A EH 

/.ABC==Z.AEH, 

(being ext. int. angles). 

ZACB = ZAHE, 

ZA=ZA, 

.', A AB C and A E H are similar, 
{two mutually equiangular Jk are similar), 

. AB _ AE 

" BC^ EH' 
(^mologous tides of similar A are proportional). 



Then 



§70 

§70 
Iden. 
§279 

§278 
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But 



Since 



AB 
BO 


= 


A'Bf 


AE 
EH 


= 


A>Bf 
B'C 



AjlI 



Cons. 



§108 



EU = B'C'. 
Now mih& ^AEH and A' B^ C'y 

EH=B'C', AE^A'Bf, and AH^A'C, 
r.AAEH^AA'B'C', 

(having three sides of the one equal respectively to three aides of the other). 

But A A EH is similar to A ABC. 

.'. A A' B* C is similar to A ABC. 

Q. E. D. 

283. Scholium. The primary idea of similarity is likeness 
of form ; and the two conditions necessary to similarity are : 

I. For every angle in one of the figures there must be an 
equal angle in the other, and 

II. the homologous sides must be in proportion. 

In the case of triangles either condition involves the other, 
but in the case of other polygons, it does not follow that if one 
condition exist the other does also. 




Q' 



R 



Thus in the quadrilaterals Q and Q', the homologous sides 
are proportional, but the homologous angles are not equal and 
the figures are not similar. 

In the quadrilaterals R and R', the homologous angles are 
equal, but the sides are not proportional, and the figures are not 
similar. 
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Proposition VI. Theorem. 

284. Two triangles having an angle of the one equal to 

an angle of the other y and the including sides proportional^ 

are similar, 

A 
' Af 





In the triangles ABC and A' B' C let 
A A /.A, and ^^^ _ ^_,. 

We are to prove Ai ABC and A' B' C similar. 

Apply the A A' B' C to the A ^ i? (7 so that Z A' shaU 
coincide with Z A. 

Then the point B' will fall somewhere upon A B, as a.t H, ■ 

the point C" will fall somewhere upon AC, as at II, and 

B'C'vL^onEH. 

XT AB AC „ 

Now = . Hyp. 

A'B' A'C ^^ 

Substitute for A' B' and A' C their equals A E and A H, 

Then AB_^A^ 

AE AH 

.'.the line EH divides the sides AB and AC propor- 
tionally ; 

r.EIIm II to BC, § 277 

(if a line divide txoo sidzs of a A proportionaUfjf it is II (o the third side), 

.'. the A A BC and A E H rvq mutually equiangular and similar. 

.\AA' B' C is similar io t^ ABC. 

Q. E. D. 
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Proposition VIL Theorem. 

285. Two triangles which have their sides respecfitJely 
farallel are similar. 




In the triangles ABO and A' B' O let AB.AC, and 
BC be pamUel respectively to A' B*, A'C, and 
B'C. 

We are to prove A ABC and A' B' C similar. 

The corresponding A are either equal, § 77 

{two A whose sides are 11, two and tivo, and lie in the same direction, or 
opposite direciioTis, from their vertices are equal). 

or supplements of each other, § 78 

{if two A have two sides II and lying in the same direction from their vertices, 

while the other two sides are II and lie in opposite directions, the A are 

supplements of each other). 

Hence we may make three suppositions : 

1st. it + ^'=2 rt.^, ^ + ^' = 2rt.zi, (7+(7' = 2rt. A 
2d. A = A', B + B'-=2TtA, (7+C" = 2rt. A 

3d. A=A', B = B' .-. (7 = (7'. 

Since the sum of the A of the two A cannot exceed four 
right angles, the 3d supposition only is admissible. § 98 

.-. the ivvo A ABC and A' B' C are similar, § 279 

ipiJOO mutually equiangular A are similar). 

Q. E. D. 
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Proposition VIII. Theorem. 

286. Tioo triangles which have their sides respectively 
perpendicular to each other are similar. 




In the triangles EFD andBA C, let E F, FD and ED, 
be 'pezpendicnlar respectively to AC, BC and AB, 

We are to prove ^ EFD and BAG similar. 

Place the A EFD so that its vertex E will fall on A B, 
and the side EF, ± to AC, will cut ^ (7 at F'. 

Draw F'D' II to F D, and prolong it to meet B C at If. 
In the quadrilateral B ED'H, ^ E and H are rt. A. 

.•.ZJ5-fZ^2yzr=2rt. A. 



But Z,ED'F'-\-/.ED H=2rt. A. 

.'./.ED' F' = /.B, 

Now Z (7+ Z HF'C= rt. Z , 

(*» a rt, A tJu^ sum of the two acute A = art Z) ; 

and AEF'D'-\'AHF'C^xt.A, 

.\AEF D' = AC, 
.\ AE F D and B A C 2ive similar. 
But A EFD is similar to AEP D'. 

.'. A EFD and B A C a,re similar. 



§158 

§34 

Ax. 3. 

§103 

Ax. 9. 
Ax. 3. 

§280 
§279 

Q. E. D. 



287. Scholium. When two triangles have their sides re- 
spectively parallel or perpendicular, the parallel sides, or the 
perpendicular sides, are homologous. 
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Proposition IX. Thbobbm. 

288. Lines drawn through the vertex of a triangle divide 
proportionally the base and it8 parallel. 




In the triangle ABC let HL he pazBllel to A 0, and 
let BS and BT he lines drawn through its ver^ 
tex to the hase. 



are 


toprove 
















AS 
HO 


= 


ST 
OR 


= 


TO 
RL 



ABHO SindBASQ.Te similar, § 279 

{itDO A. which are mutually equiangular are similar). 



ABOR aiiiBSTnTe similar, 


§279 


ABRLfmdBTCa.Te similar, 


§279 


.1^ /SB\ ST (BT\ TO 
HO \0b) 0R~ \Br) RL' 


§278 


(homologous sides of similar & are proportional). 

Q. 


E. D. 



Ex. Show that, if three or more non-parallel straight lines 
divide two parallels proportionally, they pass through a common 
point 
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Proposition X. Theorem. 

289. If in a right triangle a perpendicular be drawn 
from the vertex of the right angle to the hypotenme : 

I. It divides the triangle into two right triangles which 
are similar to the whole triangle, and also to each other. 

II. The perpendicular is a mean proportional between 
the segments (f the hypotenuse, 

III. Each side of the right triangle is a mean pro- 
portional between the hypotenuse and its adjacent segment. 

rV. The squares on the two sides of the right triangle 
have the same ratio as the adjacent segments of the hypote- 
nuse. 

V. The square on the hypotenuse has the sams ratio to 
the square on either side as the hypotenuse has to the segrrent 
adjacent to that side. 
B 




In the right triangle ABC, let BF be drawn from the 
vertex of the right angle B, perpendicular to the 
hypotenuse A G. 

I. We are to prove 

the ^ABF,ABO, and FBC similar. 
In the rt. A ^^ i^ and BAC, 

the acute A A 18 common. 

.'. the A are similar, § 281 

{two rt. A are similar when an acute Z of the one is eqiuil to an acute Z. 
of the other). 

In the rt. A ^ (7 i^ and ^ C-4, 

the acute Z C7 is common. 

/. the A are similar. § 281 

Now as the rt. A ABF and C BF are both similar to 
ABCyhj reason of the equality of their z^, 

they are similar to each other. 
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II. We are to prove A F : BF :: BF : FC. 
In the similar AABFdLU^ CBF, 

A F, the shortest side of the one, 
: B Ff the shortest side of the other, 
: : BFy the medium side of the one, 
: F C, the medium side of the other. 

III. We are to prove AC \ AB \ \ AB \ AF. 
In the similar J^ABC^vAABF, 

A Cy the longest side of the one, 
A B, the longest side of the other, 
A B, the shortest side of the one, 
A F, the shortest side of the other. 
Also in the similar A ABC and FB C, 

A Cj the longest side of the one, 
B Cy the longest side of the other, 
B G, the medium side of the one, 
FCy'thB medium side of the other. 

IV. We are to prove = . 

B^ J^'G 

In the proportion AC \ AB : \ AB : AF, 

Ilff=^ACXAF, §259 

{the product of the extremes is eqtml to the product of the meaiis), 

and in the proportion AC : BC : : BC : F^C, 

Blf^'ACX FC. §259 

Dividing the one by the other, 

JTB^ ^ AGX AF 

J5^ AGXFC' 
Cancel the common factor A G, and we have 

BV' FG' 

Jj^ A O 

V. We are to prove =. . 

Z52 ^^^ 
IJf^ACX AC. 

IIP ^ACX AF, (Case III.) 

Divide one equation by the other : 

then rO' ^AGXAO ^AC 

2^ ACy^AF AF Q. E. o. 
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Proposition XI. Theorem. 

290. If two chords intersect each other in a circle, their 
segments are reciprocally proportional. 




Let the two chords AB and EF intersect at the 
point 0. " -. 

We are to prove AO : EO :: OF : OB. 

Bmw AFa,ndFB. 
In the. AAOF&ndEOB, 

ZF=ZB, 

(each being measured by i are A JE), 

ZA=-ZE, 

(each being Pleasured by i arc FB). 

.*. the A are similar. 
(ttvo A, are similar when two A of the one are equal to two A of the other). 

Whence A 0, the medium side of the one, § 278 

: E 0, the medium side of the other, 
: : F, the shortest side of the one, 
: B, the shortest side of the other. 

Q. E. D. 



§203 
§203 
§ 280 
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Pboposition XII. Theorem. 

291. If from a point without a circle two secants be 
drawn, the whole secants and the parts without the circle 
are reciprocally proportional. 




Let OB and be two secants drawn from point 0. 
We are to prove OB : 00 : : M : OH. 

Bmw HOandMB. 
Inthe A OHO SLTid 0MB 

Z 18 common, 

ZB = ZC, § 203 

{e(ich being mea^sured by i arc EM). * 

.*. the two A are similar, § 280 

{two ^ are similar when two d of the one are eqital to two A of the other). 

Whence OB, the longest side of the one, § 278 

0, the longest side of the other, 

M, the shortest side of the one, 

H, the shortest side of the other. 

Q. E. D. 
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Proposition XIII. Theorem. 

292. If from a point without a circle a secant and a 
tangent he drawn, the tangent is a mean proportional between 
the whole secant and the part without the circle. 




Let OB he a, tangent and 00 a secant drawn from 
the point to the circle MB 0. 

We are to prove 00 COB :: OB : M. 

Draw J? if and i? 6/. 

Inthe A 5if and Oi?(7 

Z ia common. 

Z OBMis measured by ^ arc MB, § 209 

(being an Z formed by a tangent and a chord), 

Z 13 measured by J arc i? i/, § 203 

{being an inscribed Z ). 

.\Z0BM=Z0, 

.'. A OBO a,nd OBM are similar, § 280 

(having two A of the one equal to two A of the other). 

Whence 0, the longest side of the one, § 278 

Bf the longest side of the other, 

B, the shortest side of the one, 

M, the shortest side of the other. 

Q. E. D. 
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Proposition XIV. Thbobsic. 

293. If two polygons he composed of the same number 
of triangles which are similar, each to each, and similarly 
placed, then the polygons are similar. 





B C, B C 

Xn the two polygons ABODE and A'BC'D'E', let 
the tiiangles BAE, EEC, and CED be similar 
respectively to the triangles B' A' E',B' E'C, and 
G'E'iy. 

We are to prove 
the polygon ABODE similar to the polygon A' B O' D' E'. 

/.A^ZA', § 273 

(being homologcms A of similar ^ ). 

Z ABE^^ZA'B'E', §27? 

A EBG^ZE'B'O', §278 

Add the last two equalities. 

Then AABE^ AEBO=Z. A' B' E' -f Z E B' 0' -, 
or, Z.ABO=-Z.A'B'G'. 

In like manner we may prove Z.BOD'^/LB'O'D'y etc. 

.*. the two polygons are mutually equiangular. 
AE AB (EB\_BO _(EO\_OD ^ED 
A^'''A!^'^\E1bTB'0' \E'0') O'D' E'D'' 
{the homologous sides of similar A are proportional). 
/.the homologous sides of the two polygons are proportional. 

.'.the two polygons are similar, § 278 

(havina their homologous A equal, and their JuxuMlogous sides proportional). 

Q. E. D. 
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Proposition XV. Theorem. 

294. If two polygons he similar, they are composed of 
the same number of triangles, which are similar and similarly 
placed. 





B C BO 

Let the polygons ABODE and A' B' CD'S' he similar. 

From two homologous vertices, as E and E', 

draw diagonals EB,EC, and E' B', E' C, 

Wearetoprove AAEB, EBC,EGD 

similar respectively to A A' E' B\ E' B' O, E' C Jy, 

In the A A EB and A'E'B', 

AA^AA', 

(Jking Jwmologous A of similar polygons), 

AE AB 



278 



A'E' A'B'' 
{being homologoiLs sides of similar polygons). 

AAEB and A* E' B' are similar, 



§278 



§284 



{having an Z. of the one equal to an Z. of the other, and th£ including 
sides proportional). 

Also, AABC==/.A'B'0, 

{being homologous A of similar polygon^. 

A ABE = AA'B'E', 

{being homologous A of similar ^ ). 

.\ZABC-ZABE = Z A' B' C - A A'B'E. 



Tliat is 



AEBC^AEB'C. 



SIMILAR POLYGONS. 
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Now 



also 



EB ^ AB^ 

ETB' ~ A'B'' 
(Jbeing homologous sides of similar A ) ; 

BO ^ AB 

WC' A' B' ' 
(peing hamologoiis sides of similar polygons). 



Ax. 1 

.-. A£BC and ^'^' C' are similar, § 284 

{liaving an Z of the one equal to an Z of the other, and the including sides 
proportional). 

In like manner we may prove AEG D similar to A E'C D*, 

Q. E. D. 

Proposition XVI. Theorem. 

295. The perimeters of two similar polygons have the 
same ratio as any two homologous sides, 
E 





EC BO 

Let the two similar polygons be ABODE and A'B'C'B'E, 
and let F and P represent their perimeters. 

We are to prove P \ F \ \ AB \ A' F, 

AB : A'B :: BC : B' C :: CD : CD' etc. § 278 
(the homolog(ms sides of similar polygom are proportional). 

,\AB+ BC, etc. : A'B' + B'C, etc. :: AB : A'B', § 266 
{in a series of equal ratios the sum of the antecedents is to the sum of the 
consequents as any antecedent is to its conseqtient). 



That is 



F : P' :: AB : A'B'. 



Q. E. D. 
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Proposition XVIL Theorem. 

296. The homologous altitudes of two similar triangles 
have the same ratio as any two homologous sides. 





In the two similar triangles ABO and A'B'C, let 
the altitudes be BO and B'O*, 



We are to prove 



BO 



AB 
A'B'' 



BO' 

In ihe^rt, ABO A and B' 0* A'y 

Z A=ZA' § 278 

{being homologous A of the similar ^ AB C and A^ B^ C). 

r, A BOA and A B'O' A' are similar, § 281 

{two rt. ^ having an acute Z of the one equal to an acute Z of the other are 

similar). 

,\ their homologous sides give the proportion 



BO 

B'O' 



AB 
A'B'' 



a E. D. 



297. Cor. 1. The homologous altitudes of similar triangles 
have the same ratio as their homologous bases. 
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In the similar A ^ ^C and A' B' C, 

AC ^ AB^ 

A'V A'B'' 

(the homologovs sides of similar ^ are proporticfuU), 

And in the similar A ^ ^ and ^' 0' A\ 
BO AB 



B'O' A'B' 
BO ^ A^ 
BO* A'C' 



§278 

§296 
Ax. 1 



298. Cor. 2. The homologous altitudes of similar triangles 
have the same ratio as their perimeters. 

Denote the perimeter of the first by P, and that of the 
second by P', 

Then P AB 



F A'B'' 








^ ^vu 


(the perimeters of two similar polygons have 
homologous sides). 


(he 


sam^ 


ratio 


as any iioo 


But BO^AB 
B'O' A'B'' 








§296 


. BO P 
BfO' P 








Ax. 1 



Ex. 1. If any two straight lines be cut by parallel lines, 
show that the corresponding segments are proportional. 

2. If the four sides of any quadrilateral be bisected, show that 
the lines joining the points of bisection will form a parallelo- 
gram. 

3. Two circles intersect; the line AH KB joining their 
centres A, B, meets them in //, K. On A B is described an 
equilateral triangle ABC, whose sides BC, AC, intersect the 
circles in F, K F E produced meets BA produced in P, Show 
that as PA isto P K so is CF to CF, and so also is PH to PB. 
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Proposition XVIII. Theorem. 

299. In any triangle the product of two sides is equal 
to the product of the segments of the third side formed hy the 
bisector of the opposite angle together withAhe square of the 
bisector. 




Let ABAC of the A ABC be bisectea oy me straight 

line AD, 

We are to prove BAXAG=^BDXDC-\-AD^. 
Describe ih^Q ABC about the A ^ ^ C' ; 
produce A D to meet the circumference in E, and draw E C, 
Then in the &. A B D and A EC, 

ZBAI) = ZCAE, Hyp. 

ZB = Z E, § 203 

{each being measured by i the arc AC), 

,\ A ABD and A E C Sive similar, § 280 

(two A are similar when two A of the one are eqiml respectively to two d 
of the other). 

Whence BA, the longest side of the one, 
EA, the longest side of the other, 
A Dj the shortest side of the one, 
A C, the shortest side of the other ; 

BA __ AD 

EA ^ AC' 
(Jwmologous sides of similar A are proportional). 

.\BAXAC = EAXAD, 

EAX AD=={ED + AD) AD^ 

.'. B A X A C = E D X A D + A p\ 

But EDXAD = BDXDC, §290 

(the segments of two chords in a Q which intersect each other are 
reciprocally proportional). 

Substitute in the above equality B D X D C for E D X A D, 



or, 



But 



§278 



then 



BAXAC=BDXDC+AD. 



Q. E. D. 
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Proposition XIX. Theorem. 

300. In any triangle the product of two sides is equal to 
the product of the diameter of the circumscribed circle by the 
perpendicular let fall upon the third side from the vertex of 
the opposite angle. 




Let ABC be a triangle, and AD the pezpendiculai 
from A to BC. 

Describe the circumference ABC about the A AB C. 

Draw the diameter A E, and draw E C 

We are to prove BAXAC = EAXAD. 

In the A ABD and AEC 

Z BDAi8B.Tt. Z, Cons. 

Z ECAisaTt,Z, §204 

{being inscribed in a semicircle). 

.\ZBDA = ZECA, 

Z B = Z E, § 203 

(each being measured by i tJie arc A C), 

,\ A ABD and AEC are similar, § 281 

{two rt. ^ having an acute /. of the <me equal to an acide /.of the other arc 

similar). 



Whence 



or, 



BA, the longest side of the odo, 
E A, the longest side of the other, 
AD, the shortest side of the one, 
A C, th^ shortest side of the other ; 

BA _ AD 

EA AC' 

.BAX AC = EAXAD. 



§278 



a E. D. 
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Proposition XX. Theorem. 

301. The product of the two diagonals of a quadrilateral 

inscribed in a circle is equal to the sum of the products of its 

opposite sides, 

JO 




Let ABC D be any quadnlaieral inscribed in a circle, 
AC and BD its diagonals. 

We are to prove B DX AC = ABX C D + A D X B C. 

Construct /. A BE =^ /. D BC, 

and add to each A EBB, 

Then in the A ^1 jBZ> ^tABCE, 

/.ABD^ZCBE, Ax. 2 

and /. BDA=^/. BCE, §203 

{each being measured by \ the arc A B). 

.\AABD and BCE, are similar, § 280 

(two ^ are similar when two A of the one are equal respectively to two A 
of the other). 

Whence A D, the medium side of the one, 
C E, the medium side of the other, 
B D, the longest side of the one, 
B C, the longest side of the other. 



SIMILAR POLYGOKS. 



1G3 



or AD ^BD 

CM BV' 

{the homologous sides of similar ^ are proporliotial). 

.\BDX CE-=^ADXBG. 

Again, in the A ^ ^.-^ and BG D^ 

/.ABE-=/.DBC, 

and /.BAE^ABDG, 

(eoc^ heing measured, by \ of the arc BC), 



§ 278 



Cons. 
§203 

5 280 



or, 



278 



,\ A AB E and BGI) sltq similar, 

{two A are si'^ilar when two A of the one are equal respectively to two A 

of the other). 

Whence A B, the longest side of the one, 
B B, the longest side of the other, 
A E, the shortest side of the one, 
GJ), the shortest side of the other. 

AB _ AE 
BD CD' 

{the homologous sides of similar A are proportional), 

.\BDX AE=ABX CD, 
But . BDX CE=ADX BC, 

Adding these two equalities, 

BD{AE+CE) = ABXCD-\'ADXBC, 
or BDXAC = ABXGD + ADXBC, 

Q. E. D. 



Ex. If two circles are tangent internally, show that chords 
of the greater, drawn from the point of tangency, are divided 
proportionally by the circumference of the less. 
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J jv yj On Constructions. 

^ Proposition XXI. Problem. 

302. To divide a given straight line into equal parts. 

A^^ -. -, B 



"^"-C 



>■--» 



Let AB be the given straight line. 

It is required to divide A B into equal parts. 

rrom A draw the indefinite line A 0. 

Take any convenient length, and apply it to il as many 
times as the line ^1 jB is to be divided into parts. 

From the last point thus found on A 0, as C, draw C B, 

Through the several points of division on AO draw lines 
II to CB, 

These lines divide A B into equal parts, § 274 

{if a series of Ws intersecting any tioo straight lines, intercept eqiial parts 
on one of these lines, they intercept equal parts on the oUier dlso). 

Q. E. F. 



Ex. To draw a common tangent to two given circles. 

I. When the common tangent is exterior. 

II. When the common tangent is interior. 
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Proposition XXII. Problem. 

303. To divide a given straight line into parts pro- 
portional to any mimber of given lines. 

^ H K B 



^-.., 




m 




n 








Let AB, m, n, and a be given straight lines. 

It is required to divide A B into parts proportional to the 
given lines m, n, and o. 

Draw the indefinite line A X. 

On AX take AC=-m, 

CE-=n, 

and EF==o. 

Draw FB. From E and C draw E K mdi C H W to F B. 
K and H are the division points required. 

For i^JL\^iE^^A=ll^ §275 

\AE} AC CE EF 

\a line -drawn through (aoo sides of a ti. W to the third side divides those 
sides proportionally). 

,\AH : HK \ KB :: AC \ CE : EF. 

Substitute m, n, and o for their equals AC, C E, and E F, 
Then A H : HK : K B : \ m : n : o. 

Q. E. F. 
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Proposition XXIII. Problem. 

304. To find a fourth proportional to three given 
straight lines. 

B F m 



< ^ 



'^72 



Let the three given lines be m, n, and a. 

It is required to find a fourth proportioned to m, ti, and o. 

Take A B equal to w. 

Draw the indefinite line A E, making any convenient Z 
with A B. 

On AM take AC=m, and C S = o. 

Draw CB. 

From S draw S F W to C B, to ipeet A B produced at F. 

B Fis the fourth proportional required. 

For, AC : AB :: CS : B F, § 275 

{a line draum thrcmgh two sides of a AW to the third side divides thoSe sides 
proportioimlly). 

Substitute tw, n, and o for their equals AC, AB, and C S. 

Then m : n \ : o : BF. 

Q. E. F. 
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Proposition XXIV. Problem. 
305. To find a third proportional to two given straight 

A 



lines. 



/ 
/ 




A B 

A C 



Let A B and AO be the two given straight lines. 

It is required to find a third proportional to AB and A C» 

Place A B and ^ C so as to contain any convenient Z, 

Produce A B to D, making BD = AC. 

Join BO, 

Through D draw D E \\\^ BO to meet A produced at E. 

E ia Q. third proportional to -4 ^ and AO. § 251 

(a line dravm throiigk two sides of a AW to the third side divides those sides 
p7'oporiionally). 

Substitute, in the above equality, A for its equal B D ; 

Then ^=.^, 

AG GE' 

or, AB : AO :: AO : C£. 

Q. E. F. 
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lines. 



Proposition XXV. Problem. 
306. To find a mean proportional between two given 

H 




Let the two given lines be m and n. 
It is required to find a mean proportional between m and n. 
On the straight line A E 

take AC =^ m, and C B'=n, 

On A B d^ 0. diameter describe a semi-circumference. 

At C erect the ±011. 

Off is a mean proportional between m and n. 

Draw HB and HA, 

The Z A HB is a. Tt.Z, § 204 

(being inscribed in a semicircle), 

and ffCis a ± let fall from the vertex of a rt. Z to the 
hypotenuse. 



.'.AC : CH '.: CH : C B, 



§289 



{the X let fall frmn the vertex of (he rL Z. to the hypotenuse is a mean pro- 
portional between the segments of the hypotenuse). 

Substitute for A C and C B their equals m and n. 



Then 



m : CH :: CH 



Q. E. F. 



307. Corollary. If from a 2^oint in the circumference a 
perpendicular be drawn to the diameter y and chords from the point 
to the extremities of the diameter, the perpendicular is a mean pro- 
portional between the segments of tJie diameter, and each chord is a 
mean proportional A^/«»^i»M the adjacent segment and the diameter. 
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Proposition XXVI. Problem. 

308. To divide one side of a triangle into two parts 
proportional to the other two sides, 

\ 




■ B £> 

Let ABC be the triangle. 

It is required to divide the side B C into two such parts that 
the ratio of these two parts shall equal tJie ratio of the other two 
sides, A C and A B, 

Produce GAtoF, making AF = AB. 
Draw FB. 

From A draw ^ ^ II to FB. 
E is the division point required. 

Eor 9J = ^. §275 

AF EB ^ 

{a line draion through two sides of a AW to the third side divides those sides 
propm'tionally). 

Substitute for ^ i^ its equal A B. 

Then £^ = ^. 

AB EB 

Q. E. F. 

309. Corollary. The line A E bisects the angle CAB. 
For /LF=/.ABF, §112 

{being opposite equal sides). 

ZF=ZOAU, §70 

(being exi.-int. A). 
ZABF-=ZBAE, §68 

{being alt.-int. A ). 

.\ZCAE=ZJBAR Ax. 1 

310. Def. a straight line is said to be divided in extreme 
and mean ratio, when the whole line is to the greater segment 
as the greater segment is to the less. 
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Proposition XXVII. Problem. 
311. To divide a given line in extreme and mean ratio. 



\ 





A^ 



H B 

Let AB be the given line. 

It is required to divide A B in extreme and mean ratio.- 

At B erect a J_ ^ (7, equal to one-half of A B, 

From (7 as a centre, with a radius equal to B, describe a O. 

Since il -5 is -L to the radius B a,t its extremity, it is 
tangent to the circle. 

Through C draw A D, meeting the circumference in E and D. 

OnAB take A H = A E. 

H is the division point oi AB required. 

For AD : AB '.: AB : AE, § 292 

(if fr(nn a point vrithout the circumference a secant and a tangent he dravm^ 
the tangent is a mean proportional between the lohole secant and the part 
uriihout the circumference). 



Then AD-AB : AB :: AB-AE : AE. 



§265 
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Since AB=2GB, Cons. 

and ED-=20B, 

{the diameter ofaO being tivice the radius), 

AB^ED, Ax. 1 

.\AD-AB = AD-ED=-AE. 

But AE = AH, Cons. 

.\AD-AB^AH, . Ax. 1 

Also AB-AE^^AB-A 11= HB. 

Substitute these equivalents in the last proportion. 

Then AH \ AB : : UB , AH, 

Whence, by inversion, A B : A H \ . AH i H B, § 263 

.*. -4 ^ is divided at H in extreme and mean ratio. 

Q. E. F. 

Remark, il^ is said to be divided at H, internally, in 
extreme and mean ratio. If ^^ be produced to H', making 
A W equal to ^ J9, -4 ^ is said to be divided at H', externally, 
in extreme and mean ratio. . 

Prove AB : AH' :: AH' : H' B. 

When a line is divided internally and externally in the 
same ratio, it is said to be divided harmonically. 

Thus J B ii f f ^ is divided harmoni- 

caUy at and D, i£ A :0 B : : D A iDB; that is, if the ratio 
of the distances of C from A and B is equal to the ratio of the 
distances of D from A and B. 

This proportion taken by alternation gives : 

AC :AD::BC:BD ; that is, 01) is divided harmoni- 
cally at the points B and A, The four points A, B, G, 2>, are 
called harmonic points ; and the two pairs A, B, and (7, D, are 
called conjugate points. 



Ex. 1. To divide a given line harmonically in a given ratio. 
2. To find the locus of all the points whose distances from 
two given points are in a given ratio. 
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Proposition XXVIIL Problem. 

, 312. Upon a given line homologous to a given side of a 
given polygon, to construct a polygon similar to the given 
polygon. 





B G 

Let A' E' be the given line, homologous to A E of the 
given polygon ABODE, 

It is required to construct on A' E' a polygon similar to the 
given polygon. 

From E draw the diagonals E B and EC, 

From E' draw E' B', making Z. A' E' B' = Z A E B. 

Also from A* draw A' B', making Z. B' A' E' = Z. B AE, 

and meeting E' B' at B'. 

The two A ^ ^ ^ and A' B' E' are similar, § 280 

{^wo A are similar if they have two A of the one equal respectively to two A 
of the other). 

Also from E' draw E' C, making Z B' E' C ^ Z B E G. 

From B' draw B' C, making Z E' B' C ^ Z E BC, 

and meeting E' C at C, 

Then the two AEBC&xi&E' B' C are similar, § 280 
{two A are similar if tJiey ham two A of the one equal respectively to two A 
of the other). 

In like manner construct A E' C D' similar to A E C D, 

Then the two polygons are similar, § 293 

(tiDO polygons composed of tlie same number of k, similar io each other and 
similarly placed^ are similar). 

/. A' B' C D' E' is the required polygon. 

Q. E, F. 
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Exercises. 

1. A B Cia Si triangle inscribed in a circle, and B D is drawn 
to meet the tangent to the circle at A in p, at an angle A B D 
equal to the angle ABC; show that A C ia a fourth propor- 
tional to the lines B D, A D, A B. 

2. Show that either of the sides of an isosceles triangle is a 
mean proportional between the base and the half of the segment 
of the base, produced if necessary, which is cut off by a straight 
line drawn from the vertex at right angles to the equal side. 

3. A B ia the diameter of a circle, D any point in the circum- 
ference, and C the middle point of the arc A £>, li AC, A D, 
BC he joined and A D cut B C in E, show that the circle cir- 
cumscribed about the triangle A E B will touch A C and its 
diameter will be a third proportional to B C and A B. 

4. From the obtuse angle of a triangle draw a line to the 
base, which shall be a mean proportional between the segments 
into which it divides the base. 

5. Find the point in the base produced of a right triangle, 
from which the line drawn to the angle opposite to the base 
shall have the same ratio to the base produced which the per- 
pendicular has to the base itself 

6. A line touching two circles cuts another line joining their 
centres ; show that the segments of the latter will be to each 
other as the diameters of the circles. 

7. Eequired the locus of the middle points of all the chords 
of a circle which pass through a fixed point. 

8. is a fixed point from which any straight line is drawn 
meetings a fixed straight line at P ; in P a point Q is taken 
such that Q is to iP in a fixed ratio. Determine the locus 
of Q. 

9. is a fixed point from which any straight line is drawn 
meeting the circumference of a fixed circle at P ; in P a point 
Q is taken such that Q is lo OF in a fixed ratio. Determine 
the locus of Q. 



BOOK IV. 



COMPAEISON AND MEASUREMENT OF THE SUBr- 
FACES OF POLYGONS. 

Proposition I. Theorem. 

313. Two rectangles having equal altitudes are to each 
other as their bases. 



D 



C D 



Let the two rectangles be AC and A F, having the 
the same sdtitude A D. 



We are to prove 



rect. A C 
rect. AF 



AB 
AE' 



Case I. — When A B arid A E are commensurable. 
Find a commou divisor of the bases A B and AE, as A Q. 
Suppose -4 to be contained in -4 ^ seven times and in 



A E four times. 
Then 



AB ^l 
AE ~ 4' 

At the several points of division on A B and A E erect Js . 
The rect. A C will be divided into seven rectangles, 
and rect. A F will be divided into four rectangles. 
These rectangles are all equal, for they may be applied to 
each other and will coincide throughout. 



But 



rect A C 


7 


rect A F 


4 


AB 
AE" 


7 
4' 


rect ^(7 
rect^i^ 


AB 
AE 
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Case II. — IFhen A B and A E art incoinmensurable. 



D 



D 



H 



1 I 

i 1 





"" a: ^' 

Divide A B into any number of equal parts, and apply one 
of these parts io A E os often as it will be contained in A E, 

Since A B and ^ -^ are incommensurable, a certain number 
of these parts will extend from ^ to a point K^ leaving a re- 
mainder KE less than one of these parts. 

J)v^vf KUWioEF, 

Since A B and ^ Z are commensurable, 

''^^!lAE = ^, Case 1 

rect. AG AB 

Suppose the number of parts into which ^ ^B is divjded to 
be continually increased, the length of each part will beccfcie less 
and less, and the point K will approach nearer and nearer to E. 

The limit oi AK will be A E, and the limit of rect. A H 
will be rect. A F. 

AK ._,„ ^. AE^ 

AB' . • 



the limit of 



and the limit of 



Now the variables 



AB 

rect. A H 
rect. A G 



will be 



will be 



rect. A F 



AK 



and 



rect. 



rect. A G 
AH 



are always equal 



AE 
AB' 



§199 



A B rect. A G- 

however near they approach their limits ; 

rect A F 
.'. their limits are equal, namely, '■ : 

rect. A G 

Q. E. D. 

314. Corollary. Two rectangles having equal bases are 
to each other as their altitudes. By considering the bases of 
these two rectangles A D and A D, the altitudes will hQ AB and 
AE, But we have just shown that these two rectangles are to 
each other as A B \s to A E. Hence two rectangles, with the 
same base, or equal bases, are to each other as their altitudes. 
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Another Demonstration. 
Let A C and A' C be two rectangles of equal altitudes. 

a pi 



c 



F E D A Af Df £' F' G' 

rect. AC AD 



We are to prove 



rect. ^'C A'D' 



Let b aud 6', aS" and S^ stand for the bases and areas of these 
rectangles respectively. . 

Prolong A D and A' D\ 

Take AD, DEy E F . . . . rw in number and all equal, 
and A' D', D' E', E' F', F'& . , , , n'm number and all equal. 
Complete the rectangles as in the figure. 



Then 


base AF = mh, 


and 


\is.^Q A' G' = nh' ; 




rect. AF — mS, 


and 


rect AT =nS', 



Now we can prove by superposition, that if ^ i^ be > ^' G', 
tect. A F will be > rect. J.' F' ; and if equal, equal ; and if less, 
less. 

That is, if m6 be > nb\ mS is > nS' ; and if equal, 
equal ; and if less, less. 

Hence, b : b' : : S : S', Euclid's Def., § 272 

Q. E. D. 
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Proposition II. Thborbm. 

315. Two rectangles are to each other as theprodneis of 
their bases by their altitudes. 




of 



Rf 



1 

I 



b bf b 

Let R and R' be two rectangles, having for their bases 
b and b', and tor their altitudes a and a'. 



We are to prove 



§314 



§313 



a'xy 

Construct the rectangle S, with its base the same as that 
of R and its altitude the same as that of R', 

f_i, 

{reeUmgles having the aame baae are to each other as their altitudes) ; 

A S b 

and -=p. 

(rectangles having the same altitude are to each other as their bases). 
By multiplying these two equalities together 

R _ aXb 
R' "" a' Xy' 

Q. E. D. 

316. Dbf. The Area of a surface is the ratio of that surface 
to another surface assumed as the unit of measure. 

317. Dbf. The Unit of measure (except the acre) is a square 
a side of which is some linear unit ; as a square inch, etc. 

318. Dep. Equivalent figures are figures which have equal 
areas. 

Eem. In comparing the areas of equivalent figures the 
symbol ( = ) is to be read "equal in area." 
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Pboposition IIL Theobem. 

819. The area of a rectangle is equal to the product 
of its base and altitude. 




Q 



Let R he the rectangle, h t&e base, anU a the alti- 
tude; and let U be a square whose side is the 
linear unit. 

We are to prove the area of E = a X b. 

R ^ aXh 
CT ■" 1 X 1' 

{two rectangles are to each other as the product of their bases and altitudes). 



But 



-— is the area of R, 
. the area ot R = aX b. 



§315 

ItuJtes), 
§316 



Q. E. D. 



320. Scholium. When the base and altitude are exactly 
divisible by the linear unit, this proposition is rendered evident 
by dividing the figure into squares, each equal to the unit of- 





i 

i 








[ 















measure. Thus, if the base contain seven linear units, and the 
altitude four, the figure may be divided into twenty-eight 
squares, each equal to the unit of measure; and the area of 
the figure equals 7X4. 



COMPABISON AND MBASUBEMKNT OF POLYGONS. 



179 



Proposition IV. Theorem. 

321. The area of a parallelogram is equal to tie product 
of its base and altitude, 
BE ' C F B C E F 





Lei AEFD be a paraJlelogTam, A D its base, and C D 
its altitude. 

We are to prove the area of the OA EFD = ADX CD. 

From A draw -4 ^ II to 2> (7 to meet FE produced. 

Then the figure ABC D will be a rectangle, with the same 
base and altitude as the O ii i^i^/>. 

In the rt. A il ^ ^ and CD F, 

AB=CD, §126 

(pei7ig opposite sides of a rectangle), 

and AE^DF, §134 

(being opposite sides of a CD) \ 

.\AABE-=-ACDF, §109 

two rt. A are equal, when the hypotenuse and a side of the one are equal 
respectively to the hypotenuse and a side of the other). 

Take away thQ A C D F and wo have left the rect. ABC D, 

Take away the A A B F a,nd we have left the O A EFD, 

.'. rect. ABC D = n A EFD, Ax. 3 

But the area of the rect. ABCD = ADXCD, §319 

(the area of a recUmgle equals the product of its hose and altitud^, 

.-. the area of the O A EFD = A D X C D, Ax. 1 

Q. E. D. 

322. Corollary 1. Parallelograms having equal bases and 
equal altitudes are equivalent. 

323. Cor. 2. Parallelograms having equal bases are to 
each other as their altitudes ; parallelograms having equal alti- 
tudes are to each other as their bases ; and any two parallelo- 
grams are to each other as the products of their bases by their 
altitudes. 
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Proposition V. Theorem. 

324. The area of a triangle u equal to one-half of the 
^product of itB hose hy its altitude. 



Let ABC he a triangle, AB its base, and CD its 
altitude. 

We are to prove the area of tlie A A BC = ^ AB X CD, 

From a drawee II toAB. 

From A draw AE W to BC 

The figure A B C H is sl parallelogram, § 136 

(having its opposite sides parallel), 

and A C is its diagonal. 

.\AABC = AAHC, §133 

(the diagonal of a CJ divides it into two equal A ). 

The area of the CJ AB CH is eqj^al to the product of its 
base by its altitude. § 321 

.*. the area of one-half the O, or the A ABC, is equal to 
one-half the product of its base by its altitude, 

or, lABXCB. 

Q. E. D. 

325. Corollary 1. Triangles having equal bases and equal 
altitudes are equivalent. 

326. Cor. 2. Triangles having equal bases are to each other 
as their altitudes; triangles having equal altitudes are to each 
other as their bases ; any two triangles are to each other as the 
product of their bases by their altitudes. 
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Proposition VI. Theorem. 

327. TAe area of a trapezoid is equal to one-half the 
mm of the parallel Bides multiplied bff the altitude. 
H E C- 




X 




A F B 

Let ABC H be a tzapezoid, and EF the altitude. 
We are to prove area ofABGH=\ {^G + A B) B F. 
Draw the diagonal A G. 

Then the area of the A ^ ^C = ^ ^(7 X FF, § 324 
{the area of a A is equal to one-half of the product of Us base by its altitude), 

and the area oithe A A BG = ^ A B X JSF, § 324 
.'.AAEC-^AABG, 
or, area oiABGH= \ {HG+ A B) EF. 

Q. E. D. 

328. Corollary. The area of a trapezoid is equal to the 
product of the line joining the middle points of the non-parallel 
sides multiplied by the altitude ; for the line P, joining the 
middle points of' the non-parallel sides, is equal to A (ZTC 
-^ AB), §142 

.'.by substituting OF hv ^{IIG + A B), we have, 
the area oiABGH^OPXEF, 

329. Scholium. The area 
of an irregular polygon may be 
found by dividing the polygon 
into triangles, and by finding 
the area of each of these tri- 
angles separately. But the " 
method generally employed in 
practice is to draw the longest 

diagonal, and to let fall perpendiculars upon this diagonal from 
the other angular points of the polygon. 

The polygon is thus divided into figures which are right 
triangles, rectangles, or trapezoids ; and the areas of each of these 
figures may be readily found. 
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Proposition VII. Theorem. 

330. The area of a circumscribed polygon i% eqiial to one- 

half the product of the perimeter hy the radius of the iti" 

scribed circle. 

B 



Let ABSQ, etc, be a circumscribed polygon, and C 
the centre of the inscribed circle. 

Denote the perimeter of the polygon by P, and the radius 
of the inscribed circle by JR, 

We are to prove 

ihe area of the circumscribed polygon = ^ F X E. 

Dreiw A, OB, CS, etc.; 

also draw 00,01), etc., ±to A B,BS, etc. 

The area of thQ A A B =- ^ AB X 0, § 324 

{the area of a A is equal to one-half the prodtLCt of its hose arid altitude). 

ThesLie&of ihe AOBS=iBSX OB, § 324 

.-. the area of the sum of all the A A B, B S, etc., 
-=^{AB + BS, etc,) 00, ' § 187 

(for 00, OB J etc., are equal, being radii of the same O). 

Substitute iorAB+BS+SQ, etc., P, and for 00, R; 

then the area of the circumscribed polygon = ^ P X R, 

Q. E. D. 
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Proposition VIII. Theorem. 

331. TAe 8um of the squares described on the two sides 
of a right triangle is equivalent to the square described on the 
hypotenuse. ^ 




Let ABC be a right triangle with its right angle at C. 
We are to prove JTD* + (T^ == AV 
'DTaLwGO±ix)AB. 

Then Uf = AVXAB, § 289 

(the square on a side of art, A is equal to the product of the hypotenuse by 
the adjoAxnt segment made by the J. let fall from the vertex ofthert^ Z ) ; 



and J77?* ^BOXAB, 

By adding, Uf + F7f= (AO + BO)AB, 
= ABXAB, 

332. Corollary. The side and diagonal 
of a square are incommensurable. 

Let ABGD be a square, and AG the 
diagonal. 

Then Ib" + Blf = Jlf. 

or, 2 I^ = Alf. 

Divide both sides of the equation by JTB^, 

IT 

Extract the square root of both sides the equation, 

^^ nr 
AB-^' . 



§ 289 



Q. E. D. 




then 



Since the square root of 2 is a number which cannot be 
exactly found, it follows that the diagonal and side of a square 
are two incommensurable lines. 
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Anothjer Demonstration. 

833. The square described on the hypotenuse of a right 
triangle is equivalent to the sum of the squares on the other 
two sides. 




Let ABC be & light A, having the light angle BAC. 

We are to prove ffTf = ffJ^ + I^. 

OnBOy CAy AB construct the squares B £, Off, A F. 

Through A draw A L W to K 

Bmw AB&ndFC. 

Z B AC is a. Tt.Zy 

Z BAG ia a, Tt. Z, 

.'. C AG is a straight line. 

Z C AH is SiTt.Zy 
.', BA His a. straight line. 
Now Z DBC = Z FBA, Cons. 

{each being art. Z). 



and 



Also 



Hyp. 
Cons. 

Cons. 
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Add to each the Z ABC; 
then ZABD=-ZFBC, 

.'.AABD^AFBC. 
Ifow n BLiB double AABD, 

{being on the same base BD, and between the same Wa, A L and BD), 

and square A F is double A FB C, 
(being an the same base FB, and bettoeen the same Ws, FB and OC); 

.-. O^Z = square iliP. 

In like manner, by joining A E and B K^ it may be proved 
that 

O C/; = square CH. 

Now the square on jB (7 = O BL + EJ L, 

= square AF+ square G H^ 

.'. FJ? = FT + Alf. 



Q. E. D. 



On Projection. 
334. Def. The Frqfection of a Point upon a straight line 
of indefinite length is the foot of the perpendicular let fall from 
the point upon the line. Thus, the projection of the point G 
upon the line ^ ^ is the point P. 
C 




-p g n --p~ 

Fig. 1. Fig. 2. 

The Projection of a Finite Straight Line^ e& G D (Fig. 1), 
upon a straight line of indefinite length, as ^4 5, is the part of 
the line A B intercepted between the perpendiculars C P and 
D Ey let fall from the extremities of the line G B, 

Thus the projection of the line G D upon the line A B ia 
the line P B. 

If one extremity of the line G D (Fig. 2) be in the line 
A By the projection of the line G D upon the line ^ jB is the 
part of the line A B between the point J) and the foot of the 
perpendicular G P ; that is, D P, 
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Proposition IX. Theorem. 

835. In any triangle^ the square of the side opposite an 
acute angle u equivalent to the sum of the squares of the other 
two sides diminished by twice the product of one of those 
sides and the projection of the other upon that side. 

A 





Fig. L 



Pig. 2. 



Let C be &n acute angle of the triangle ABC, and 
D G the projection of AC upon B C. 

Wearetoprove JTEP =^ Slf -\- Jlf - 2 B C X D C. 
If D fall upon the base (Fig. 1), 

DB^-BC-nC; 
If D foil upon the base produced (Fig. 2), 

DB-^DC-BC. 

In either case IT^ =-- ffjf + IHf -2BCX DC. 
Add AD to both sides of the equality ; 

then, nf + IT^ =^jBlf + n? + UJf -2BCXDC. 



But 



jrP + ir^=^jrB\ 



§331 



(ihs sv/m of the squares on two sides of a rt. A is equivalent to the square 
on the hypotenuse) ; 

and £1^ + ITJf = Hf, • § 331 

Substitute JTW and Al] for their equivalents in the above 
equality ; 

then, A^=-BV^ + Jlf-2BCXDC. 

9. E. p, 
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Proposition X. Theorem. 

336. In any obtuse triangle, the square of the aide 
opposite the ohtuse arCgle is equivalent to the sum of the 
squares of the other two sides increased by twice the product 
ef one of those sides and the projection of the other on that 
side, 

A 




Let G he the obtuse angle of the triangle ABC, and 
CD be the projection of AC upon BC produced. 

We are to prove H^ -=^ £lf + Hf + 2BCXDC. 

DB'=-BG+ DC. 

Squaring, ITS* = Blf + IJlf + 2BCXDa 

Add A^ to both sides of the equality ; 

then, Jl^ + U^ = ETf + X2J* + WJf + 2BCXDC. 

But nf + ZTS' = Jni", § 331 

{the sum of the sqvxires on two sides of a rt. Ais equivalent to the square 
on the hypotenuse) ; 



and 



n^ + mf = nf. 



331 



Substitute IlW and Xv for their equivalents in the 
above equality; 

then, r^ -=FTf + nf + 2BCXDC. 



Q. E. D. 



337. Definition. A Medial line of a triangle is a straight 
line drawn from any vertex of the triangle to the middle point 
of the opposite side. 
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Proposition XI. Theorem. 

338. In any trmngle, if a medial line he drawn from 
the vertex to the base : 

I. The sum of the squares on the two sides is equivalent 
to twice the square of half the base^ increased by twice the 
square of the medial line ; 

n. The difference of the squares of the two sides is 
equivalent to twice the product cf the base by the projection 
ff the medial line upon the base. 




In the triangle ABC let AM be the medial line and 
MB the projection of A M upon the base B C. 
Also let AB be greater than A C. 

We are to prove 

L iTS^ + Alf = 2 JSl^ + 2 JTM^. 

11. J:^-JrTf = 2BCXMI). 
Since A B > A C, the A A MB will be obtuse and the 
AAMC will be acute. § 116 

Then r^ = Bli^ -^ £M^ ^^BMY^MD, §336 

(m any obtuse A the sqvxire on the side opposite the obtuse Z is equivalent to 
tJie sum of the sqtutres on the other two sides increased by tunce the 
product of one of those sides and the projection of the other on that side) ; 

and Jn? = Mi:!^ + jrM^-2MCX MD, §335 

{in any A the square on the side opposite an acute Z. is equivalent to the sum 
of the squares on the other two sides, diminished by twice the pi^odud 
of one of those sides and the projection of the other upon that side). 

Add these two equalities, and observe that B M = MC. 

Then A~I^ + Alf = 2 Bit + 2 A'W\ 

Subtract the second equality from the first. 

Then JT^ - AD^ =-^ 2 BC X MI), 

Q. E. D. 
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Proposition XIL Theorem. 
339. The sum of the squares of the four sides of any 
quadrilateral is equivalent to the sum of the squares of the 
diagonals together with four times the square of the line 
joining the middle points of the diagonals. 
A 




In the quadiilateTal A B C Dy let the diagonals be AC 
and B D, and FE the line Joining the middle 
points of the diagonals. 

We are to prove 

n^ + BC'-^ <r& ■¥ Dl^=-AC^ + BT? + 4 KT^' 
J)r2iVf B E 2in^ D E, 
Now rff + BC^ = 2 (^y + 2 J^, § 338 

{ike »um of the sqitarea on the two sides of a A is equivalent to tvnce the sqtiare 
on half the hose increased by tmic^ the sqicare on the medial line to the base), 

and Cl? + n:i^==2(^y+ 2£rE^. §338 

Adding these two equalities, 
Aff + F^+ 07? + ITT = 4 (i-^' + 2 (SH^ + DE\ 

But Bit + Wt = 2 {^L^ + 2 EF^, § 338 

{fhe sum of the squares on the two sides of a A is equivalent to tvnce the square 
on half the base increased by twice the square on the medial line to the base). 

Substitute in the above equality for {B E^ + DTS^) its 
equivalent ; 

thenI]? + :ga' + Z7Z5^ + 2J3' = 4(::^' + 4(^y + 

= £C^ + B& + 4 El^ 

Q. E. D. 

340. Corollary. The sum of the squares on the four sides 
of a parallelogram is equivalent to the sum of the squares on the 
diagonals. 
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Proposition XIIL Theobem. 

341. Two triangles having an angle of the one equal to 
an angle of the other are to each other as the products of the 
sides including the equal angles. 




Let the triangles ABC and ABB have the common 
angle A. 



We are to prove 
Draw BE, 

Now 



A ABC ^ ABXAG 
AADE ADXAE' 



AABC 



AC 
AE' 



AABE 

(A having the same aUUiide are to each other as their bases). 



Also 



AABE 



AB 
AD' 



AABE 
(^ having the same altitude are to each other as Uieir bases). 

Multiply these equalities ; 

AABC _ ABX AC 



326 



§326 



then 



AABE ABXAE 



Q. E. D. 
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Proposition XIV. Theorbm. 
342. Similar triangles are to each other 09 the squares 
on their homologous sides. 





Let the two triangles be AC B and A'G'B. 
We are to prove 



Draw the perpendiculars C and C O'. 



Then 



AACB 



ABX CO 



AB ^ C^ 

A'B W7P' 



§ 326 



AA'C'B' A'FXC'O' 
{two A are to eetch other as the products of thMr bases by their aUUudes). 

AB ^ CO^ 
A'B' '^ C'C' 



But 



§297 



ifhe hoTiiologous altittcdes of similar ^ have the same ratio as their homolo- 
gous bases). 

Substitute, in the above equality, for its equal ; 

^ ^' CO' ^ A'B' 



then 



AACB 
AA'C'B' 



AB AB 
A'B' ^ A'B' 






Q. E. D. 
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Proposition XV. Theorem. 

348. Tiao similar polygons are to each other as the 
squares on any two homologous sides. 
B C 



/ 






F E 

Let the two similar polygons be ABC, etCs and 

A'BOy etc. 

jjf. , ^^C, etc. JTff 
We are to prom = . 

From the homologous vertices A and A' draw diagonals. 

Now 4^=.^ = Je^,etc., 

A^B' B'C G'Jy 

(similar polygons have their homologous sides proportional) ; 

.'. by squanng, . = = . , etc. 

irB>^ EnO^' UnP 

The ^ABOyA CD, etc., are respectively similar to A* B'C, 
^'C'i>', etc., §294 

{^wo similar polygons are composed of the same number of A similar to each 
other and similarly placed). 

• A^^(7 _ Jr^ §342 

" AM B'C J[r^^' 
{similar ^ are to each other as the sqrmres on their homologous sides), 

^d AAIM.^^. §342 

A A' CD' (w^ 



^ ,. N 
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But J^=.i^, 

. AABC AACD 



AA'B'C A A' CD' 

In like manner we may prove that the ratio of any two of 
the similar A is the same as that of any other two. 

. AABC ^ AACD ^ A APE ^ AAEF 
" AA'B'C AA'C'iy AA'iyE' AA'E'F\ 

AABC+ ACI) + ADE + AEF AABC 



A A'h' C + A' CD' + A' D' E' + A' E F A A' B' C 

{in a series of equal ratios the suyn of the arUecedents is to the sum of the 
conseqrients as any antecedent is to its consequent). 

But ^-^^^ = ^, § 342 

{similar ^ are to each ot/ier as the squares on their homologoibs sides) ; 

. the polygon ABC, etc. A^ 

the polygon A' B' C", etc. A' B'^' 

Q. E. D. 

344. Corollary 1. Similar polygons are to each other as 
the squares on any two homologous lines. 

345. Cor. 2. The homologous sides of two similar poly- 
gons have the same ratio as the square roots of their areas. 

Let ^S' and S' represent the areas of the two similar polygons 
i B C, etc., and A' B' C\ etc., respectively. 

Then S \ S' :: AB^ : A^'\ 

(similar polygons are to ea^h otiier as the squares of their ho^iiologoiis sides). 

' \/S : )/^ :: AB : A' B', §268 

or, AB '. A'B' : : yfS : sfh\ 
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On Constructions. 

Proposition XVI. Problem. 

346. To constrtlct a square equivalent to the sum of two 
given squares. 



R 




'W 






Let R and R' be two given squares. 
It is required to construct a square = E+ Ii\ 
Construct the rt. Z A. 

Take A B equal to a side of R, 
and A C equal to a side of R'. 

Then B C will be a side of the square required. 

For '¥C^ = AB^ + Tc\ § 331 

(^the square on the hypotenuse of a rt. A is equivalent to the stem of the 
squares on the two sides). 

Construct the square S, having each of its sides equal 
to BO, 

Substitute for BV\ AB^ and £G^, S, R, and R' re- 
spectively ; 



then 



S=R + R\ 
S is the square required. 



a E. F. 
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Proposition XVII Problem. 

347. To construct a square equivalent to the difference 
of two given squares. 




By 



'^fx 



\ S I 



Zret R be the smaller square and R' the larger. 

It is required to construct a square = i?' — R. 
Construct the rt. Z ^. 

Take A B equal to a side of R, 

From ^ as a centre, with a radius equal to a side of Rf^ 

describe an arc cutting the line -4 X at C. 

Then A C will be a side of the square required. 

For draw B (7. 

[the, sum of the sqiuires on the two sides of a rt. A is equival&ivt to the square 
on the hypotenuse). 

By transposing, AC^ = Blf - A^, 

Construct the square ;S', having each of its sides equal to A C. 

Substitute for J~5^ Blf, and A^, S, Rfy and R re- 
spectively ; 
then 



S^R'-R. 

S is the square required. 



Q. E. F. 
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Proposition XVIII. Problem. 

348. To construct a square equivalent to the sum of arty 
number of given squares. 

n 



n- 
o- 
P- 
r- 
m- 



./\ 


/ \ 


\ 


/ \ 


\ 


K '^ 


\ 


L — __ 


\ \ 
\ \ \ 



Let m, ny o, /?, r be sides of the given squares. 
It is required to construct a square = m* + w* + o* + jt>* + r^. 
Take AB = m, 

Draw AC =^ 71 and .L to ^ ^ at -4. 
Draw B G. 
Draw OE=o and Lio BC oiC, and draw BE. 
Draw JFi^ = jo and ± to ^^ at ^, and draw B F. 
Draw FH = r and JT to ^ ^ at i^, and dmw B H. 
The square constructed on B H is the square required. 

For BIP = FTP + RT'^, 

= FH'^ + EF^ + ElS^y 

= F'lT + eT + ec^ + (j:^ + r^, §331 

[flie sum of the squares oil tvw sides of a rt. Ais equivalent to the square 
on the hypotenuse). 

Substitute for AB, C A, EC, E F, and F H, m, », o, jt>, 
and r respectively ; 



then ,7?/^^ = ^2 + 7^2 + o2 + /.2 + r^. 



Q. E. F. 



CONSTBUCTIONS. 



197 



Proposition XIX. Problem. 

349. To construct a polygon similar to two given similar 
polygons and equivalent to their sum. 




U 

Let R and R* be two similar polygons, and A B and 
A* B' two homologous sides. 

It is required to construct a similar polygon equivalent to 
E+ R. 

Construct the rt. Z P, 

Take PH = A'B', B.ndFO = AB. 

Draw K 

TQkQ A" B" = H. 

Upon A" B**, homologous to A B, construct the polygon Rf' 
similar to /?. 

Then R" is the polygon required. 

For R' : R :: AJ^ : AT^, § 343 

{similar polygons are to each other as the squares mi their homologous sides). 

Also R'' :/?':: jPTE^ : A'HS^, § 343 

In the first proportion, by composition, 

R' + R : R^ :: A^B^ + Fff : A^, § 264 

ED^ : FH\ 
: AT^B^ : A^, 
: ffV^ : F^. 
R' ',: R' + R : R', 

R" = R' + R. 

Q. E. F. 



But 



i?" : R' 



R" 
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Proposition XX. Problem. 

350. To construct a polygon smilar to two given similar 
polygons and^quivalent to their difference. 




A B 

Let R and R' he two similar polygons, and A B and 

A' B' two homologous sides. 

It is required to construct a similar polygon which shall 
he equivalent to R* — R, 

Construct the rt. Z P, 

and take PO = A B, 

From as a centre, with a radius equal to A' B'^ 

describe an arc cutting P X dX H, 

Draw OH. 

T&ke A'' B" = P II. 

On il" 5", homologous to A B, construct the polygon R" 
similar to R. 

Then i?'' is the polygon required. 

For R' : R :: ATW' : X5^, § 343 

{similar polygons are to each other as the squares on tlicir hoTtwlogous sides). 

Also R" : R :: A!^^ : X5^. § 343 

In the first proportion, by division, 

R*-R : R :: A^ - IB^ : I^, § 265 

(TH^ - OP" : Cn^, 
PH" : UT. 
: AFW' : A&, 
: rH" : UT. 
\R' : R :: R'- R : R; 



But 



R" : R 



R" -=R'-R. 



Q. E. F. 
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Proposition XXL Problem. 

351. To construct a triangle equivalent to a given 
polygon. c D 




I A E F 

Let ABC DEE he the given polygon. 

It 18 required to construct a triangle equivalerU to the given 
polygon. 

From D draw D E, and from H draw HFWtoBE. 

Produce AE to meet HFatF, and draw D F, 

The polygon ABC D F has one side less than the polygon 
A BC D U Ey but the two are equivalent. 

For the part A B CD E is common, 

aLndtheAI)EF=ADEH, for the base DEia common, 
and their vertices i^and H are in the line FH II to the base, § 325 
(A having the same base and equal altiticdes are equivalent). 

Again, draw C F, and draw D K W io F to meet A F 
produced at K. 

Dmvr GK, 

The polygon ABCK has one side less than the polygon 
ABC D F, but the two are equivalent. 

For the part A B C F is common, 

and the A (7i^^ = A (7i^i>, for the base F is common, 
and their vertices K and I) are in the line KD II to the base. § 325 

In like manner we may continue to reduce the number of 
sides of the polygon until we obtain the A C IK. 

Q. E. F. 
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Proposition XXII. Problem. 

352. To construct a square which shall have a given 
ratio to a given square. 




S 



m- 
n- 






\ 






Let R be the given square, and - the given ratio, 

m 

It is required to construct a square which shall be to R as 
n is to m, * % 

On a straight line take AB = m, and BC = n. 
On ^ C as a diameter, describe a semicircle. 
At B erect the J^ B Sy and draw SA and SC. 

Then the A ^1 aS' (7 is a rt. A with the rt. Z a.t S, § 204 
(being inscribed in a semicircle.) 

On SA, OT SA produced, take S E equal to a side of R, 

Bmw EFW to AC. 

Then aS' i^ is a side of the square required. 

For ^ = £|. §289 

{t?ie .squares on the sides of a rt. A ?iave the sanie ratio as the segments of the 
hypotenuse made by the ± let fall from the vefi'tex of the rt. Z). 

S_A ^SE 

SO SF* 

(a straight line drawn through two sides of a A, parallel to the third side, 
divides those sides proportionally). 

Square the last equality ; 

SI? _S^^ 
5^ ^^' 



Also 



then 



275 



Substitute, in the first equality, for its equal 



then 






AB 
BO 



m 

— > 
n 



SF' 



that is, the square having a side equal to SF will have the 
same ratio to the square R, as ?i has to m. 



Q. E. F. 
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Proposition XXIII. Problem. 

353. To construct a polygon similar to a given polygon 
and having a given ratio to it. 




A'^'--- 




y^\ 



Af 



Bf 



Let R be the given polygon and - the given ratio, 

m 

It is required to construct a polygon similar to R, which 
shall he to R as n is to m, • 



Find a line, A' B'^ such that the square constructed upon it 
shall be to the square constructed upon -4 -ff as » is to w. § 352 

Upon A' B' as a side homologous to A By construct the 
polygon S similar to R, 



Then S is the polygon required. 
S AJl^ 
{similar polygons are to each other as the squares on their hmnologoua sides). 



For 



§343 



But 






n 

— \ 
m 



Cons. 



A ^ = !?1, or, S , R 
R m 



n : 7n. 



Q. E. F 
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Proposition .XXIV. Problem. 

354. To construct a square equivalent to a given paral- 
Idogram, 

P 




Let ABC D be a pamllelogram, h its base, and a its 
altitude. 

It is required to construct a square = EJ A B C D, 

Upon the line MX take MN = a, and N = h. 

Upon if as a diameter, describe a semicircle. 

At N erect NP ± to MO. 

Then the square 7?, constructed upon a line equal to N Py 
is equivalent io ihQ EJ A B C D, 

For MN : NP i: NP : NO, § 307 

(a JL let fall from any point of a circumference to the diameter is a incan 
proportional between the segments of the diameter). 

.-. NP^ = MN X NO = aXb, § 259 

(the product of the Trveans is eqiial to the product of the extremes). 

Q. E. F. 

355. Corollary 1. A square may be constructed equivsr 
lent to a triangle, by taking for its side a mean proportional 
between the base and one-half the altitude of the triangle. 

356. Cor. 2. A square may be constructed equivalent to 
any polygon, by fii-st reducing the polygon to an equivalent tri- 
angle, and then constructing a square equivalent to the triangle. 
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Proposition XXV. Problem. 

357. To conalrtict a parallelogram equivalent to a given 
square, and having the sum of its base and altitude equal to 
a given line, 

Pr 



R 



M 



4^ 



(\ 



-N<J 



\ 



Let R be the given square, and let the sum of the 
base and altitude of the required parallelogram 
be equal to the given line MN. 

It is required to construct a EJ = B, and having the sum 
of its base and altitude = M N, 

Upon M N QAB. diameter, describe a semicircle. 
At M erect a ± Jf P, equal to a side of the given square R, 
Draw P ^ II to M N, cutting the circumference at S, 
Bia.w SO ± to MjH^. 
Any O having V M for its altitude and G N for its base, 
is equivalent to R, 

For SCi^WioPM, 

{ttoo straight lines ± to the saine straight line are II ). 

{Ws comprehended between \\s are eqiuil). 

.-. ;^ = FM^ = R, 

But . MG : SO :: SO : G N, §307 

(a X let fall from any point in a circumference to the diameter is a mean 
proportional between the segments of the diameter). 

Then SG^ = MGXGN, § 259 

{the product of the m,eans is equaZ to the product of the extremes). 



§65 
;i35 
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Proposition XXVI. Problem. 

359. To construct a parallelogram equivalent to a given 
square, and having the difference of its base and altitude 
equal to a given line, 
S 




\C,. 



\ 



l/L 



\- 



iN 



/ - \ 


/ 



V 



V 



Let R be the given square, and let the difference of 
the base and altitude of the required parallelo- 
gram be equal to the given line M N, 

It is required to construct a CJ = B, tmth the difference 
of the base and altitude "= M N, 

Upon the given line MN bs & diameter, describe a circle. 

From M draw M S, tangent to the O, and equal to a side 
of the given square £, 

Through the centre of the O, draw SB intersecting the 
circumference at C and B. 

Then any O, as /?', havmg SB for its base and SC for 
its altitude, is equivalent to B, 

For SB : SM :: SM : SOy § 292 

(if from a point imthbut a O, a secant and a tangent be dravni, the UmgevU is 
a mean proportional between the whole secant and the part without t?ie O). 

Then A?^^ = SBXSC; § 259 

and the difference between SB and SCk the diameter 
of the O, that is, MK 

Q. E. F. 
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Proposition XXVIL Problem. 

360. Given x = ^, to construct x, 
E ^ 

/- [ X 



Let m represent the unit of length. 

It 18 required to find a line which shall represent the square 
root of 2. 

On the indefinite line A B, take AC = m, and CD = 2m, 

On -4 2> as a diameter describe a semi-circumference. 

At C erect a X to ^ jB, intersecting the circumference at E, 

Then C ^ is the line required. 

For AC : CE ix CE : CD, § 307 

{the 1. let fall from any poiTit in the circumference to the diameter, is a mean 
proportional between the segments of the diameter) ; 

.\(TE''=^ACXCD, §259 



.'.CE = ^ACX CD, 



Q. E. F. 



Ex. 1. Given x = \/5, y = y/T, z = 2^; to construct x, y, 
and z, 

2. Given 2 : a: : : a? : 3 ; to construct x, 

3. Construct a square equivalent to a given hexagon. 
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Proposition XXVIII. Problem. 

361. To canatruci a polygon similar to a given ^polygon 
P, and equivalent to a given jaolygon Q. 




A' B> 






n- 



m A B 

Let P and Q be two given polygons, and AB a side 
of polygon P, 

It is required to construct a polygon similar to P and equiva- 
lent to Q, 

Find a square equivalent to P, § 356 

and let m be equal to one of its sides. 

Find a square equivalent to Q, § 356 

and let n be equal to one of its sides. 

Find a fourth proportional to m, n, and A B, § 304 

Let this fourth proportional be A' B', 

Upon A' B', homologous to A B, construct the polygon P 
similar to the given polygon P. 

Then P' is the polygon required. 
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For 


m AB 
n A'B' 




Cons. 


Squaring, 








But 


P = m\ 




Cons. 


and 






Cons. 


But 


P A^ 

P ^^' 




§343 


(similar polygons are 


to each other as the squares on 


their Jumiologotis sides) ; 




. P P 

'-Q^P'' 




Ax. 1 



'. P ia equivalent to Q, and is similar to P by construction. 

Q. E. F. 



^ Ex. 1. Construct a square equivalent to the sum of three 
given squares whose sides are respectively 2, 3, and 5. 

2. Construct a square equivalent to, the difference of two 
given squares whose sides are respectively 7 and 3, 

3. Construct a square equivalent to the sum of a given tri- 
angle and a given parallelogram. 

4. Construct a rectangle havi^ig the difference of its base and 
altitude equal to a given line, and its area equivalent to the sum 
of a given triangle and a given pentagon. 

5. Given a hexagon ; to constnict a similar hexagon whose 
area shall be to that of the given hexagon as 3 to 2, 

6. Construct a pentagon similar to a given pentagon and 
equivalent to a given trapezoid. 
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Proposition XXIX. Problem. 

362. To construct a polygon similar to a given poly gon^ 
and having two and a half times its area. 





B ''^ C N 

Let P be the given polygon. 

It is required to construct a polygon similar to P, and 
equivalent to 2^ P, 

Let ABhea, side of the given polygon P, 
Then s/T : y/T^ : : AB : x, 

or )/2 : s/o :: AB : Xy § 345 

(tJie homologous sides of similar polygons are to each other flw the square roots 
of their areas). 

Take any convenient unit of length, as M C, and apply it 
six times to the indefinite line M N. 

On J/O (= 3 M C) describe a semi-circumference ; 
and on MN ^ 6 MO) describe a semi-circumference. 
At C erect a ± to J/iV, intersecting the semi-circumfer- 
ences at D and If. 

Then G B is the v^2, and C H is the V^. § 360 

Draw Y, making any convenient Z witK H, 
On(7rtake (7J^ = ^^. 
From Z> draw B E, 
and from // draw H Y W to B E. 
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Then G Y will equal a:, aaid be a side of the polygon re- 
quired, homologous to A B. 

For CD X OH :: CE : CY, § 275 

(a line drawn through two sides of a A, W to t?ie third side^ divides the two 
sides proportionally). 

Substitute their equivalents for CD, C H, and C E \ 

then \/2 : \/5 :: AB : G Y. 

On G Yy homologous to A B, construct a polygon similar 
to the given polygon P; 

and this is the polygon required. 

Q. E. F. 



Ex. 1. The perpendicular distance between two parallels is 
30, and a line is drawn across them at an angle of 45** ; what is 
its length between the parallels 1 

2. Given an equilateral triangle each of whose sides is 20 ; 
find the altitude of the triangle, and its area. 

3. Given the angle -4 of a triangle equal to § of a right 
angle, the angle B equal to J of a right angle, and the side a, 
opposite the angle A, equal to 10 ; construct the triangle. 

4. The two segments of a chord intersected by another chord 
are 6 and 5, and one segment of the other chord is 3 ; what 
is the other segment of the latter chord % 

5. If a circle be inscribed in a right triangle : show that 
the difference between the sum of the two sides containing the 
right angle and the hypotenuse is equal to the diameter of the 
circle. 

6. Construct a parallelogram the area and perimeter of which 
shall be respectively equal to th^e area and perimeter of a given 
triangle. 

7. Given the difference between the diagonal and side of a 
square; construct the square. 



BOOK V. 

REGULAR POLYGONS AND CIROLES. 

363. Def. a Regular Polygon is a polygon which is 
equilateral and equiangular. 

Proposition I. Theorem. 

364. Every equilateral polygon inscribed in a circle is a 
regular polygon. 




Let ABC, etc, be an equilateral polygon insciibed 
in a circle. 

We are to prove the polygon ABC, etc., regular^. 

The arcs AB, BC,C D, etc., are equal, § 182 

(in the same O, equal chords siibtend equal arcs). 

.'. arcs ABC, BCD, etc., are equal, Ax. 6 

.'.the A A, B, C, etc., are equal, 
(being inscribed in equal segments). 

.'. the polygon ABC, etc., is a regular polygon, heing 

equilateral and equiangular. 

Q. E. D. 
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Proposition II. Theorem. 

365. I. A circle may he circumscribed about a regular 
polygon, 

n. A circle may be inscribed in a regular polygon. 



iD 







Let ABC D, etc, be a regular polygon. 
We are to prove that a O may he drcumscrihed ahout this 
regular polygon, and also a O may he inscrihed in this regular 
polygon. 

Case I. — Describe a circumference passing through A, B, and C. 

From the centre 0, draw OA, OB', 

and draw « _L to chord B 0, 

On 0« as an axis revolve the quadrilateral OABs, 

until it comes into the plaice of OsC D, 

The line s B will fall upon s C, 
{forZ.OsB = ZOsO, both being rt. A ). 

The point B will fall upon C, § 183 

(since sB = sCf). 

The line BA will fall upon CD, § 363 

(since Z. B= /.C, being A of a regular polygon). 

The point A will fall upon D, § 363 

(since B A=^ C 1), being sides of a regular polygon), 

.'.the line OA will coincide with line D, 
(their extremities being the same points). 

,'. the circumference will pass through />. 
In like manner we may prove that the circumference, pass- 
ing through vertices B, C, and D will also pass through the 
vertex E, and thus through all the vertices of the polygon in 
succession. 

Case IT. — The sides of the regular polygon, being equal chords of 

the circumscribed O, are equally distant from the centre, § 1 85 

.*. a circle described with the centre and a radius Os 

will touch all the sides, and be inscribed in the polygon. § 1 74 

aE. D. 
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366. Dep. The Centre of a regular polygon is the common 
centre of the circumscribed and inscribed circles. 

367. Def. The Radius of a regular polygon is the radius 
OA of the circumscribed circle. 

368. Def. The Apothem of a regular polygon is the radius 
« of the inscribed circle. 

369. Def. The Angle at the centre is the angle included 
by the radii drawn to the extremities of any side. 



Proposition III. Theorem. 

370. Each angle at the centre of a regular polygon i% 
equal to four right angles divided by the number of sides 
of the polygon. 




Let ABC, etc, be a regular polygon of n sides, 

4rt. A 



We are to prove /. A B — 

Circumscribe a O about the polygon. 

ThQ A AG B, BO C, etc., are equal, 
(in tlie same O eqiuil arcs stibtend equal A at the centre). 



§180 



.-. the Z ^ ^ = 4 rt. ^ divided by the number of A about 0. 

But the number of A about = n, the number of sides 
of the polygon. 



.\/.AOB = 



4rt. 2i 



Q. E. D. 



371. Corollary. The radius drawn to any vertex of a 
regular polygon bisects the angle at that vertex. 
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Proposition IV. Theorem. 

372. Two regular polygons of ike same number of sides 
are similar. 




Of 




Let Q and Q' be two regular polygons, each having 
n sides. 

We are to prove Q and Q* similar polygons. 

The sum of the interior A of each polygon is equal to 
2rt,A{n- 2), § 157 

ifht sum of the interior A of a polygon is equal to 2rt. A taken as many 
^ times less 2 as the polygon has sides). 

Each Z of the polygon Q = -^ — — ^ > § 158 

{for the A of a regular polygon are all equal, and hence each /. is eqiud 
to the sum of the A divided ky their nurriber). 

Also, each Z of 0' = ^— - ~ ^''"^--^ . § 158 

n 

,', the two polygons Q and Q^ are mutually equiangular. 

Moreover, ^ = ^» § ^^^ 

{the sides of a regular polygon are all equal) ; 

and ^' = ^' 5 363 

...£^ = ^14', Ax.l 

BC B'C 

,\ the two polygons have their homologous sides proportional ; 

.'. the two polygons are similar. § 278 

Q. E. D. 
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Proposition V. Theorem. 

373. The homologous sides of similar regular polygons 
have the same ratio as the radii of their circumscribed cir- 
cles, andy also as the radii of their inscribed circles. 





Let and 0' be the centres of the two similar regu- 
lar polygons ABC, etc., and A'B'C, etc. 

From and 0' draw E, D, 0' E', 0' jy, also the 
Js Om and Cm'. 

E and 0' E' are radii of the circumscribed (D, § 367 

and m and 0' mf are radii of the inscribed (D. § 368 

ED _ OE _ Om 



We are to prove 



E'D' ~ O'E ~ O'm' 

In the AOEI) and 0' E' D' 

ih^AOE Z>, 6 D E, (y E D' and 0' D' E' are equal, § 371 
(being halves of the equal AF ED, EDO, F^ W ly and E' 2)' a) ; 

.-. the A J£'i> and 0' E D' are similar, § 280 

{if two A have two Aofihe one equal respectively to two A of the other , they 
are similar). 



ED 
ED' 



OE 

We' 



Also, 



{the homologous sides of similar A are proportional), 
ED Om 



ED' 



O'm' 



§278 



§297 



(the homologous altitudes of similar A have the same ratio as their homalo' 
goiis basses). 

Q. E. D. 
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Proposition VI. Theorem. 

374. The perimeters of similar regular polygons have 
the same ratio as the radii of (heir circumscribed circles, and, 
also as the radii of their inscribed circles. 





Let P and P' represent the perimeters of the two 
similar regular polygons ABC, etc, and A'PfG\ etc^ 
From centres 0, 0* draw E, 0' E', and J§ ?» and O' w!, 

Om 



m 4 P OE 
We are to prove — = 

^ F 0' E' 



O'm' 



P_ 



ED 



295 



ED'' 

{the pcHmeters of similar polygons have the same ratio as any two hmvolo- 
gous sides). 



Moreover, 



OE 

O'E' 



ED 
E' D'' 



§373 



{fl\A homologoibs sides of similar regular polygons have the same ratio as the 
radii of their circumscribed ©). 



Also 



09 



O'm' 



ED 

E'D'' 



373 



(the homologous sides of similar regular polygons have the same ratio as 
the radii of their inscribed (D). 



P' 



OE 
O'E' 



Om 



Q. E. D 
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Proposition VII. Theorem. 

375. The circumferences of circles have the same ratio 
as their radii. 





Let G and C be the circumferences, R and R' the 
radii of the two circles Q and Q*. 

We aretoprme C : C :\ R : R, 

Inscribe in the © two regular polygons of the same number 
of kides. 

Conceive the number of the sides of these similar regular 
polygons to be indefinitely increased, the polygons continuing to 
be inscribed, and to have the same number of sides. 

Then the perimeters will continue to have the same ratio as 
the radii of their circumscribed circles, § 374 

{the perimeters of similar regular polygons have the same ratio as the radii 
of their drcumscriJbed (D), 

and will approach indefinitely to the circumferences as their 
limits. 

.'. the circumferences will have the same ratio as the radii 
of their circles, § 199 

.\C '. C :: R : R, 

Q. E. D. 
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376. Corollary. By multiplying by 2, both terms of the 
ratio Ji : -ff', we have 

C : C :: 2E : 2R'; 

that is, the circumferences of circles are to each other as 
their diameters. 

Since C : C' : : 2 E : 2B!, 

C '.2R :: C \ 2Wy § 262 



or. 



G __ C 
2R'^ 2R' 



That is, the ratio of the circumference of a circle to its 
diameter is a constant quantity. 

This constant quantity is denoted by the Greek letter tt. 

377. Scholium. The ratio tt is incommensurable, and there- 
fore can be expressed only approximately in figures. The let- 
ter ir^ however, is used to rejyresent its exact value. 



Ex. 1. Show that two triangles which have an angle of the 
one equal to the supplement of the angle of the other are to each 
other as the products of the sides including the supplementary 
angles. 

2. Show, geometrically, that the square described upon the 
sum of two straight lines is equivalent to the sum of the squares 
described upon the two lines plus twice their rectangle. 

3. Show, geometrically, that the square described upon the 
difference of two straight lines is equivalent to the sum of the 
squares described upon the two lines mimia twice their rectangle. 

4. Show, geometrically, that the rectangle of the sum and 
difference of two straight lines is equivalent to the difference 
of the squares on those lines. 
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Proposition VIII. Theorem. 

378. If the number of sides of a regular inscribed poly- 
gon be increased indefinitely ^ the apothem will he an increas- 
ing variable whose limit is the radius of the circle. 




In the Tight triangle A^ let A be denoted by i?, 
byr, and AO byh. 

We are to prove lira, (r) = R, 

r<R, §52 

{a l.isihe shortest distance from a point to a straight line). 

And R — rKh, §97 

(one side of a A is greater than the difference of the other two sides). 

By increasing the number of sides of the polygon indefi- 
nitely, A B, that is, 2 h, can be made less than any assigned 
quantity. 

.\hy the half of 2 6, can be made less than any assigned 
quantity. 

.'. R — r, which is less than 6, can be made less than any 
assigned quantity. 

.'.lim. (i? — r) = 0. 

.-. R — lim, (r) = 0. 

.'. lim. (r) = R. 

Q. E. D. 
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Proposition IX. Theorem. 

&79. The area of a regular polygon is equal to one-halj 
the product of its apothem hy its perimeter. 




Let P represent the perimeter and R the apothem 
of the regular polygon ABC, etc. 

We are to prove the area of A B C, etc., = ^ R X P, 

Did.w A, B, 0, etc. 

The polygon is divided into as many A as it has sides. 

The apothem is the common altitude of these A, 

and the area of each A is equal to ^ jR multiplied hy 
the hase. § 324 

.'. the area of all the A is equal to ^R multiplied by the 
sum of all the bases. 

But the sum of the areas of all the A is equal to the area 
of the polygon, 

and the sum of all the bases of the A is equal to the 
perimeter of the polygon. 

.*, the area of the polygon = ^ R X P. 

Q. E. D. 
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Proposition X. Theorem. 

880. The area of a circle is equal to one-half tie 
product of its radius by its circumference. 




Let R represent the radius, and G the circumference 
of a circle. 

We are to prove the area of the circle = \RX G. 

Inscribe any regular polygon, and denote its perimeter 
by P, and its apothem by r. 

Then the area of this polygon =^\rXP, § 379 

{fhe area of a regular polygon is equal to oiie-half Oie product of its apothtm 
by the perimeter). 

Conceive the number of sides of this polygon to be indefi- 
nitely increased, the polygon still continuing to be regular and 
inscribed. 

Then the perimeter of the polygon approaches the circum- 
ference of the circle as its limit, 

the apothem^ the radius as its limit, § 378 

and the area of the polygon approaches the O as its limit. 

But the area of the polygon continues to be equal to one- 
half the product of the apothem by the perimeter, however 
great the number of sides of the polygon. 

.-. the area of the O = J i? X C § 199 

Q. E. D. 
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§376 



381. Corollary 1. Since = ir, 

2R 

In the equality, the area of the O = J i? X (7, 

substitute 2 wi? for (7; 

then the area of the O = A 2? X 2 irM, 

That is, the area of a O = tt times the square on its radius, 

382. Cor. 2. The area of a sector equals \ the product of 
its radium hy its arc ; for the sector is such part of the circle as 
its arc is of the circumference. 

383. Def. In different circles similar arcs, similar sectors, 
and similar segments, are such as correspond to equal angles at 
the centre. 

Proposition XL Theorem. 

384. Two circles are to each other as the squares on 
their radii. 





Let R and R' be the radii of the two circles Q and Q', 

§381 



We are to prove — = 
0' 



^'2 

Now Q = 7rRi, 

(the area ofaQ= t times the square on its radius), 

and Q'=^irR'^, 

Q _ irm ^ ^ 



381 



Then 



Q. E. D. 



385. Corollary. Similar arcs, being like parts of their re- 
spective circumferences, are to each otiier as their radii ; similar 
sectors, being like parts of their respective circles, are to each 
othei* as the squares on their radii. 



222 GEOMETRY. — BOOK V. 



Proposition XII. Theorem. 

386. Similar segments are to each other as the squares 
on their radii, C 

a 





pi ^p- 

Let A G and A' C be the radii of the two similar seg- 
ments ABF and A' B' F', 

We are Jo prove = . 

^^ A'B'P' ^rjji^ 

The sectors ^ C^ and A' C B' are similar, § 383 

(having the A at the centre^ C aiid O^ equal), 

Inthe A AG B^nd A' C'B' 

ZG = ZG', § 383 

(being corresponding A of similar sectors), 

AG=GB, §163 

A'G' = G'B'', §163 

.\ihQAAGB and A' G' B' are similar, § 284 

ijiaving an Z. of theme equal to an Z of the other, and the inclvding sides 
. proportional). 

^^^ sector AGB _ AV" j 355 

sectoral' 6^'^' JTq,^' 
(similar sectors are to each other as the squares on their radii); 
and A^(7^ _ A^ g 3^2 

/^A'G'B' jjTQ^ 
(similar A are to each other as the sqiiares on their hxmwlogous sides). 
Hence sector .4 (7^ - A .4 (7^ _ A^ 
^^^^ sector A' G' B^^^b. A' G' F ~ aTq^ ' 



segment ABP __ /^' 



r2 



, . § 271 

segment A' B' P' j^i qi^ 

(if two quantities be increased or diminished by like parts of each, the results 
will be in the same ratio as the quantities themselves). 

Q. E. D. 
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Exercises. 

1. Show that an equilateral polygon circumscribed about a 
circle is regular if the number of its sides be odd, 

2. Show that an equiangular polygon inscribed in a circle is 
regular if the number of its sides be odd. 

3. Show that any equiangular polygon circumscribed about a 
circle is regular. 

4. Show that the side of a circumscribed equilateral triangle 
is double the side of an inscribed equilateral triangle. 

5. Show that the area of a regular inscribed hexagon is 
three-fourths of that of the regular circumscribed hexagon. 

6. Show that the area of a regular inscribed hexagon is a 
mean proportional between the areas of the inscribed and cir- 
cumscribed equilateral triangles. 

7. Show that the area of a regular inscribed octagon is equal 
to that of a rectangle whose adjacent sides are equal to the 
sides of the inscribed and circumscribed squares. 

8. Show that the area of a regular inscribed dodecagon is 
equal to three times the squai*^ on the radius. 

9. Given the diameter of a circle 60 ; find the area of the 
circle. Also, find the area of a sector of 80° of this circle. 

10. Three equal circles touch each other externally and thus 
inclose one acre* of ground; find the radius in rods of each of 
these circles. 

11. Show that in two circles of different radii, angle's at the 
centres subtended by arcs of equal length are to each other in- 
versely as the radii. 

12. Show that the square on the side of a regular inscribed 
pentagon, minus the square on the side of a regular inscribed 
decagon, is equivalent to the square on the radius. 



224 GEOMETRY. BOOK V. 



On Constructions. 

Proposition XIII. Problem. 

387. To inscribe a regular polygon of any number of 
sides in a given circle. 




Let Q be the given circle, and n the number ot sides 
of the polygon. 

It is required to inscribe in Q, a regular polygon having n 
sides. 

Divide the circumference of tMfe O iuto n equal arcs. 

Join the extremities of these arcs. 

Then we have the polygon required. 

For the polygon is equilateral, § 181 

(Vi the same O equal aros are subtended by equal chords) ; 

and the polygon is also regular, § 364 

(an equilateral polygon inscribed in a Q is regular). 

Q. E. F- 
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Proposition XIV. Pboblbm. 

388. To inscribe in a given circle a regular polygon 
which has double the number of aides of a given inscribed 
regular polygon. 




Let ABC D be the given inscribed polygon. 

It is required to inscribe a regular polygon having double the 
number of sides of ABC D, 

Bisect the arcs A By BC, etc. 

Draw AB, BB, BF, etc., 

The polygon AE B FC, etc., is the polygon required. 

For the chords A B, B (7, etc., are equal, 

(being sides of a regular polygon). 



.'. the arcs A B, BC, etc., are equal, 
(in the same O eqtial chords subtend equal arcs). 

Hence the halves of these arcs are equal, 

or, AE, EB, B F, FC, etc., are equal; 

.'.the polygon A EB F, etc., is equilateral. 

The polygon is also regular, 
(an equilateral polygon inscribed in aO is regular) ; 



§ 363 
§ 182 



§364 



and has douhle the number of sides of the given regular 
polygon. 

Q. E. F. 
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Proposition XV. Problem. 
389. To inscribe a square in a given circle. 
B 




D 

Let he the centre of the given circle. 

It is required to inscribe a square in the circle. 

Draw the two diameters A and E D A^to each other. 

Join AB, BC, CD, and DA, 

Then A B G D is the square required. 

Por, ths A ABC, BOD, etc., are rt. A, § 204 

(being inscribed in a semicircle), 

and the sides AB, BG, etc., are equal, § 181 

i^n the same O equal arcs are subtended by eqical chords) ; 

.*. the figure A B CD is a square, § 127 

(Jiamng its sides equal and its A rt. A ). 

Q. E. F. 

390. Corollary. By hisecting the arcs AB, BC, etc., a 
regular polygon of 8 sides may he inscribed ; and, by continuing 
the process, regular polygons of 16, 32, 64, etc., sides may be 
inscribed. 
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Proposition XVI. Problem. 
891. To inscribe in a given circle a regular hexagon. 



Let be the centre of the given circle. 

It is required to inscribe in the given O a regular hexagon. 

From draw any radius, as C. 

From C as a centre, with a radius equal to 0, 

describe an arc intersecting the circumference at F. 

Dtqw F Sind C F, 

Then CFiao, side of the regular hexagon required. 

For the A OFC is equilateral, Cons. 

and equiangular, § 112 

.-. the Z -PO (7 is J of 2 rt. A, or, J of 4 rt. ^. § 98 

.*. the arc ^(7 is J of the circumference A BC F, 

.'. the chord FC, which subtends the arc i^ (7, is a side 
of a regular hexagon ; 

and the figure CFD, etc., formed by applying the radius 

six times as a chord, is the hexagon required. 

Q. E. F. 

392. Corollary 1. By joining the alternate vertices -4, C, 
D, an e^ilateral A is inscribed in a circle. 

393. CoR. 2. By bisecting the arcs AB, BC, etc., a regu- 
lar polygon of 12 sides may be inscribed in a circle; and, by 
continuing the process, regular polygons of 24, 48, etc., sides 
may be inscribed. 
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Proposition XVII. Problem. 
894. To inscribe in a given circle a regular decagon. 




B 
Let he the centre of the given circle* 

It is required to inscribe in the given O a regular decagon. 

Draw the radius (7, 
and divide it in extreme and mean ratio, so that C shall 
beto O/S'as O/S'isto SO. § 311 

From (7 as a centre, with a radius equal to S^ 
describe an arc intersecting the circumference at B, 

Dia,w B G, B S, smd B 0. 
Then ^ C is a side of the regular decagon required. 
For 00 : OS :: OS : SO, Cons, 

and BG=OS. Cons. 

Substitute for S its equal B C, 
then 00 : BO :: BO : SO. 

Moreover the Z 00 B = Z SO B, Iden. 

.'.the A OB and BOSa.Te similar, § 284 

{having an Z. of the, one equal to an /. of the other, and the including sides 
p-roportional). 

But the A OB is isosceles, § 160 

(its sides and B being radii of the same drde). 

r,the A B Sy which is similar to the A B,\& isosceles, 
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and 


BS = BG. 


§ 114 


But 


OS = BG, 


Cons. 




.'.OS'^BS, 


Ax. 1 




.•. the A SOB ia isosceles, 




and 


the /:0 = Z SB 0, 


§112 



(peing opposite equal sides), 

ButtheZ G SB = Z 0-\- Z SB 0, §105 

{the exterior Z of a A is equal to the sum of the two opposite interior A )• 

.-.theZ CSB=2,Z 0. 
Z SGB{==Z CSB) = 2Z 0, §112 

and Z0BC{=-ZSCB) = 2Z0. §112 

.-. the sum of the A oi the A C B = 6 Z 0. 

.'.5 Z = 2ri,A, §98 

^ and Z = iof2Tt. A,oT^of 4: rt. A. 

.'. the arc B C is ^ of the circumference, and 
.'. the chord B G is a. side of a regular inscribed decagon. 

Hence, to inscribe a regular decagon, divide the radius in 
extreme and mean ratio, and apply the greater segment ten 
times as a chord. 

Q. E. F. 

395. Corollary 1. By joining the alternate vertices of a 
regular inscribed decagon, a regular pentagon may be inscribed. 

396. Cor. 2. By bisecting the arcs BG, GF, etc., a regular 
polygon of 20 sides may be inscribed, and, by continuing the 
process, regular polygons of 40, 80, etc., sides may be inscribed. 
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Proposition XVIII. Problem. 

897. To inscribe in a given circle a regular perUedecagm, 
or polygon of fifteen sides. 




F 

Let Q be the given circle. 
It is required to inscribe in Q a regular pentedecagon. 
Draw EH equal to a side of a regular inscribed hexagon, § 391 
and E F equal to a side of a regular inscribed decagon. § 394 

Join FH. 
Then FH will be a side of a regular inscribed pentedecagon. 
For the arc J^^ is J of the circumference, 

and the arc E F is ^ of the circumference ; 
.'. the arc FIfis i — ^, or ^, of the circumference. 

.*. the chord FIT is o. side of a regular inscribed pente- 
decagon, 

and by applying FH fifteen times as a chord, we have the 
polygon required. 

Q. E. F. 

398. Corollary. By bisecting the arcs FH, HA, etc., 
a regular polygon of 30 sides may be inscribed; and by con- 
tinuing the process, regular polygons of 60, 120, etc. sides may 
be inscribed. 
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Proposition XIX. Problem. 

399. To inscribe in a given circle a regular polygon 
similar to a given regular polygon, 

^ ->J> C D 





Let A BCD, etc., be the given regular polygon, and 
C D' E' the given circle. 

It is required to inscribe in C lyN a regular polygon 
similar to A B D, etc. 

From 0, the centre of the polygon ABC B, etc. 

draw 02) and C. 

From 0' the centre of tlie Q C D' E*, 

draw (y C and 0' D', 

making the Z 0' = Z 0. 

DrawC/'i)'. 

• Then C D' will be a side of the regular polygon required. 

For each polygon will have as many sides as the Z 
(=Z 0') is contained times in 4 rt. ^. 

.'. the polygon C D' E', etc. is similar to the polygon 
ODE, etc., §372 

{two regular polygons of the same number of sides are similar). 

Q. E. F. 
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Proposition XX. Problem. 

400. To circuTMcribe about a circle a regular polygon 
similar to a given inscribed regular polygon. 

BMC 




Let HMRSj etc.^pe a given inscribed refftdar polygon. 

It w required to circumscribe a regular polygon similar 
to HMRS, etc. 

At the vertices i7, J/, R, etc., draw tangents to the O, 
intersecting each other at A, B, C, etc. 

Then the polygon ABC D, etc. will be the regular poly- 
gon required. 

Since the polygon A BG D, etc. 

has the same number of sides as .the polygon ff MRS, etc., 

it is only necessary to prove that A B C JD, etc, is a regular 
polygon. § 372 



In the A BHMemd CMR, 



HM=MR, 

{being sides of a regular polygon). 



§ 363 
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the A BHM, BMH, CMR, and GRM are equal, § 209 
ifiting measured by halves of equal arcs) ; 

.-. the A BUM and CMB are equal, § 107 

(having a side and two adjacent A of the one eqtbal respectively to a side and 
two adjacent A of the other), 

.'.ZB-=Z.G, 

(being homologous A ofeqiial A ). 

In like manner we may prove A C = A £>, etc. 

.*. the polygon A B C I), etc., is equiangular. 

Since the A BUM, CMB, etc. are isosceles, § 241 
{two tangents draivnfrom the same point to aO are equal), 

the sides BffyBM, CM, C R, etc. are equal, 
(being homologous sides of equal isosceles ^). 

.*. the sides AB, BGy CD, etc. are equal. Ax. 6 

and the polygon ABC D, etc. is equilateral. 

Therefore the circumscribed polygon is regular and similar 
to the given inscribed polygon. § 372 

Q.E F. 



Ex. Let R denote the radius of a regular inscribed polygon, 
r the apothem, a one side, A one angle, and C the angle at the 
centre ; show that 

1. In a regular inscribed triangle a = R V^, r = ^ R, 
A = 60% C^ 120°. 

2. In an inscribed square a = R \[2, r = ^R ^2, A = 90°, 
C = 90°. 

3. In a regular inscribed hexagon a = R, r =^ ^ R V^, 
^ = 120°, (7 = 60°. 

R ()/5 - I) 

4. In a regular inscribed decagon a = ^ ' 

r = ii? VlO+ 2v/5, ^ = 144°, 0^ = 36°. 



234 



GEOMETRY. BOOK V. 



Proposition XXI. Problem. 

401. To find the value of the chord of one-half an arcy 

in terms of the chord of the whole arc and the radius of the 

circle, 

D 




Let AB be the chord of arc AB and AD the chord 
of one-half the arc A B. 

It 18 required to find the value of A D in terms of AB and 
R {radium). 

From D draw D H through the centre 0, 

and draw A, 

U D is J- to the chord ^ ^ at its middle point (7, § 60 
{pvoo poiTUSj and D, eqiuilly distaiU from the extremities, A and B, de- 



termine the position of a 1. to the middle point of A B), 



§204 



The /, HADh&B,^, Z, 
(5et9igr inscribed in a semicircle), ' 

.\AlP = I)ffX BGy §289 

(the square on one side of art. A is equal to the product of the hypotenuse by 
the adjacent segment made by the ± let fall from the vertex of the rt, Z. ). 

Now DH=2R, 

and DC = DO — CO^-R—GO; 

.'.Al}^ = 2R{R-'00y 
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Since A CO ia Ait, A, 

£o^=^r&^-<r(?\ §331 






= 4/ 4 /^ - ii^, 

2 
In the equation 1^ = 2 jK (i? — (76>), 

substitute for C its value ^ : 

then 



= 2^-7? (^4 ^ - i:B') . 
.-. il Z) = J^E^-RNim- A^^\ . 

Q. £. F. 

402. Corollary. If we take the radius equal to unity, 
the equation A D = \J 2 I^ — R hi i R^ — l£^\ becomes 

AI) = ^2-^4:-AB^. 
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Proposition XXII. Problem. 

403. To compute the ratio of the circumference of a 
circle to its diameter, approximately. 




Let G be the circumference and R the radius of a 
circle. 



Since 



_ 

IT , 

2R' 

O 
when 7? = 1, 7^ = 2* 



§376 



It is required to find the numerical value of ir. 

We make the following computationsi by the use of the 
formula obtained in the last proposition, 

when ^ ^ is a side of a regular hexagon : 
In a polygon of 

Fonn of Computation. 

12 ^/> = V2-V^r=^ 



No. 
Sides. 



24 ^Z) = V^ 2-V^4 — (.51763809)2 
^/>==V2-V^4- (.26105238)2 
^ /> = ^2 - v^4 - (. 1 3080626)^ 



48 

96 

192 

384 

768 



Length of Side. 

.51763809 
.26105238 
.13080626 
.06543817 
.03272^46 



Perimeter. 

6.21165708 
6.26525722 
6.27870041 
6.28206396 
6.28290510 



^J9 = y ^2-v^4- (.06543817)2 

^ 2> = v /2 - v^4 - (.03272346)2 .01636228 6.28311544 



.00818121 6.28316941 



(.01636228)2 

Hence we may consider 6.28317 as approximately the cir- 
cumference of a O whose radius is unity. 

u- 1, ^ G 6.28317 
.'. TT, which equals — , = il. 

2 2 



.•.'7r= 3.14159 nearly. 



Q. E. F. 
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On Isoperimbtrioal Polygons. — Sxtpflbmentaby. 

404. Dbp. Isoperimetrical figures are figures which have 
equal perimeters. 

405. Def. Among magnitudes of the same kind, that 
which is greatest is a Maximum, and that which is smallest 
is a Minimum, 

Thus the diameter of a circle is the maximum among all 
inscribed straight lines; and a perpendicular is the minimum 
among all straight lines drawn from a point to a given straight 
lina 

Proposition XXIII. Theorem. 

406. Of all triangles having two sides respectively equal y 
that in which these sides include a right angle is the maxi- 
mum. 



E 

1 


K 



D 



D 



Let the triangles ABC and EBC have the sides AB 
and BC equal respectively to EB and BC; &nd 
let the angle ABC he a right angle. 

We are to prove A ABO A EBC. 

From E, let faU the ± E B. 

The A ABC and EB C, having the same base B C, are to 
each other as their altitudes A B and E Dj § 326 

(^ having the same base are to each other as their altiticdes) 

Now EB is < EB, § 52 

(a X is the shortest distance from apoirU to a straight line). 
But EB = AB, Hyp. 

.-. ED'\Q<AB. 
.'.AABOAEBC. 

Q. E. D. 
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Xh/ 



Proposition XXIV. Theorem. 



407. Of all polygons formed of 8ide% all given but one, 
the polygon inscribed in a semicircle y having the undetermined 
side for its diameter ^ is the maximum. 

C 




Let A By BCy CD, and D E be the sides of a polygon 
insciibed in a semicircle having A E for its di- 
ameter. 

We are to prove the polygon ABODE the maximum of 
polygons having th^e sides A B, B 0, Dy and D E. 

rrom any vertex, as 0, draw OA and OE, 

Then the Z AO E is a, rt. Z , § 204 

(being inscribed in a semicircle). 

Now the polygon is divided into three parts, ABO, ODE, 
and A E, 

The parts ABO and ODE will remain the same, if the 
Z AO Ehe increased or diminished ; 

hut the part AO E will he diminished, § 406 

{of all A Juiving two sides respectively equaly thai in which these sides in- 
clude art. Zis the maximum). 

.'. ABO D E is the maximum polygon. 

Q. E. D. 
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Proposition XXV. Theorem. 

408. The maximum of all polygonn formed of^iven aides 
can he inscribed in a circle, 

Hf Di 





A A' 

Let ABC DU be a polygon inscribed in a circle, and 
A' B' C D' E' be a polygon, equilateral with re- 
spect to ABODE, but which cannot be inscribed 
in a circle. 

We are to prove 
the polygon ABCDE>the polygon A' B' C D* E'. 

Draw the diameter A H, 

JomGHa,udI)K 

Upon C D' (= G D) construct the A C II' D' =- A C H Dy 

and draw A' H', 

Now the polygon ABC II > the polygon A' B' C H', § 407 

{of all polygons forToed of sides all given hut one^ the polygon inscribed in a 
semicircle having the undetermined side for its diameter , is the maximum). 

And the polygon A ED ff> the polygon A' E' D' W, § 407 

Add these two inequalities, then 

the polygon ABCIIDE>the polygon A'B'C'H'B'E, 

Take away froln the two figures the equal ^ C H D and 

c'H'iy, 

Then the polygon ABCDE>t\iQ polygon A' B' C D' E'. 

Q. E.D. 
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Proposition XXYL Theorem. 

409. Of all triangles having the same base and equal 
perimeters, the isosceles triangle is the maximum. 



y-,H 




Let the AACB and ABB have equal perimeters, 
and let the AACB be isosceles. 

We are to prove AACB>AADB, 

Draw the -fe CE and D F. 



AACB 



CE 



§326 



AABD DF' 
(A having the same base are to'each other as their altitudes). 

Produce AC to R, making C H = AC. 

' Draw HB. 

The A ABH \a a rt. Z, for it will be inscribed in the 
semicircle drawn from (7 as a centre, with the radius C B, 
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From C let faU the L CK\ 

and from i> as a centre, with a radius equal to DB, 

describe an arc cutting ITB produced, at P. 

Draw DP and ilP, 

and let fall the ± B M, 

Since AH^AC+CB = AD + I)B, 

and AP<AI)-\- DP; 

.\AP<AD + DB) 

,\AH> AP, 



..BU> BF. 


§56 


Now BK=\BH, 


§113 


(a ± drawn from the vertex of an isosceles A bisects the base). 




and BM=^BP. 


§113 


But CE = BK, 


§135 


(ll» eomprehencUd between lis are equal); 




and DF=BM, 


§135 


.•.CE>DF. 




.■.AACB>AADB. 





Q. E. D. 
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Proposition XXVII. Theorem. 

410. The maximum of isoperimetrical polygons of the 
same number of sides is equilateral. 





Let ABC D, etc., be the maximum of isoperimetxiced 
polygons of any given number of sides. 

We are to prove AB, BOy G B, etc., equal. 

Draw A C. 

The A ABC must be the maximum of all the A which . 
are formed upon A with a perimeter equal to that of A ABC. 

Otherwise, a greater A A KG could be substituted ioiAAB C, 
without changing the perimeter of the polygon. 

But this is inconsistent with the hypothesis that the poly- 
gon ABG D, etc., is the maximum polygon. 

.-. the A il ^ G, is isosceles, § 409 

{of all A having the same base and equal perimeters, the isosceles A is (he 
m^aximum). 

In like manner it may be proved that B G = G D, etc. 

Q. E. D. 

411. Corollary. The maximum of isoperimetrical poly- 
gons of the same number of sides is a regular polygon. 

For, it is equilateral, § 410 

{the maximum of isoperimetrical polygons of the same number of sides is 
equilateral). 

Also it can be inscribed in a O, § 408 

{the iTtaodmum of all polygons formed of given sides can be inscribed in a O). 

Hence it is regular, § 364 

(an equilateral polygon inscribed in a Q is regular). 
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Proposition XXVIII. Theorem. 

412. Of isoperimetrical regular polygons^ that is greatest 
which has the greatest number of sides. 





Let Q be a regular polygon of three sides, and Q' be 
a regular polygon of four sides, each having the 
same perimeter. 

We are to prove Q' > Q. 

In any side A£ of Q, take any point D. 

The polygon Q may be considered an irregular polygon 
of four sides, in which the sides A I) and I) B make with each 
other an Z equal to two rt. A . 

Then the irregular polygon Q, of four sides is less than the 
Tegular isoperimetrical polygon Q' of four sides, § 411 

{the maacimum of isoperimetrical polygons of the same number of sides is a 
regular polygon). 

In like manner it may be shown that Q* is less than a 
regular isoperimetrical polygon of five sides, and so on. 

Q. E. D. 



413. Corollary. Of all isoperimetrical plane figures the 
circle is the maximum. 
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Proposition XXIX. Theorem. 

414. If a regular ^polygon he coTistructed with a given 
area, its perimeter will be the less the greater the number 
of its sides. 



Q 





Let Q and Q! be regnlar polygons having the same 
area, and let Q* have the greater number of sides. 

We are to prove the penmeter of Q^ the perimeter of Q, 

Let Q" be a regular polygon having the same perimeter as 
§', and the same number of sides as Q, 

Then ^ is > Q", § 412 

{pf isoperimetrical regular polygoins, tJial is the greatest which has the greatest 
number of sides). 

But Q = Q'y 

.-. Qia> G". 
.'. the perimeter of Q is > the perimeter of Q^', 
But the perimeter of Q^ == the perimeter of ^', Cons. 
.'. the perimeter of § is > that of Q*. 

a. E. D. 

415. Corollary. The circumference of a circle is less than 
the perimeter of any other plane figure of equal area. 
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On Symmetry. — Supplementary. 

416. Two points are Symmetrical when they are situated 
on opposite sides of, and at equal distances from, a fixed point, 
line, or plane, taken as an object of reference. 

417. When a point is taken as an object of reference, it is 
called the Centre of Symmetry ; when a line is taken, it is called 
the Aods of Symm^ry ; when a plane is taken, it is called the 
Plane of Symm^ry, 



418. Tvjo points are symmetrical with re- 
spect to a centre, if the centre bisect the straight 
line terminated by these points. Thus, P, P' 
are symmetrical with respect to C, if (7 bisect 
the straight line P P, 



419. The distance of either of the two symmetrical points 
from the centre of symmetry is called the Radius of Symmetry. 
Thus either C P ot C P' is the radius of symmetry. 




420. Ttoo points are symmetrical with 
respect to an axis, if the axis bisect at right 
angles the straight line terminated by these 
points. Thus, P, P' are symmetrical with re- 
spect to the axis XX', if XX' bisect PP' at 
right angles. 



~X' 



421. Tufo points are symmetrical with 
respect to a plane, if the plane bisect at 
right angles the straight line terminated by 
these points. Thus P, P' are symmetrical 
with respect to MN, 'd M N bisect P P' at 
right angles. 



M^ 



P 
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422. Ttoo plane figures are symmetrical with respect to a 
centre, an axis, or a plane, if every point of either figure have 
its corresponding symmetrical point in the other. 

A 

A Bf 




Fig. 1. Fig. 2. Fig. a 

Thus, the lines A B and A' B' are symmetrical with respect 
to the centre G (Fig. 1), to the axis XX' (Fig. 2), to the plane 
M N (Fig. 3), if every point of either have its corresponding 
symmetrical point in the other. 




Also, the triangles AB D and A' B' D' are symmetrical with 
respect to the centre G (Fig. 4), to the axis XX' (Fig. 5), to the 
plane M N (Fig. 6), if every point in the perimeter of either 
have its corresponding symmetrical point in the perimeter of tlie 
other. 

423. Def. In two symmetrical figures the corresponding 
symmetrical points and lines are called homologous. 
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Two symmetrical figures with respect to a centre can be 
brought into coincidence by revolving one of them in its OWD 
plane about the centre, every radius of symmetry revolving 
through two right angles at the same time. 

Two symmetrical figures with respect to an axis can be 
brought into coincidence by the revolution of either about the 
axis until it comes into the plane of the other. 

424. Dep. a single figure is a symmetrical figure^ either ' 
when it can be divided by an axis, or plane, into two figures 
symmetrical with respect to that axis or plane ; or, when it has 
a centre such that every straight line drawn through it cuts the 
perimeter of the figure in two points which are symmetrical 
with respect to that centre. 




Fig. 1. 



Fig. 2. 



Thus, Fig. 1 is a symmetrical figure with respect to the 
axis XX\ if divided by XX' into figures ABC D ojid A BCD 
which are symmetrical with respect to XX', 

And, Fig. 2 is a symmetrical figure with respect to the 
centre 0, if the centre bisect every straight line drawn 
through it and terminated by the perimeter. 

Every such straight line is called a diameter. 

The circle is an illustration of a single figure symmetrical 
with respect to its centre as the cenUre of symmetry, or to any 
diameter as the axis of symmMry. 
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Proposition XXX, Theorem. 

425. Two equal and parallel lines are symmetrical with 
reaped to a centre, 

A Bf 




B A' 

Let A B and A' B' be equal and parallel lines. 
We are to prove A B and A* B' symmMricaL 
Draw A A' and B B', and through the point of their inter- 
section (7, draw any other line HCH', terminated in -4-6 and 
A'B', 

In the A GAB and C A' B' 

AB = A'B', Hyp. 

also, A A and B=^ A A' and B' respectively, § 68 

(being alL4nt. A ), 

.\ACAB = A CA'B'-, § 107 

.\C A and GB = C A' and C Bf respectively, 
{heiiig hmnologoiis sides of equaX A). 

Now in the A AC H ^n^ A' G H' 

AG-^A'G, 

A A QX1& AG H ^ A A' Qiidi A' GB respectively, 

.\AAGH=-AA'GH', § 107 

(havitig a side arid two ady, A of the one equal respectively to a side and tm 
adj. A of the other), 

,\GH^GH\ 

(being homologous sides of equal i^ ). 

/. ZP is the symmetrical point of H, 
But H is a7if/ point ia AB ; 
.'. every point in AB has its symmetrical point in A' B, 
.\ A B and A' B' are symmetrical with respect to (7 as a 
centre of symmetry. 

Q. E. D. 

426. Corollary. If the extremities of one line be re- 
spectively the symmetricals of another line with respect to the 
same centre, the two lines are symmetrical with respect to that 
centre. 
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Proposition XXXI. Theorem. 

427. If a figure he symmetrical with respect to two axes 
perpendicular to each other, it is symmetrical with respect 
to their intersection as a centre, 

Y 



Xf 





J B 


^ ;i7 




A 






Z"^" 


I 


K 









G 


F 





Let the fi^re ABGDEFGH be symmetzical to the 

two axes XX\ YY' which intersect at 0, 

We are to prove the centre of symmetry of the figure. 

Let / be any point in the perimeter of the figure. 

Draw IKL ± to X X\ and IMN± to YT. 

JoinZO, ON, s.udKM. 

-Now KI=KL, §420 

(fhe figure being symmetrical vnth respect to X X^). 

But KI=OM, § 135 

(Il5 compreTtended between \\s are egual), 

.\KL=OM. Ax. 1 

.'.XLOMisslO, §UQ 

(having two sides equal and parallel). 

.*. Z is equal and paralkl to KM, § 134 

{being opposite sides of a O). 
In like manner we may prove N equal and parallel to KM, 
Hence the points L, 0, and N are in the same straight line 
drawn through the point ^ to K M. 

Also LO = ON, 

(smce each is equal to K M), 
,\ any straight line LO N, drawn through 0, is bisected at 0, 
.'. is the centre of symmetry of the figure. § 424 

Q. E. D. 
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Exercises. 

1. The area of any triangle may be found as follows : From 
half the sum of the three sides subtract each side severally, mul- 
tiply together the half sum and the three remainders, and extract 
the square root of the product. 

Denote the sides of the tri- 
angle ABC hj a,bf c, the alti- 
tude by p, and by a. 

Show that 

a^ = b^i-c^-2cXAD, 

^^ 2c ' 

and show that 

4/ ' 




= 62- 






2c 



P 



_^ {b+ c+ a) {b + c- a) (a + b- c) {a— b + c) 



2c 



Hence, show that area of A A B C^ which is equal to 



cXp 



= jV(6 + c + a)(6 + c-a)(a + 6-c)(a-6 + c), 
= V^s(5 — a)(s — 6)(« — c). 

2. Show that the area of an equilateral triangle, each side of 
which is denoted by a, is equal to — j- . 

3. How many acres are contained in a triangle whose sides 
are respectively 60, 70, and 80 chains ] 

4. How many feet are contained in a triangle each side of 
which is 75 feet ] 
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On Lines and Planes. 

428. Dep. a Plane has already been defined as a surface 
such that the straight line joining any two points in it lies 
wholly in the surface. 

The plane is considered to be indefinite in extent, so that 
however far the straight line be produced, all its points lie in 
the plane. A plane is usually represented by a quadrilateral 
supposed to lie in the plane. 

429. Def. The Foot of a line is the point in which it 
meets the plane. 

430. Dep. A straight line is perpendicular to a plane if 
it be perpendicular to every straight line of the plane drawn 
through its foot. 

In this case the plane is perpendicular to the line. 

431. Def. The Distance from a point to a plane is Ihe 
perpendicular distance from the point to the plane. 

432. Dep. A line is parallel to a plane if all its points be 
equally distant from the plane. 

In this case the plane is parallel to the line. 

433. Def. A line is oblique to a plane if it be neither per- 
pendicular nor parallel to the plane. 

434. Dep. Two planes are parallel if all the points of 
either be equally distant from the other. 

435. Def. The Projection of a point on a plane is the foot 
of the perpendicular from the point to the plane. 

436. Def. The projection of a line on a plane is the locus 
of the projections of all its points. 

437. Def. The plane embracing the perpendiculars which 
project the points of a straight line upon a plane is called the 
projecting plane of the line. 



262 GEOMETRY. BOOK VI. 

438. Dep. The angle which a line makes with a plane is 
the angle which it makes with its projection on the plane. 

This angle is called the Inclination of the line to the plane. 

439. Def. a plane is determined by lines or points, if 
no other plane can embrace these lines or points without being 
coincident with that plane. 

440. Def. The intersection of two planes is the locus oi 
all the points common to the two planes. 

441. An infinite number of planes may embrace the same 
straight line. 

Thus, if the plane MN em- -^ 

brace the line ^ ^ it may be made 
to revolve about -4 ^ as an axis, 
and to occupy an infinite number ^^ 
of positions, each of which is the / 
position of a plane embracing the 
line A B. 

442. A plane is determined by a straight line and a point 
without that line. 

Thus, let any plane em- M 

bracing the straight line A£ 

revolve about the line as an axis y^ ^^^-^""^ ^^^^ 
until it embraces the point G. 

Now if the plane revolve either way about the line ^ ^ as 
an axis, it will cease to embrace the point (7. 

Hence any other plane embracing the line A B and the 
point C must be coincident with the first plaie. § 439 

443. Three points not in a straight line determine a plane. 
For, by joining any two of the points, we have a straight 

line and a point which determine a plane. § 442 

444. Two hitersecting straight lines determine a plane. 

For, a plane embracing one of these straight lines and any 
point of the other line (except the point of intersection) is deter- 
mined. § 442 

445. Two parallel straight lines determine a plane. 

For, a plane embracing either of these parallels and any 
point in the other is determined. § 442 
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Proposition L Theorem. 

446. If two planes cut one another their intersection is 
a straight line. 




Let M N and FQ be two planes which cut one another. 

We are to prove their intersection a straight line. 

Let A and B be two points common to the two planes. 

Draw the straight line A B, 

Since the points A and B are common to the two plane&, 
the straight line A B lies in both planes. § 428 

Now, no point out of this line can be in both planes ; 

for, if it be possible, let C be such a point. 
But there can be but owe plane embracing the point C and 
the line A B. § U2 

,\ C does not lie in both planes. 

.'. every point in the intersection of the two planes lies in 
tte straight line A B, 

Q. E. D. 
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Proposition II. Theorem. 

447. From a point without a plane only one perpendic- 
ular can be drawn to the plane ; and at a given point %% a 
plane only one perpendicular can be effected to the plane. 



Fig. 1. 



1 ■ N 



M 



-7) 



Fig. 2. 



7 

N 



Let CD {Fig.T) be a perpendicular let fall from the 
point C to the plane MN, 

We are to prove that no other J_ can be dravmfrom the point 
C to the plane M N, 

If it be possible, let C B he another J. to the plane MN, 

and let a plane F Q pass through the lines C B and CD. 

The intersection of F Q with the plane ifiV is a straight 
lineBD. §446 

Now if CD and CB be both ± to the plane, the A CBD 
would have two rt. A, CBD and C D B^ which isTinpos- 
sible. § 102 

Let D C (Fig. 2) he a perpendicular to the plane MN at 
the point D. 

If it be possible, let D A \yQ another ± to the plane from 
the point D, 

and let a plane F Q pass through the lines D and D A. 

The intersection oi F Q with the plane MNi^o, straight line. 

Now \i DC and D A could both be ± to the plane MN at 
D, we should have in the plane F Q two straight lines ± to the 
line DQ bX the point D, which is impossible. § 61 

Q. E. D. 

448. Corollary. A perpendicular is the shortest distance 
from a point to a plane. 
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Proposition III. Theorem. 

449. If a straight line be joerjaendicular to each of two 
straight lines drawn through its foot in aj)lane it is perpen.. 
dicular to the plane, 

D 





t DC be peipendicnlar to each of the two lines 
C A' and BOB' drawn through its foot in the 
plaice MN, 

We areata prove DC JL to tJie' plane M N, 

^Take CA = OA' ^ndiCB= GBf. 

Join il.B and il'^'. 



re.to ^ 



Then A B and A' B' are symmetrical with respect to C, § 426 
{tlieir extremities being symmetrical). 

Through C draw any line HC H' m the plane M N, 

Then U and H' are symmetrical, § 422 

(being corresponding points in the symmetrical lines A B andA^B^). 

About C, the centre of symmetry, revolve A B, keeping A G 
and BG J^ to CD, until it comes into coincidence with A^ B\ 

Then the point IT will coincide with its symmetrical 
point M\ 

and Z JDCJS^ will coincide with, and be equal to, Z DGW. 

.-. A DGHdJidi DGW are rt. A. § 25 

.\DGi%JLioHGH\ 

Now since DC is J. to any line, HGH\ drawn through 
its foot in the plane MN^ it is JL to every such line. 



.*. BC\^ J- to the plane MN. 



' § 430. 

0. E. D. 



256 



GEOMETRY. BOOK VI. 



Proposition IV. Theorem. 
450. Oblique lines drawn from a point to a plane at 
equal distances from the foot of the perpendicular are equal; 
and of two oblique lines uneqiialli/ distant from the foot cfthe 
perpendicular the more remote is the greater. 




Let the oblique lines BC, BD, and BE, be drawn at 
equal distances, A C, AD, and A E, from the foot 
oi the perpendicular BA ; and let BC be drawn 
more remote from the foot of the perpendiculai 
than Ba 

We are to pi-ove I. BC=^BD = BE. 
II. BOBC. 

I. Ill the rt. ABAC and BA D 

BA =BA, 
AC^AD, 
and ji./.BAC = Ti.Z.BA D. 

.\ABAC=^ABAD, 

.\BC=-BD, 

(being homologous sides of eqiuil ^ ). 

II. Since ^ C" is > ^ (7, 
BC'ie>BC, 



Iden. 
Hyp. 

§106 



§55 

Q. E. D. 

451. Cor. 1. Equal oblique lines from a point to a plane 
meet the plane at equal distances from the foot of the perpendic- 
ular; and of two unequal oblique lines, the greatermeets the plane 
at the greater distance from the foot of the perpendicular. 

452. GoR. 2. All equal oblique lines BC, BD, etc., drawn 
from a point to a plane terminate in the circumference CBE 
described from ^ as a centre with a radius equal to A C. Hence, 
to draw a perpendicular from a point to a plane, draw any ob- 
lique line from the given point to the plane ; revolve this line 
about the point, tracing the circumference of a circle in the plane, 
and draw a line from the point to the centre of the circle. 



LINES AND PLANES. 



257 



Proposition V. Theorem, 

453. If three straight lines meet at ofie pointy and a 
straight line he perpendicular to each of them at that pointy 
the three straight lines lie in the same plane. 




Let the straight line AB be perpendicular to each oi 
the straight lines BC,BD, and BE, at B. 

We are to prove B C, B D, and BE in the same plane M N. 

If not, let B D and BE be in the plane M N, and B C with- 
out it ; and let P H, passing through A B and B (7, cut the plane 
M N in the straight line B H. 

Now AB, BC, and J5 IT are all in the plane P H, 

and since A B \a JL to B D and B E, it is JL to the 

plane i¥iV, § 449 

{if a straight line he 1. to each of two straight lines draion through its foot 
in a plane, it is 1. to the plane). 

.'. A B is JL to B II, a, straight line in the plane M N, ^ 430 

{a ± to a plane is ± to every straight line in that plane dravon through 



its foot). 

That is Z A BII is SLTt. A. 

But A ABC is a rt. Z. 

.\/.ABC=^Z.ABIL 

.\ BC and BII coincide. 

.\ B C is not without the plane MN. 



Hyp. 



Q. £. D 



454. Corollary. The locus of all perpendiculars to a given 
straight line at a given point is a plane perpendicular to this 
given straight line at the given point. 

455. Scholium. In the geometry of space the tenn locus 
has the same signification as in plane geometry, only it is not 
limited to lines, but is extended to include surfaces. 
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Proposition VI. Theorem. 

456. If from the foot of a perpendicular to a plane a 
straight line be drawn at right angles to any line of the plane, 
the line drawn from its intersection toith the line of the plane 
to any point of the perpendicular is perpendicular to the line 
of the plane. 




Let P F be a perpendicular to the plane M N, FC 
a perpendicular from the toot of PF to any line 
A By in the plane MN^ and C P a line drawn from 
its intersection with AB to any point P in the 
perpendicular PF, 

We are to prove C P -L to A B, 

Take CA = CB and draw FA, FB, PA, P B, 

Now FA = FB, §53 

{two oblique lines draxon from a point in a J. cutting off equal distances 
frmx the foot of the ± are equal), 

and PA^PB, §450 

{oblique lines drawn from a point to a plane at equal dista^ices from the 
foot of the ± are equal). 

.\PChl-ioAB, §60 

{two points equally distant from the extremities of a straight line detenni'M 
the ± at the middle ])oint of the line). 

Q. E. D 



LINKS AND PLANES. 



259 



Proposition VII. Theorem. 

457. If a line he perpendicular to a plane, every line 
which is parallel to t/iis perpendicular is likewise perpendic- 
nlar to the plane, 

A C 



M 



\ 



XTT 7 



Let AB be perpendicular to the plane MN^ and CD 

any line parallel to AB. 
/ We are to prove G D perpendicular to the plane M N, 

Draw B D in the plane MN, and through I) draw E Fin 
the plane MN J- to B D, and join JD with any point in A B, 
as A. 

BI)i3±toAB, §430 

(if a straigJU line be 1. to a plane it is Jl to every line of the plane drawn 
through its foot) ; 

itisalso±toCi>, §67 

{if a straight line he ± to one of two \\s, it is 1. to the other). 

Now EFi^A^ioAD, § 456 

{if from the foot of a 1. to a plane a straigJU line he drawn at right angles to 

any line of the plane, the line draimi from its intersection with the line 

of the plane to any point in the JL is ± to the line of the plane), 

and is also l^io B D. Cons. 

.-. ^ i^ is ± to the plane ABDC, § 449 

(a straight line X to two straight lines drawn through its foot in a plane is 
± to the plane), 

.\EFis±to CD, § 430 

{if a straigJU line he ± to a plane it is 1. to every line of tlie plane drawn 
through its foot). 

.'. CD is ± to BB and E F, and consequently to the 
nlsLneMN. §449 

Q. E. D. 

458. Corollary 1. Two lines which are perpendicular to 
the same plane are parallel. 

469. CoR. 2. Two lines parallel to a third straight line not 
in their own plane are parallel to each other. 
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Proposition VIII. Theorem. 

460. If a straight line and a plane be perpendicular to 
the same straight line, they are parallel. 



M 



iJ 

In 



Let the straight line B G and the plane MN he per- 
pendicnlar to the straight line A B, 

We are to prove BC W to MN, 

rrom any point C of the line J5 C let C J9 be drawn per- 
pendicular to MN. 

Join A D, 

B A and C j9 are parallel, § 458 

Q,wo straight lines JL to the same plane are 11 ). 

ADi^LioBA, §430 

(if a straight line he 1. to a plane it is J_ to every line of the plane drawn 
through its foot). 

,', AD and B C are parallel, § 65 

(two straight lines ± to the same straigJU line are II ). 

.'. A BC D is a CJ. §125 

.\CD^AB, §134 

Now, since C is any point in the line B C, all the points in 
B C are equally distant from the plane M N, 

.\BC\^\\ioMN, §432 

(a line is II to a plane if all its points he equally distant from the plane), 

Q. E. D. 
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Proposition IX. Theorem. 



461, If two planes be perpendicular to the same straight 
line they are parallel. 

P 

r / 



B.. 



M 



v7 



Let the two planes MN and PQ be pezpendicular to 
the straight line A B, 

We are to prove P Q W to MN. 

From any point G in the plane P Q draw C Z> J- to if iV. 

Join B C. 

BCi8±toAB, § 430 

{if a straight litie he JL to a plane it is JL to every line of the plane drawn 
. through its foot). 

.-. J? C is II to the plane M N, § 460* 

(if a straight line and a plane he X to the same straight line they are II ). 

.•'. C D'\^ equal to ^ ^, § 432 

{if a straight line he II to a plarie, all its points are equally distant from the 

plane). 

Since C is any point in the plane P Q, all the points in 
the plane PQ are at equal distances from MN, 

.'. PQ 18 W to MN, §434 

(two planes are II if all the points of either he equally distant from the other), 

Q. E. D. 
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Proposition X. Theorem. 

462. If two angles not in the same plane have t/ieir 
sides respectively parallel and lying in the same direction, 
they are equal. 

M 




Let A A and A' be respectively in the planes M N and 
P Q and have A D parallel to A' jy and A C parallel 
to A' C and lying in the same direction. 

We are to prove Z. A = /. A*, 

Take AD = A' D' and AC==A' C, 
Join A A', D D', C C", C D, C D'. 
Since AD \& equal and II to A' D', the figure ABD^A' 
is a O, § 136 

.\AA' = Diy. §134 

In like manner AA' = C C, 

.\Ca = DD\ Ax. 1 

Also, since C C and D D are respectively II to A A', they 

are II to each other, § 459 

{two straight Hives Wto a third straight line not in their own plane are II to 

each other). 
/.CBD'C'i^^n. § 136 

.'.eD=^C'D', §134 

.\AADG=^AA'iyC', §108 

{having three sides of the one equal respectively to three sides of the oth^). 
.\ZA = Z A\ 
{being hxjmologous A of equal A). 

463. Corollary. If two angles lie in different planes and 
have their sides parallel and extending in the same direction, the 
planes are parallel. For the intersecting lines, A G and A 2), 
which determine the plane MN are parallel respectively to the 
lines A^ G' and A' ly which determine the plane P Q, therefore 
the planes are determined parallel. 
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Proposition XL Theorem. 
464. Two parallel lines comprehended between two par- 
allel planes are equal. 



p 






m/ 


/ 




/i'^--"^ 


■ ^^' L 



Let the two parallel lines AB and C D he included 
between the parallel planes MN and P Q. 

We are to prove AB = C D. 

liAB and (7 i) be J- to the two II planes they are equal, § 434 
{if two planes be II, all the points of either are equally distant frmn the other), 

li A B and C i> be not JL to the two II planes, draw from 
the points A and C the lines A E and G F l^io the plane M N. 

AEi^WtoCF, §458 

{two lines ± t&^the satne plane are II ). 

Join ^i^ and i>i?'. 

In A^^^and F B, 

AE=CF, §434 

ZAEB = /.CFn, §430 

{if a straight line he 1. to a plane U is jL to any line of the plane drawn 
through its foot) ; 

and Z.BAE = /.DCF, §462 

{if two A not in the sariie plane have their sides II and lying in the same 
direction they are eqvuil). 

r.AAEB = A CFD, § 107 

{Jiaving a side and two adj. A of the one equal respectively to a side and two 
adj. A of the other). 



Hence AB=^CD, 

{being homologous sides of equal ^ ). 



Q. E. D. 
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Proposition XII. Theorem. 

465. The intersection of two jaarallel planes by a third 
plane are parallel lines. 




Let the plane jS intersect the parallel planes P Q 
and MN in the lines A C and B D respectively. 

We are to prove AC W to BB. 

Through the points A and C draw the II lines A B and 
CZ>in the plane OS. 

Now AB^GD, §464 

( II liriea comprehended between II planes are eqital). 



.'.ABCDiseiO, 
(having two sides eqiuil and II ). 

.'.AC is II to BD, 
{being opposite sides o/aCJ). 



§136 
§125 



Q.E. O. 
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Proposition XIIL Theorem. 

466. If a straight line be perpendicular to one of two 
parallel planes it is perpendicular to the other. 
M 



D 






7 



N 



— V^ 



7 



Q 

Let MN and PQ be parallel planes and AB be per- 
pendicular to PQ. 

We are to prove AB l^to MN. 

Let two planes embracing AB intersect the planes MN and 
PQYCiAC.BEzxAAByBF respectively. 

Then il C is II to ^i^ and ^ i> to BF, § 465 

{iht intersections of two W planes hy a third plane are II linei). 

But EB and FB are ± to ^ ^, § 430 

(i/ a straigM line be ±to a plane it is ± to every straight line of the plane 
dravm through its foot). 

.\ AC and A D which are respectively II to .Bj^ and B F 
areJLto^jB, §67 

{if a straight line he 1. to one of two II lin^, it is ± to the other). ■ 

.'. A B is 1. to MN, §449 

({/ a line be J. to tivo straight lines in a plane drawn through its foot it is 1. 
to the plane). 

Q. E. D. 

467. Corollary. If two planes be parallel to a third plane 
they are parallel to each other. For, every line perpendicular to 
this third plane is perpendicular to the other planes j and two 
planes perpendicular to a straight line are parallel. 
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Proposition XIV. Theorem. 

468. If a straight line be parallel to another straight 
line drawn in a plane y it is parallel to the plane, 
A C 

A 7^ 



3// 



B'^ 



7 



Now 



Also 



and 



N 
Let AG be parallel to the line B D in the plane MK 

We are to prove AC W to the plane M N, 

From A and (7, any two points in A C, draw A B and CD 
A-ioBD, and AEoji^C F A^to the plane M N. 

Join BJUandDF, 

il^is II to CD, 
(two straight lines ± to the same line are II ). 

AB = CD, 

( II lin£s comprehended between II lines are eqital), 

A Bis II to CF, 

(two straight lines JL to the sa'ine plane are II ). 

,\/.BAE==A DGFy 

(if two A. not in the saine plane have their sides II and lying in the same 
direction, they are equal). 

.-. rt. A ^ ^^ = rt. A C F D, § 110 

(two rt. ^ are equal v)hen an a^ute Z. and the hypotenuse of the one are 
equal respectively to an acute Z. and the hypotenuse of the other), 

.\AE=GF, 

(being homologoics sides of equal ^ ). 

Now since the points A and G, any two points in the line 
A Gf are equally distant from the plane MN', 

all the points in J. C are equally distant from the 
plane MN, 

/. il C is II to the plane MN. § 432 

Q. E. D. 



§65 
§135 
§458 
§462 
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Proposition XV. Theorem. 
469. If two straight lines be intersected hy three par^ 
allel planes their corresponding segments are proportional. 




v^.-' 



Let A B and G B be intersected by the parallel plsaies 
MN, PQ.RSyin the points A, E, B, and C, Fy D, 

m * AE OF 

We are to prove = . 

^ EB FD 

Draw A D cutting the plane PQ in G» 
Join EG smdFG. 



Then E G is W to BD, 

(the intersections of two II planes hy a third plane are 

• £:? = A^ 
'^ EB" GD' 



§465 



lines). 



§275 



{a line dravm through two sides of a ti^ W to the third side divides those 
, sides proportionally). 

Also, 



GF\s II to^C, 


§465 


. G F AG 
" FD GD' 


§275 


. AE __ OF 
EB FD' 


Ax. 1 




Q. E. D. 
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On Dihedral Angles. 

470. Def. The amount of rotation which one of two inter- 
secting planes must make about their intersection in order to 
coincide with the other plane is called the Dihedral angle of 
the planes. 

The Faces of a dihedral angle are the intersecting planes. 

The Edge of a dihedral angle is the intersection of its faces. 

The Plane angle of a dihedral angle is the plane angle 
formed by two straight lines, one in each plane, perpendicular 
to the edge at the same point. 

Thus, in the diagram, 
C'A B-D is a dihedral an- 
gle, CB and D A Bxe its 
faces, ABiQ its edge, PH 
is its plane angle if OP 
and HP in the faces be 
perpendicular to the edge A B dX> the same point P. 

471. l^he plane angle of a dihedral angle has the same mag- 
nitude from wliatever point in the edge we draw the perpendum- 
lars. For every pair of such angles have their sides respectively 
parallel (§ 65), and hence are equal (§ 462). 

Two equal dihedral angles, D-A B-C, and B-A B-E', have 
corresponding equal plane angles, D AC and 
DAE, This may be shown by superposi- 
tion. 

Any two dihedral angles, C-A B-E' and 
E-A B-H', have the same ratio as their corre- 
sponding plane angles, C A E and E A II, This 
may be shown by the method employed in jg 
§200 and §201. 

Hence a dihedral angle is measured by its 
plane angle. 

It must be observed that the sides of the 
plane angle which measures the dihedral angle must be perpendic- 
ular to the edge. Thus in the rectangular solid A H, Fig. 1, the 
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dihedral angle F-B A-H, is a right dihedral angle, and is meas- 
ured by the angle CED, if its sides OE and ED, drawn in 
the planes ^-Fand AG respectively, be perpendicular to AB. 
But angle O^E^B^, drawn as represented in the diagram, is 
acute, while angle 0'^E'*B'\ drawn as represented, is obtuse. 



I 


\ \< \ 


/- ' \ 


\ 


\ 



5'ig. 1. 



G 




Fig. 2. 



Many properties of dihedral angles can be established which 
are analogous to propositions relating to plane angles. Let the 
student prove the following : 

1. If two planes intersect each other, their vertical dihedral 
angles are equal. 

2. If a plane intersect two parallel planes, the exterior- 
interior dihedral angles are equal ; the alternate-interior dihedral 
angles are equal ; the two interior dihedral angles on the same 
side of the secant plane are supplements of each other. 

3. When two planes are Cut by a third plane, if the exterior- 
interior dihedral angles be equal, or the alternate dihedral angles 
be equal, or the two interior dihedral angles on the same side of 
the secant plane be supplements of each other, and the edges 
of the dihedrals thus formed be parallel, the two planes are 
parallel. 

4. Two dihedral angles are equal if their faces be respec- 
tively parallel and lie in the same direction, or opposite direc- 
tions, from the edges. 

6. Two dihedral angles are supplements of each other if 
two of their faces be parallel and lie in the same direction, 
and the other faces be parallel and lie in the opposite direc- 
tion, from the edges. 
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Proposition XVL Theorem. 
472. If a straight line he perpendictdaT to a plane 
evert/ plane embracing the line is perpendicular to that plane. 



A 



M 



K~... 



^ 



Z 



Let AB he pezpendicular to the plane M N, 

We are to prove any plane, P Q, embracing A B, perpen- 
dicular to M N. 

At B draw, in the plane MN, BC J- to the intersection D Q. 

Since ^1 J5 is ± to if iV^, it is ± to DQ and BC, § 430 

(if a straight line he ± to a plane, it is ±to every straight li7ie in that plane 
dravm through iisfoot). 

Now Z. a B C is the measure of the 

dihedral Z P-D Q-N. § 470 

But Z ABC is a, right angle, 

/. the Z P'D Q-N is a right dihedral, 

.\PQisl.toMN. 

Q. E. D. 
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Proposition XVIL Theorem. 

473. If two planes he perpendicular to each other, a 
straight line drawn in one of them perpendicular to their 
intersection is perpendicular to the other plane. 



A 



M 



P 



77 



het the planes MN and PQ he perpendicular to each 
other, and at any point B of their intersection DQ 
let BA be drawn in the plane FQ, perpendicular 
to DQ, 

We are to prove A B l^to the plane M N, 

Draw BCm the plane MN A^io DQ. 

Then Z. ABC \^^ right angle, 

(being the plaiie Z. of the rt. dihedral Z formed by the two planes). 

.'. AB 18 l.to the two straight lines D Q and B C. 

.-. ^ ^ is ± to the plane MN, § 449 

{if a straight line be ± to two straight lines dravm thro^igh its foot in a 
plane, it is JL to the plane). 



Q. E. D 
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Proposition XVIII. Theorem. 

474. If two planes he perpendicular to each other, a 
straight line drawn through any point of intersection per- 
pendicular to one of the planes will lie in the other plane. 

C 



M 



AA 



^^ 



J 



I 



Fig. 1. 



Fifir. 2 



Let PQ {Fig. 1) be perpendicular to the plane MN, CQ 
their intersection, and BA be drawn through any 
point B in C Q perpendicular to the plane MN. 

We are to prove that B A lies in the plane P Q. 

At the point B draw B A' in the plane P $ ± to the inter- 
section C Q. 

The line BA' will be ± to the plane M N, § 472 

(if two planes he ± to each other ^ a straight line drawn in one of them X to 
their intersection is JL to the other). 

Now ^^ is ± to the plane MN', Hyp. 

.'. BA and BA' coincide, § 447 

(at a given point in a plane only one JL can he erected to that plane). 

But B A' lies in the plane P Q ; 

.*. BA, which coincides with BA', lies in the plane PQ. 

Q. E. D. 

Scholium. Through a line parallel or oblique to a plane, as 
A C, Fig. 2, only one plane can be passed perpendicular to the 
given plane. 
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Proposition XIX. Theorem. 
475. If two intersecting planes be each perpendicular to 
a third plane, their intersection is also perpendicular to that 
plane. 




Let the planes BD &nd BC intersecting in the line 
AB be perpendicular to the plane PQ. 

We are to prove AB J- to the plane P Q, 

A perpendicular erected at B, a point common to the three 
planes, will lie in the two planes B C and B D, § 473 

(if tioo planes he 1. to eadi oilier j a straight line drawn through any point 

of intersection X ^ o'^ of the planes rvill lie in the other plans). 

And, since this -L lies in both the planes, B C and B D, it 
must coincide with their intersection. 



.'. -4 ^ is -L to the plane P Q. 



Q. E. D. 



476. Corollary. If a plane be perpendicular to each of 
two intersecting planes, it is perpendicular to the intersection of 
those planes. 



274 GEOMETRY. — BOOK VI. 



Proposition XX. Theorem. 

477. Every point in the plane which bisects a dihedral 
angle is equally distant fro7n the faces of that angle. 



A 

Let plane A M bisect the dihedral angle formed by 
the planes A D and A C\ and let P E and P F he 
perpendiculars drawn from any point P in the 
plane A M to the planes A C and A D. 

We are to prove PE = P F, 

Through P E and P F pass a plane intersecting the planes 
A C and A D m E oiidi F, 

Join P 0. 

Now the plane P E F is ± to each of the planes A C and 
A D, § 471 

{if a straight line he A. to a plane, any plane embracing the line is Xto that 

platie) ; 

.'. the plane 7^ ^i^ is J- to their intersection A 0. ^ 476 
{If a plane be ± to each of two intersecting planes, it is ± to the intersection 
of these plaiies). 

.\/.POE = Z.POF, 

(being mecLSures respectively of the equal dihedral A M-OA-Q and M-OA-D). 
.\r\,,APOE-=rt.APOF, § 110 

.\PE = PF, 

(being homologous sides of equal ^ ). 

Q. E. D. 
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Supplementary Propositions. 
Proposition XXL Theorem. 

478. The aciite angle which a straight line makes with 
its own projection on a plane is the least angle which it makes 
with any line of that plane. 




Let BA meet the plane M N at B, and let BA' be its 
projection upon the plane M N, and B C any other 
line drawn through B in the plane. 

We are to prove Z A B A' <A ABC. 

Take BC=-BA'. 

Join A (7. 

In the AABA'2iTidiABC, 

AB=^AB, 

BA' = BC, 

but AA' < AC, 

(a JL ts tlie shortest distance from a point to a plane). 

.\Z.ABA'<Z.ABC, 

{iftioo sides ofahhe cqiuil respectively to two sides of another, hut the third 
side of the first A be greater than the third side of the second^ then the 
Z. opposite the third side of the first A is greater than the Z opposite the 
third side of the second). 

Q. E. D. 

Exercise. — The angle included by two perpendiculars drawn 
from any point within a dihedral angle to its faces, is the supple- 
ment of the dihedral angle. 



Iden. 
Cons. 
§ 448 

§ 116 
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Proposition XXIL Theorem. 
479. If two straight lines he not in the same plane, one 
and only one common perpendicular to the lines can he drawn, 
C E D 



I / 






H V 



::sJn 



Let AB and C D be two given straight lines not in 
the same plane. 
We are to prove one and only one common perpendicular to 
the two lines can he drawn. 

Since A B and C D are not in the same plane they are 
not II, § 474 

{two \\s lie in the same pla^ie). 

Through the line A B pass the plane MN' W to C JD, 

Since C D is II to the plane MN, all its points are equally 
distant from the plane MN'; § 432 

hence C D', the projection of the line C D on the plane 
ifiV^, willbe II toCA §76 

and will intersect the line ^ ^ at some point as C. 

Now since C C is the line which projects the point C upon 
the plane M N, it is ± to the plane M N; § 435 

hence C C' is ± to C D' and A B, § 430 

{if a line he X to a planer it is JL to every line drawn through its foot in (he 

plane). 

Also, (7C"is±to CD, §67 

.*. (7 C is the common JL to the lines CD and A B. 

Moreover, line C C is the only common _L. 

For, if another line EB, drawn between A B and CD, could 

he JL to ^ ^ and C D, it would also be JL to a line B G drawn 

II to C7Z> in the plane M N, § 67 

and hence J- to the plane M N, § 449 

But EH, drawn in the plane CD' II to C C, is ± to the 

plane M N. § 457 

Hence we should have two J« from the point E to the plane 

M N, which is impossible, § 447 

.'. C C* is the only common ± to the lines CD and A B. 

Q. E. D. 
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On Polyhedral Angles. 




480. Def. a Polyhedral angle is the extent of opening of 
three or more planes meeting in a common point. 

Thus the figure iS^^ ^ C Z) i^, 
formed hy the planes A SB, 
BSC, CSD, DSE, ESA, 
meeting in the common point 
Sj is a polyhedral angle. 

The point S is the vertex of 
the angle. 

The intersections of the planes 
SA, SB, etc., are its edges. 

The portions of the planes 
bounded by the edges are its faces. 

The plane angles A SB, BSC, etc., formed by the edges are 
its face angles. 

481. Def. Polyhedral angles are classified as trihedral, quad- 
rahedral, etc., according to the number of the faces. 

482. Def. Trihedral angles are rectangular, bi-rectangular, or 
tri-rectangular, according as they have one, two, or three right 
dihedral angles. 

483. Def. Trihedral angles are scalene, isosceles, or equilateral, 
according as the face angles are all unequal, two equal, or three 
equal. 

484. Def. A polyhedral angle is convex, if the polygon formed 
by the intersections of a plane with all its faces be a convex 
polygon. 

485. Def. Two polyhedral angles are equal when they can 
be applied to each other so as to coincide in all their parts. 

Since two equal polyhedral angles coincide however far their 
edges and faces be produced, the magnitude of a polyhedral angle 
does knot depend upon the extent of its faces. But, in order to 
represent the angle in a diagram, it is usual to pass a plane, as 
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ABC D Ey cuttiug all its faces in the straight lines, AB, BC, 
etc. ; and by the face A S B is meant the indefinite surface in- 
cluded between the lines SA and SB indefinitely produced. 

486. Def. Two polyhedral angles are symmetrical if they 
have the same number of faces, and the successive dihedral and 
face angles respectively equal but arranged in reverse order. 

Thus, if the edges AS, B S, 

Cf Bf 
etc., of the polyhedral angle, r -^^ 

S-A BG Dy be produced, there is ^^J^^^A} 

formed another polyhedral angle, / // y''^ 

S-A' B' O D, which is symmetri- jj^ 

cal with the first, the vertex 8 sjr* 

being the centre of symmetry. y^ V^^\ 

If we take S A' ^ S A, and x// 1 \W 

through the points A and A' the ^ \ / \^/ ^ <'/^"■"■")« 

parallel planes A B C D and v__V v' .v' 

A'B'C D be passed, we shall B G c h 

have SB' = SB, SG' = SC, etc. For if we conceive a third 
parallel plane to pass through S, then A A', B B', etc., are 
divided proportionally, § 469. And if any one of them be 
bisected at S, the others are also bisected at S. Hence, the 
points A', B', etc., are symmetrical with A, B, etc. 

Moreover, the two symmetrical polyhedral angles are equal in 
all their parts. For their face angles A SB and A' 8B\ BSC 
and B' S G' are equal each to each, being vertical plane angles. 
And the dihedral angles formed at the edges SA and SA', SB 
and S B'y are equal each to each, being vertical dihedral angles. 

Now if the polyhedral angle S-A' B' G' D be revolved about 
the vertex S until the polygon A' B' G' Jy is brought into the 
position ahcd, in the same plane with ABG D, it will he 
evident that while the parts A SB, B SG, etc., succeed each 
other in the order from left to right, the corresponding equal 
parts aSh, bSc, etc., succeed each other in the order from right 
to left. Hence the two figures cannot be made to coincide by 
superposition, but are said to be equal by symmetry. 
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Proposition XXIII. Theorem. 
487. The mm of any two face angles of a trihedral 
angle is greater than the third, ^ 




Let S-ABC he a tzihedral angle in which the face 
angle ASC is greater than either angle ASB or 
angle BSG, 

We are to prove Z.ASB + Z.BSOZASC, 
In the face A SO draw S D, making j^ A S D = Z. A SB. 
Through any point I) o^ S D draw any straight line ADC 
cutting A S and S 0. 

TakQSB = SD, 
Pass a plane through A and the point B, 
In the A^/S'Z)and^AS'j5 

AS = AS, Iden. 

Sn = SB, Cons. 

Z ASD = ZASB. Cons. 

,\AASI) = AASB, §106 

.\AD = AB, 

{being homologous sides of equal A). 

Inthe A ABC, AB + BOAC, 

Subtract the equals A B and A D, 
Then BO DC, 

Now in the A JJ^S^C and DSC 

SB=SD, Cons. 

SC = SC, Iden. 

but BO DC, 

.'.Z BSOZ DSC. § 116 

.\ZASB + Z BSC > ZASD + Z DSC, 
that is Z ASB-\- ZBSOZASC. 

Q E D 
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Proposition XXIV. Theorem. 

488. The sum of the face angles of any convex polyhe- 
dral angle is less than four right angles. 

S 




Let the polyhedral angle S be cut by a plane, mak- 
ing the section ABODE a convex polygon. 

We are to prove Z ASB-\- Z B S etc, < 4 rt. A, 

From any point within the polygon draw A,OByOG, 
OD,OE, 

The number of the A having their common vertex at 
will be the same as the number having their common vertex at S. 

,', the sum of all the A of the A having the common vertex 
at S is equal to the sum of all the A of the A having the coni' 
mon vertex at 0, 

But in the trihedral A formed at J, B, 0, etc. 

Z/^AE+ZSAB>ZOAE+ZOAB, §487 
(the sum of'any two face A of a trihedral /. is greater than the third). 
and ZSBA + ZSBOZOBA + ZOBC. §487 

.'. the sum of the A at the bases of the A whose common 
vertex is S is greater than the sum of the A at the bases of tlio 
A whose common vertex is 0, 

.'. the sum of the ^ at /S' is less than the sum of the A at 0. 

But the sum of the ^ at = 4 rt. ^ . § 34 

.*. the sum of the A at S is less than 4 rt. A . 

Q. E. D. 



SOLID ANGLES. 



281 



Proposition XXV. Theorem. 
489. An isosceles trihedral angle and its 8\ 
trihedral angle are equal. 




Let S-A B C be an isosceles trihedral angle, having 
Z.ASB = Z.BSC. And let S-A' B' C be its sym- 
metrical trihedral angle. 

We are to prove trihedral ZS-ABC = Prihedral Z SA'B' C. 

Revolve Z S-A' B' C about S until SB' falls on aS'^ and 
the piano SB' A' falls on the plane SB C. 

Now the dihedral Z C-S B-A = dihedral Z A'-SB'-C, 
(being vertical dihedral A ). 

.-. the plane aS'^' C will fall on the plane SB A, 

Now ZBSC = Z.BSA, Hyp. 

and Z.B'SA'-=Z. BSA, 

(being vertical A ). 

,',/. BSO = ZB'SA'] Ax. 1 

.-..S'^' will fall on aS'C. 
In like manner SO' will fall on aS'^, 
/. the two trihedral A will coincide and be equal. 

Q. E. D. 
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Proposition XXVI. Theorem. 
490. Two symmetrical trihedral angles are equivalent 




Let the trihedral /. S-ABC and Z S-A' B' C be sym- 
metric ah 

We are to prove trihedral A S-ABC ^* triliedral Z S-A'B'C. 

Draw D'D making the A D S A, DSC, and DSB equal 

Then Z D' S ^' ^ Z D' SC = Z D' S B\ 

(beiiig vertical A o/tlie cqical A D S A, DSC, and D SB). 

Then the trihedral Z S-D CB = trihedral Z S-D' C'B', § 489 
{f,wo isosceles symmetj-ical trihedral A are equal). 

And trihedral Z S-DCA= trihedral Z S-D' C A', 
and trihedral ZS'ADB = trihedml Z S-A' ly B', 
Adding the first two equalities, the polyhedral Z S-A BCD 
=o polyhedral Z S-A' BCD', 

Take away from each of these equals the equal trihedral 
AS-ADBB.ndiS-A'D'B'. 

Then trihedral Z SABC^ trihedral Z S-A' B' C. 

Q. E. D. 

491. Scholium. If D D' fall within the given trihedral 
angles these trihedral angles would be composed of three isosceles 
trihedral angles which would be respectively equal, and hence 
the given trihedral angles would be equivalent. 

* The symbol ( = ) is to be read ** equivalent to." 
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Exercises. 

1. If a plane be passed through one of the diagonals of a 
parallelogram, the perpendiculars to the plane from the extremi- 
ties of the other diagonal are equal. 

2. If each of the projections of a line A B upon two inter- 
secting planes be a straight line, the line ^ j9 is a straight lino. 

3. The height of a room is eight feet, how can a point in 
the floor directly under a certain point in the ceiling be deter- 
mined with a ten-foot pole 1 

4. If a line be drawn at an inclination of 45° to a plane, what 
is the greatest angle which any line of the plane, drawn through 
the point in which the inclined line pierces the plane, makes 
with the line. 

5. Through a given point pass a plane parallel to a given 
plane. 

6. Find the locus of points in space which are equally distant 
from two given points. 

7. Show that the three planes embracing the edges of a tri- 
hedral angle and the bisectors of the opposite face angles re- 
spectively intersect in the same straight line. 

8. Find the locus of the points which are equally distant from 
the three edges of a trihedral angle. 

9. Cut a given quadrahedral angle by a plane so that the 
section shall be a parallelogram. 

10. Determine a point in a given plane such that the sum of 
its distances from two given points on the same side of the plane 
shall be a minimum. 

11. Determine a point in a given plane such that the differ- 
ence of its distances from two given points on opposite sides of 
a plane shall be a maximum. 
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Proposition XXVII. Theorem. 

492. Two trihedral angles are equal or symmetrical 
when the three face angles of the one are respectively equal to 
the three face angles of the other. 




In the trihedral A S and S', let Z A S B = Z A' S' F, 

Z ASG =ZA'S'C\ and Z BSC = ZB'S'C'. 

We are io 2:>rove that the homologous dihedral angles are equal, 
and Jience the trihedi^al angles S and S* are either equal or 
symmetrical. 

On the edges of these angles take the six equal distances 
;S'^, SB, SC, S'A\ S'B', S'O. 

Draw A B, B C, A (7, A'B', B'C\ A'C, 

The homologous isosceles A SAB, S'A'B', SAC, S' A' C\ 
SB C, S' B' C are equal, respectively. § 106 

.-. AB,AC,BO equal respectively A' B', A' C", B' C, 
{being homologoiis sides ofcqiicU A). 

^.\AABO = AA'B'C', § 108 

At any point D in SA draw D E and Z) i^ ± to /S'-i in the 
faces A SB and A SC respectively. 

These lines meet A B and A C respectively, 
{siiice the A SAB and SAC are acutCy each being one of the equal A of an 
isosceles A). 

Join EF. 

On S' A' take A' D' =- A D, 
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Draw ly E' and !> P in the faces A' S' B' and A' S' C re- 
spectively JL to Sf A'y and join E* P. 

In the rt. A ^ i>^ and A' ]> E* 

AD = A'D', Cons. 

/.DAE = Z, UA'E', 
(being hoToologous A of the equal ^ SAB and S^ A' B*), 

.-.It. AADE = i^.AA']yP, §111 

.\AE^A'E' 2.xABE-^D'E', 

{being homologous sides of equal A ). 

In like manner we may prove AF = A' F' and DF^'D'P. 

Hence in the A ^ ^^ and A' E' P we have 

A E and A F "= respectively A* E' and A' Py 

and AEAF^AE'A'P, 

(being homologoiLS A of the equal A ABC aiid A' W O), 

.-. A A EF= A A'E'P, § 106 

,\EF=E'P 
(being homologous sides of the equal A AEF ami Af Ff F). 

Hence, in the A ^ Z? i^'and P jy P we have 

ED, DP, and EF= respectively Ely, D' P, and E' P, 

r.AEDF^APJyP, § 108 

.-. Z EDF = /. PUP, 

{being hcnnologous A of equal A). 

.-. the dihedral Z B-A S-C = dihedral Z B'-A' S-C, 
(since A ED F and E' D F^ the measures of these diJicdral A, are equal). 

In like manner it may be proved that the dihedral 
A A-B S-C and A-C SB are equal respectively to the dihedral 
A A'-B'S'-C and A'-C S'-B', 

Q. E. D. 

This demonstration applies to either of the two figures de- 
noted by S'-A' B' C'y which are symmetrical with respect to each 
other. If the first of these figures be given, S and S' are equal, 
for they can be applied to each other so as to coincide in all their 
parts. If the second be given, 8 and aS'' are symmetrical. § 486 
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POLYHEDRONS, CYLINDERS, AND CONES. 



General Definitions. 



493. Def. a Polyhedron is a solid bounded by four or 
more polygons. 

A polyhedron bounded by four polygons is called a tetra- 
hedron; by six, a hexahedron; by eiglit, an octaJiedron; by twelve, 
a dodecahedron; by twenty, an icosahedron. 

494. Def. The Faces of a polyhedron are the bounding 
polygons. 

495. Def. The Edges of a polyhedron are the intersec- 
tions of its faces. 

496. Def. The Vertices of a polyhedron are the intersec- 
tions of its edges. 

497. Def. A Diagonal of a polyhedron is a straight line 
joining any two vertices not in the same face. 

498. Def. A Section of a polyhedron is a polygon formed 
by the intersection of a plane with three or more faces. 

499. Def. A Convex polyhedron is a polyhedron every 
section of which is a convex polygon. 

500. Def. The Volume of a polyhedron is the numerical 
measure of its magnitude referred to some other polyhedron as a 
unit of measure. 

501. Def. The polyhedron adopted as the unit of measure, 
is called the Unit of Volume. 

502. Def. Similar polyhedrons are polyhedrons which 
have the same form. 

503. Def. Equivalent polyhedrons are polyhedrons which 
have the same volume. 

504. Def. Equal polyhedrons are polyhedrons which have 
the same form and volume. 

On Prisms. 

505. Def. A Prism is a polyhedron two of whose faces 
are equal and parallel polygons, and the other faces are parallelo- 
grams. 
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506. Def. The Bases of a prism 
are the equal and parallel polygons. 

607. Dep. The Lateral faces of 
a prism are all the faces except the 




OBLIQUe PRISM. 



508. Def. The Lateral or Con- 
vex Surface of a prism is the sum of 
its lateral faces. 

509. Def. The Lateral edges 
of a prism are the intersections of its 
lateral faces; the Basal edges of a 
prism are the intersections of the bases 
with the lateral faces. 

510. Def. Prisms are triangular, quadrangular, pentag- 
onal, etc., according as their bases are triangles, quadrangles, 
pentagons, etc. 

511. Def. A Right prism is a prism whose lateral edges 
are perpendicular to its bases. 

512. Def. An Oblique prism is a prism 
whose lateral edges are oblique to its bases. 

513. Def. A Regular prism is a right 
prism whose bases are regular polygons, and 
hence its lateral faces are equal rectangles. 

514. Def. The Altitude of a prism is 
the perpendicular distance between the planes 
of its bases. The altitude of a right prism is 
equal to any one of its lateral edges. 

515. Def. A Truncated prism is a por- 
tion of a prism included between either base 
and a section inclined to the base and cutting 
aU the lateral edges. 

516. Def. A Right section of a prism is a section perpen- 
dicular to its lateral edges. 

517. Def. A Farallelopiped is a prism whose bases are 
parallelograms. 

518. Def. A Right parallelopiped is a parallelopiped whose 
lateral edges are perpendicular to its bases ; hence its lateral faces 
are rectangles. 

519. Def. An Oblique parallelopiped is a parallelopiped 
whose lateral edges are oblique to its bases. 

520. Def. A Rectangular parallelopiped is a right paral- 
lelopiped whose bases are rectangles. 

521. Def. A Cube is a rectangular parallelopiped all of 
whose faces are squares. 
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Proposition I. Theorem. 
522. The sections of a prism made by parallel planes 
are equal polygons. 




Let the prism A D be intersected by the parallel 
planes G K, G' K!. 

We art to prove section G II I KL=^ section G' H' I' K' D, 

Gil, III, IK, etc., are parallel respectively to & II', IP I', 
rK',etc., §465 

(the intersections of two II planes by a third plane are II ItJies), 

,\ AGIII,RIK, etc., are equal respectively to A G' IF V, 

II'VK',^iz,, §462 

{J.WO A not in the same plane^ having their sides respectively parallel and 
lying in the same dircctiont are eqical). 

Also, sides G H, HI, IK, etc., are equal respectively to 
G'U\II'I',I'K', etc., § 135 

( II lines comprehended between 11 lines are equal), 

.'. section G IIIKL = section G' W T K' L', § 155 
(6ei7M7 mviually equiangular and equilateral). 

Q. E. D. 

523. Corollary. Any section of a prism parallel to the 
base is equal to the base ; and all right sections of a prism are 
equal. 
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Proposition II. Theorem. 
524. The lateral area of a jprism is equal to the product 
qfa lateral edge by the perimeter of the right section. 




Let GH IKL be a right section of the piism AD'. 

We are to prove lateral area of prism AU ^ AA' X perim- 
eter G H I K L. 

Consider the lateral edges A A', B B'^ etc., to be the bases 
of the m AB', B C*, etc., which form the convex surface of the 
prism. 

Then the altitudes of these ZI7 will be the j£ (^ZT, J7/, 
IK, etc., 

and the area of each O is the product of its base and alti- 
tude. § 321 
Now the bases of these [E are all equal, § 464 
( II lines comprehended between II pUmes are equal) ; 
and the sum of the altitudes G H, H I, I K, etc., is the perimeter 
of the right section. 

Hence, the sum of the areas of these ZI7 is the product of a 
lateral edge A A' by the perimeter of the right section. 

That is, the lateral area of the prism is equal to the product 
of a lateral edge by the perimeter of a right section. 

Q. E. D. 

525. Corollary. The lateral area of a right prism is equal 
to the altitude multiplied by the perimeter of the base. 
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Proposition III. Theorem. 

526. Two prisms are equal if the three faces including 
a trihedral angle of the one be respectively equal to the three 
corresponding faces including a trihedral angle of the other, 
and similarly placed, 

J J' 




Let AD,AG,AJy he respectively equal to A'Ty, A'G', 

A' J', and similarly placed. 

We are to prove prism A I = prism A' I', 

Now trihedral ZA= trihedral Z A\ § 492 

(two trihedrals are equaly when the three face A of the one are equal respec- 
tively to the three face A of the other aiid are similarly placed). 

Apply trihedral Z ^ to trihedral Z. A', 

Then the base A D will coincide with the base A* ly, 

face ii<y with A'G', 

and face A J with A* J' ; 

.-. FG will coincide with F' G', and FJ with FJ'. 

.', the upper bases, ^/and F' I'^ will coincide, 
(being equal polygons, since they are eqtoal to the equal lower bases), 

.'. the remaining edges will coincide, 

(th£ir extremities bein^ the same points), 

.'. the prisms will coincide and be equal. 

Q. E. D. 

527. Corollary 1. Two truncated prisms are equal, if 
the three faces including a trihedral of the one be respectively 
equal to the three faces including a trihedral of the other, and 
be similarly placed. 

528. Cor. 2. Two right prisms having equal bases and 
altitudes are equal. If the faces be not similarly placed, if one 
be inverted, the faces will be similarly placed and the prisms can 
be made to coincide. 
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Proposition IV.- Theorem. 

529. An oblique prism is equivalent to a right prism 
whose bases are equal to right sections of the oblique prism, 
and whose altitude is equal to a lateral edge of the oblique 
prism. 




B C 

Let A ly be an oblique prism, and FI a light section. 

Complete the right prism F I\ making its edges equal to 
those of the oblique prism. 

We are to prove oblique prism A D' "^ right prism F I', 

In the solids A I and A' I' 

trihedral /L A= trihedral A A', § 492 

(^wo trihedrcUs are eqical when three face A of the am are respectively equal 
to three face A of the other, and are similarly placed). 

Now face ^ i> = face A' D', § 505 

(being the two hawses of the oblique prism A 2)') ; 

face AJ= face A' J*, Cons. 

and face AG = faCe A' G', Cons. 

.-. solid AI= solid AT, § 527 

{tioo truncated prisms are equal when the three faces iTicluding a trihedral 
of the one are respectively equal to the three faces itwluding a trihedral 
of the other, and are similarly placed). 

To each of these equal solids add the solid FD'. 
Then oblique prism AB' o right prism FI', 

Q. E. D. 
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Proposition V. Theorem. 

530. Any two opposite faces of a parallelopiped are 
equal and parallel. 




Let AG be a parallelopiped. 

We are to prove faces A F and D G equal and parallel. 

Since ^ 6' is a O, §517 

A B and D are equal and II lines. § 125 

Also, since ii ^ is a O, § 505 

A E and D H are equal and II lines. § 125 

/.Z.EAB-=^A HDC, §462 

{two A not in the same plane having their sides II and lying in the same 
direction are equal), 

.-. face AF= face DG, § 140 

Moreover, face A F \^ W io D G, § 463 

{if two A not in the satne plane have their sides II and lying in the same 
direction their plants are parallel ). 

In like manner we may prove A H and B G equal and par- 
allel. 

Q. E. D. 

531. Scholium. Any two opposite faces of a parallele- 
piped may be taken for bases, since they are equal and parallel 
parallelograms. 
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Proposition VL Theoreic. 

532. The plane passed through two diagonally opposite 
edges of a parallelopiped divides the parallelopiped into two 
equivalent triangular prisms. 



B, 



G 




Let the plane A EGC pass through the opposite edges 
A E and G G of the parallelopiped A G, 

We are to prove that the parallelopiped AG is divided into 
two equivalent triangular prisms, A B G-F, and A D G-H, 

Let I JKL be a right section of the parallelopiped made 
by a plane i. to the edge A E, 

The intersection IK of this plane with the plane A EGG 
is the diagonal of the EJ UK L, 

.\AIKJ=AIKL, § 133 

But prism A B G-F is equivalent to a right prism whose 
base S& IJ K and whose altitude \^ AE, § 529 

{any oblique prism is ^ to a right prism whose bases are equal to right sec- 
tions of the oblique prism, and whose altitude is equal to a lateral edge 
of the oblique prism). 

The prism A D G-H is equivalent to a right prism whose 
base \!& I LKy and whose altitude is ^ ^. § 529 

Now the two right prisms are equal, § 528 

{two right prisms having equal bases and altitudes are equ/it). 

r.ABG-F^ ADG-H. 

Q. E. D. 
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Proposition VII. Theorem. 

533. Two rectangular parallelopipeds having equal bases 
are to each other as their altitudes. 



Bf 



L 



L 



"AT 



P' 



I 



L 



7 



/ 



7 
7 



7 



1 



Let AB and A'B' be the altitudes of the two rectangu- 
lar parallelopipeds, P, and P', having equal bases. 



We are to prove 



AB 



Then we have 



P' A'B' 
Case I. — }Fhen A B and Af Ef are commensurable. 

Find a common measure m, of A B and A^ B', 
Suppose m to be contained in AB b times, and in A' B' 

3 times. 

AB _b 
A'B'"^' 

At the several points of division on AB and A' B' pass 
planes J_ to these lines. 

The paraUelopiped P will be divided into 5, 

and P' into 3, parallelopipeds equal, each to each, § 528 
{two right pi-is^ns having equal hoses and altitudes are equal). 

Then ^ = 1 

P' 3 

• ?- = Al. 
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Bf 



Case IL — When A B and A' B' are incommensuraJfle. 



"^ 



^ 



^ 



^ 



k 



B 






S 



\ 



\ 



^ 



Let ABhQ divided into any number of equal parts, 

and let one of these parts be applied to -4' 5' as many times 
dA A' B' wiU contain it. 

Since A B and A' B' are incommensurable, a certain number 
of these parts will extend from -4' to a point 2), leaving a re- 
mainder J) B' less than one of these parts. 

Through B pass a plane J- to A' B\ and denote the parallel- 
opiped whose base is the same as that of F, and whose altitude 
is^'jDby e. 

Now, since A B and -4' 2) are commensurable, 

Q',P = A'D :AB. (Case I.) 

Suppose the number of parts into which -4 J5 is divided to 
be continually increased, the length of each part will become less 
and less, and the point I) will approach nearer and nearer to B^, 

The Kmit of Q will be P', 

and the limit of A' D wiU be A' B', 

.-. the limit oi Q \ P will be F : P, 

and the limit ^iA'D \AB will be A' B' \ A B, 

Moreover the corresponding values of the two variables Q : P 
and A' D \ AB are always equal, however near these variables 
approach their limits. 

.-. their Hmits P' : P -= A' B' : A B, § 199 

a E. D. 

534. Scholium. The three edges of a rectangular parallelo- 
piped which meet at a common vertex are its dimensions. Hence 
two rectangular parallelepipeds which have two dimensions in 
common are to each other as their third dimensions. 
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Proposition VIIL Theorem. 

535. Two rectangular parallelopijpeds having equal alii- 
tudes are to each other as their bases. 




Let a, h, and c, and a', I/, c, be the three dimensions re- 
spectively of the two rectangular parallelopipeds 
P and F. 



We are to prove — : 



aXh 



a'Xb' 

Let C be a third rectangular parallelepiped whose dimen- 
sions are a', b and c. 

Now Q has the two dimensions h and c in common with P, 
and the two dimensions a' and c in common with PL 
P a 



Then 



534 



and 



then 



§534 



Q a^' 

{two rectangular parallelopipeds which have two dimensums in common are 
to each other as their third dimensions) ; 

Multiply these two equalities together ; 

P _ aXb 
P''" a'Xbf' 



536. Scholium. This proposition may be stated thus : two 
rectangular parallelepipeds which have one dimension in common 
are to each other as the products of the other two dimensions. 
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Proposition IX, Theorem. 

537. Any two rectangular parallelopipeds are to each 
other as the products of their three dimensions. 



\ 



\ 


\ " ' 






\P s 

c 




!/ 


y ' 



Let a, by e, and a/ l/, dy be the three dimensions respec- 
tively of the two rectangular parallelepipeds F 
and F. 

We are to prove — = . 

^ F' a'Xb'X c' 

Let ^ be a third rectangular parallelopiped whose dimen- 
sions are a, 6, and cf. 

Then ^ = -, §534 

Q & 

{two redangula/r parallelopipeds which have two dimensions in common are 

to each other as their third dimensions) ; 



and 



Q aXb 



§536 



F a'Xb'' 

{two rectangular parallelopipeds which have one dimeTision in comrrwn are to 
each other as the products of their other two dim>ensioiis). 

Multiply these equalities together ; 



then 



F aXbXc 
F^ a'Xb'X(^' 



Q. E. D. 
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Proposition X. Theorem. 

538. The volume of a rectangular parallelopiped is equal 
to the product of its three dimensions , the unit of volume being 
a cube whose edge is the linear unit. 




^m. 



& 



V. 



y 



Let a, 6, and c he the three dimensions of the rectan- 
gular parallelopiped Fy and let the cube U be the 
unit of volume. 

We are to prove volume of F = aXhX c, 
F aXbXc 
Tf" 1X1X1* 



537 



But 



~ is the volume of F ; 



§500 



.'. the volume of P = a X 6 X c. 

Q. E. D. 

539. Corollary I. Since a cube is a rectangular parallele- 
piped having its three dimensions equal, the volume of a cube is 
equal to the third power of its edge, 

540. Cor. II. The product aXh represents the base when 
c is the altitude ; hence : The volume of a rectangular paraUelo- 
piped is equal to the product of its base by its altitude. 

541. Scholium. When the three dimensions of the rec- 
tangular parallelepiped are each exactly divisible by the linear 
unit, this proposition is rendered evident by dividing the solid 
into cubes, each equal to the unit of volume. Thus, if the three 
edges which meet at a common vertex contain the linear unit 
3, 4 and 5 times respectively, planes passed through the several 
points of division of the edges, and perpendicular to them, will 
divide the solid into cubes, each equal to the unit of volume ; 
and there will evidently be 3 X 4 X 5 of these cubes. 
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Proposition XL Theorem. 

542. The volume of any parallelopiped in equal to the 
product of ih base by iU altitude. 




KB J 

Let ABC D-F be a parallelopiped having all its faces 
oblique, and H R its altitude, 

WearetoproveABCD'F=-ABCDX H R. 

By making the right section HUN and completing the 
parallelopiped HIJ N-GLKM we have a right parallelepiped 
equivalent to, A B G B-F, § 529 

{an obliqiie prism is equivalent to a right prism whose base is a right section 

of the oblique prism and whose altitude is equal to a lateral edge of 

the oblique prism). 

Through the edge I L make the right section ILFO,sjid 
complete the right parallelopiped I L F O-II G Q R, and we have 
a rectangular parallelopiped equivalent to HIJ N-GLKM, §529 

and hence equivalent to ABC D-F, 

Now O ILGH^O EFGH, §322 

nopQR = {niLGH)=^n jkmN) § 530 

and OABCD^nEFGH. §530 

.\n OPQR^EJ ABGD. 

Moreover, the three parallelopipeds have the common alti- 
tude HR. 

But OFQR-ILGH^OPQRX HR] §540 

.'.ABGD-F^ABGD X HR, 

Q. E. D. 
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Proposition XII. Theorem. 
543. The volume of any prism is equal to the product 
of its base by its altitude. 




Case I. — JVhen the base is a triangle. 
Let V denote the volume, B the base, and H the 
altitude of the triangular prism AEC-E', 
We are to prove V= £ X IL 

Upon the edges A£, £0, E E\ construct parallelepiped 
AEGD-E, 

Then AEO-E'^IAEC D-E', § 532 

{the plane passed through ttuo diagonally opposite edges of a parallelopiped 
divides it into two equivalent triangular pristns), 

and AEC=^AECD. §133 

But AEGD-E' = 2BX II, § 542 

(the volume of any parallelopiped is eqtcal to the product of its Inise by its 
^ altitude), 

.'. r=i{2BX H) = £X K 

Case IL — WTien the base is a polygon of more than three sides. 

Planes passed through the lateral edge A A', and the several 
diagonals of the base wiU divide the given prism into triangular 
prisms, 

which have for a common altitude the altitude of the prism. 

Hence, the volume of the entire prism is the product of the 
sum of their bases by the common altitude ; 

that is the entire base by the altitude of the prism. 

Q. E. D. 

544. Corollary. Prisms having equivalent bases are to 
each other as their altitudes ; prisms having equal altitudes are 
to each other as their bases ; and any two prisms are to each 
other as the product of their bases and altitudes. Any two 
prisms having equivalent bases and equal altitudes are equivalent. 
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Proposition XIIL Theorem. 

545. The four diagonals of a parallelojpiped bisect each 
other. _ 



Let AG, EC, BH, and FD, be the four diagonals of 
the parallelopiped A G. 
We are to prove these fovr diagonals bisect each other. 

Througli the opposite and II edges A E and C G pass a plana 
intersecting the II bases in the II lines A C and E G, 

The section ACGEissLO,^ 

(having its opposite sides II ) ; 

.". its diagonals AG and EC bisect each other in the 
point 0. § 138 

In like manner a plane passed through the opposite and II 
edges FGd^n^AD will form d^O AFGD, 

whose diagonals A G and F D will bisect each other in the 
point 0. § 138 

Also, a plane passed through the opposite and II edges E II 
and j5C will form a O EBCH, 

whose diagonals EC and J5Zr will bisect each other in the 
point 0, 

•\ the four diagonals bisect each other at the point 0. 

Q. E. D. 

546. Corollary. The diagonals of a rectangular parallelo- 
piped are equal. 

547. Scholium. The point 0, in which the four diagonals 
intersect, is called the centre of the parallelopiped ; and it is evi- 
dent that any straight line drawn through the point and 
terminated by two opposite faces of the parallelopiped is bisected 
at that point. Hence is the centre of symmetry. 
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On Pyramids. 

548. Def. a Pyramid is a polyhedron one of whose faces 
is a polygon, and whose other faces are triangles having a com- 
mon vertex and the sides of the polygon for bases. 

549. Def. The Base of a pyramid is the face whose sides 
are the bases of the triangles having a common vertex. 

550. Def. The Lateral faces of a pyramid are all the &ces 
except the base. 

551. Def. The Lateral surface of a pyramid is the sum of 
its lateral faces. 

552. Def. The Lateral edges of a pyramid are the intersec- 
tions of its lateral faces. 

553. Def. The Basal edges of a pyramid are the intersec- 
tions of its base with its lateral faces. 

554. Def. The Vertex of a pyramid is the common vertex 
of its lateral faces. 



555. Def. The Altitude of a 
pyramid is the perpendicular distance 
from its vertex to the plane of its 



Thus, V'A B C DEh a pyramid ; 
^ J5 (72>^is its base ; AVB.B VC, 
etc. are its lateral faces, and their sum 
is its lateral surface ; V A, VB, etc. 
are its lateral edges ; A Bj B C, etc. 
its basal edges ; V is its vertex ; VO is its altitude. 
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556. Dbf. a Regular pyramid is a pyramid vhose base is 
a regular polygon, and whose vertex is in the perpendicular to 
the base at its centre. 

557. Def. The Axis of a regular pyramid is the straight 
line joining its vertex with the centre of the base. 

558. Def. The Slant height of a regular pyramid is the 
altitude of any lateral face. 

559. Def. A pyramid is triangular, quadrangular, pentag- 
onal, etc.^ according as its base is a triangle, quadrilateral, 
pentagon, etc. A triangular pyramid formed by four faces (all 
of which are triangles) is a tetrahedron, 

560. Def. A Truncated pyramid is 
the portion of a pyramid included be- 
tween its base and a section cutting all 
its lateral edges. 

561. Def. A /Vws^wm of a pyramid 
is a truncated pyramid in which the cut- 
ting section is parallel to the base. 

562. Def. The base of the pyramid 

is called the Lower hose of the frustum, and the parallel sec- 
tion, its Upper hose. 

563. Def. The Altitude of a frustum is the perpendicular 
distance between the planes of its bases. 

564. Def. The lateral faces of a frustum of a regular pyra- 
mid are the trapezoids included between its bases ; the lateral 
surface is the sum of the lateral faces ; the Slant height of a 
frustum of a regular pyramid is the altitude of any lateral face. 
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Proposition XIV. -Theorem. 



565. If a pyramid he cut by a plane parallel to its base, 
I. The edges and altitude are divided proportionally ; 
II. The section is a polygon similar to the base. 




I. 



het the pyramid V-A B D E, whose altitude is VO, 
be cut by a plane abode parallel to its base, in- 
tersecting: the lateral edges in the points a, b, c, d, «, 
and the altitude in o. 

We are to prove 

Va__Vb __ Z? . 

VA'^ V£ VO' 

11. The section abcde similar to the base ABODE, 

I. Suppose a plane passed through the vertex V II to the base. 

Then the edges and the altitude will be intersected by three 

II planes. 

. Va^ Vb_ Vo 

" VA^ VB'""' VO' 

(if straight lines be intersected hy three W planes, their corresponding segments 
are proportional). 

II. Thd sides ab, be etc. are parallel respectively to AB, B C, 

etc., § 465 

(t?ie intersections of II planes hy a third plane are li lines) ; 
.'. A abcj bed etc. are equal respectively to ^ ABC, 

BCD etc, §462 

{if two A not in the same plane have their sides respectively II and lying in 

the same direction, they are equal). 

.*. the two polygons are mutually equiangular. 



§469 
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Also, since the sides of the section are II to the correspond- 
ing sides of the hase, 

A Vah, Vhc etc. are similar respectively to A VAB, 
VB G etc. 

' ^ ^ll^\^}±^ill\^ll etc 
"^J5"" \VB)^ EC \VC/ CD ' 

.'. the polygons have their homologous sides proportional ; 

.*. section ahcde\a similar to the base ABCDE. § 278 

Q. E. D. 

566. Corollary 1. Any section of a pyramid, parallel to 
its base is to the base as the square of its distance from the ver- 
tex is to the square of the altitude of the pyramid. 



Since l£.=(I^)=£^ 

VO \VBf A 



B 



V<? al? 
Squaring TO^=T^- 



2 

ah c d e a b ' 

2"* ABCDB^T^' 5 344 

(similar polygons are to each other as the squares of their homologous sides), 

2 

a b c d e V o 
'*' ABCBE^f^' 

567. Cor. 2. If two pyramids having equal altitudes be cut 
by planes parallel to their bases, and at equal distances from 
their vertices, the sections will have the same ratio as their bases. 

ab c d e V o 
For 



and 



ABCDE YO^' 

' a'V d _ y^ 
A'B'C'^yTO^' 



Now, since Fo = FV , and FO = F O'y 

abcde \ABGDE ','.dVd \A'B'C'. 
W^QjiCQabcdeia'b'd : \ ABC D E \ A' B' C. § 262 
668. CoR. 3. If two pyramids have equal altitudes and 
equivalent bases, sections made by planes parallel to their bases 
and at equal distances from their vertices are equivalent. 
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Proposition XV. Theorem. 
569. The lateral area of a regular pyramid is equal lo 
one-half the product of the perimeter of its base by its slant 
height, y 




Let V-ABCDE be a regular pyramid, and YH its 
slant height. 

We are to prove the sum of the faces VAB, VBO, etc. = J 
(AB+ BO.eUi.) X VH. 

Now AB=-BC = CD, etc,, §363 

(being sides of a regular polygon). 

VA= VB= F(7, etc., § 450 

{oblique lines drawn from any point in a Xto a plane at equal distances 
from tJiefoot of the X are equal). 

.'.A VABy VBCf etc. are equal isosceles A, § 108 

whose bases are the sides of the regular polygon and whose 

common altitude is the slant height VH. 

Now the area of one of these A, as VAB,= ^ base AB X 

altitude VH, § 324 

.*. the sum of the areas of these A, that is, the lateral area 

of the pyramid, is equal to ^ the sum of their bases 

(AB + BC+ CD, etc.) X VH. 

Q. E. D. 

570. Corollary 1. The lateral area of the frustum of a 
regidar pyramid, being composed of trapezoids which have for 
their common altitude the slant height of the frustum, is equal to 
one-half the sum of the perimeters of the bases mtdtiplied by the 
slant heiglU of the frustum. 

571. Cor. 2. The dihedral angles formed by the intersec- 
tions of the lateral faces of a regular pyramid are all equal. § 492 
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Proposition XVI. Theorem. 
572. Two triangular pyramids having equivalent bases 
and equal altitudes are equivalent. 




Let S-ABC and S'-A' B' C be two triangular pyramids 
having equivalent bases ABO and A' B'C situated 
in the same plane, and a common altitude A X, 
We are to prove 8-ABC ^ S'-A' B' C. 
Divide the altitude A X into a number of equal parts, 
and through the points of division pass planes li to the 

planes of their bases, intersecting the two pyramids. 

In the pyramids S-A B C and S'-A' B' C inscribe prisms 

whose upper bases are the sections D E F, G H I, etc., B' E' F'y 

(y^'/', etc. 

The corresponding sections are equivalent, § 568 

ijf two pyramids have equal altittides and equivalent bases, sections made by 
planes II to their bases and at eqtcal distances from their vertices are 
equivalent). 

,'. the corresponding prisms are equivalent, § 544 

(prisms havitig equivalent bases and equal altitudes are equivalent). 

Denote the sum of the prisms inscribed in the pyramid 
S-A B C, and the sum of the corresponding prisms inscribed in 
the pyramid S'-A' B' C by V and V respectively. 

Then' V= V. 

Now let the number of equal parts into which the altitude 
AX \^ divided be indefinitely increased ; 

The volumes V and V are always equal, and approach to 
the pyramids 8-A B C and S'-A' B' C respectively as their limits. 

Hence S-ABC ^ S'-A' B' C. § 199 

Q. E. D. 
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Pboposition XVII. Theobem. 
573. The volume of a triangular pyramid 19 eqtial to one* 
third of the product of its base and altitude. 




Let S'ABCbe a triangular pyramid, and Hits altitude. 

We are to prove S-AB C ^ \ A B C Y H, 

On the base ABC construct a prism ABC-SED, having its 
lateral edges W to SB and its altitude equal to that of the pyramid. 

The prism will be composed of the triangular pyramid 
8 A B O and the quadrangular pyramid S-A CDS, 

Through S A and S D pass a plane SAD, 

This plane divides the quadrangular pyramid into the two 
triangular pyramids, S-A C D and S-A E D , which have the same 
altitude and equal bases. § 133 

.\S-ACD^S-AED, §572 

{two triangular pyramids having equivalent bases and eqtial altitudes are 
equivalent). 

'Now the pyramid S-A E D may be regarded as having 
E SD for its base and A for its vertex. 

.'. pyramid S-A E D ^ pyramid 8- A BC, § 572 

(having equal bases SED and ABC and the same altUude), 

.•. the three pyramids into which the prism A B C-SED is 
divided are equivalent. 

/. pyramid S-A B C is equivalent to J of the prism. 

But the volume of the prism is equal to the product of its 
base and altitude ; § 543 

r,SABC = ^ABCX IT. 

Q. E. D. 
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Proposition XVIII. Theorem. 
574. The volume of any pyramid is equal to one-lAird 
the product of its base and altitude. 



S 



Let S'ABCDE be 9.ny pyramid. 

We are to prove S-ABCDE = \ABCDEXSO. 

Through the edge S Dy and the diagonals of the base DA, 
D By pass planes. 

These divide the pyramid into triangular pyramids, whose 
bases are the triangles which compose the base of the pyramid, 

and whose common altitude is the altitude SO oi the 
pyramid. 

The volume of the given pyramid is equal to the sum of the 
volumes of the triangular pyramids. 

But the sum of the volumes of the triangular pyramids is 

equal to J the sum of their bases multiplied by their commoii 

altitude, § 573 

{the volufne of a triangular pyramid is equal to one-third the product of its 

base and altitude), 

that is, the volume of the pyramid S-ABCDE = J 
ABCBExSO. 

Q. E. D. 

575. Corollary. Pyramids having equivalent bases are to 
each other as their altitudes ; pyramids having equal altitudes 
are to each other as their bases. Any two pyramids are to each 
other as the products of their bases and altitudes. ^ 

576. Scholium. The volume of any polyhedron may be 
found by dividing it into pyramids, and computing the volumes 
of these pyramids separately. 
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Proposition XDL Theorem. 

577. Two tetrahedrons having a trihedral angle of the 
one equal t-o a trihedral angle of the other are to each other as 
the products of the three edges of these tri/iedral angles. 




.Let V and V denote the volumes of the two tetra- 
hedrons DA B C, ly-A B' C, having the trihedral A 
of the one equal to the trihedral A of the other, 

^ , Y AB X ACX AD 

We are to prove — == 

^ r AB'XAC'XAD^ 

Place the tetrahedrons so that their equal trihedral A shall 
be in coincidence. 

Consider ABG and A B' C the bases of the two tetrahe- 
drons, 

and from D and D' draw D and Z)' 0' ± to the base ^^C. 

v AB'C'XD'O' AB'C'^ lycy ^ 

{any tivo pyramids are to each other as the products of their bases and 

altitvdes). 



But 



and 



ABC ABXAC 
AB'C'~' AB'XAO'' 

DO AD 



D'0'~' AD'' 
(bei^homologous sides of the similar ^ADO arid AD'O^, 

. V ABX ACXAD 
" V AB' X AC'XAD'" 

Q. E. D. 



§341 
§ 278 
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Exercises. 

1. Given a cubical tank holding one ton of water; find its 
leugth in feet, if a cubic foot of water weigh 1000 ounces. 

2. At 17 cents a square foot, what is the cost of lining with 
zinc a rectangular cistern 5 ft. 7 in. long, 3 ft. 11 in. broad, 2 ft. 

8 J in. deep 1 

3. Find the side of a cubical block of cast iron weighing a 
ton, if iron weigh 7.2 as much as water, and a cubic foot of 
water weigh 1000 ounces. 

4. How many cubic yards of gravel will be required for a 
walk surrounding a rectangular lawn 200 yards long, and 100 
yards wide ; the walk to be 3 feet wide and the gravel 3 inches 
deep 1 

5. The volume of a rectangular solid is the sum of two cubes 
whose edges are 10 inches and 2 inches respectively, and the 
area of its base is the difference between 2 squares whose sides 
are 1^ feet and 1| feet respectively ; find its altitude in feet. 

6. A rectangular cistern whose length is equal to its breadth is 
22 decimetres deep, and contains 10 tonneaux of water; find its 
length. 

7. Given a regular prism wliose base is a regular hexagon in- 
scribed in a circle 6 metres- in diameter, and whose altitude is 
8.7 metres ; find the number of kilolitres it wiU contain, if the 
thickness of the walls be 1 decimetre. 

8. A pond whose area is 11 hectares, 21 ares, 22.2 centares, 
is covered with ice 21 centimetres thick. Wliat is the weight of 
this body of ice in kilogrammes, the weight of ice being 92 % 
that of water. 

9. Given two hollow oblique prisms, whose interior dimen- 
sions are as follows : the area of a right section of the first is 18 
sq. ft., of the second 2.1 sq. metres ; a lateral edge of the first is 

9 ft., of the second 2.1 metres ; find the volume of each in cubic 
yards, cubic metres, cubic decimetres, and cubic q|fctimetres; 
find the capacity of each in gallons and litres, in bushels and 
hectolitres ; and find the weight of water in pounds and in kilo- 
grammes, required to fill each prism. 
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Proposition XX. Theorem. 

578. The frustum of a triangular pyramid is equivalent 
to the sum of three pyramids whose common altitude is the 
altitude of the frustum and whose bases are the lower base, 
the upper base, and a mean proportional between the two bases 
of the frustum. -^ 

\F 




Let B and h denote the lower and upper bases of the 
frustum ABC-DEF, and H its altitude. 

Through the vertices A^ E, C and £, Z), C pass planes 
dividing the frustum into three pyramids. 

Now the pyramid JS-A B C has for its altitude J7, the alti- 
tude of the frustum, and for its base B, the lower base of the 
frustum. 

And the pyramid C-E D F has for its altitude H, the alti- 
tude of the frustum, and for its base h, the upper base of the 
frustum. Hence, it only remains 

To prove E-A D equivalent to a pyramid, having for its 
altitude H, and for Us ha^e \B X h. 

E-A B C and E-A D C, regarded as having the common ver- 
tex C, and their bases in the same plane B D, have a common 
altitude. 

.'.E-ABG :E-ADC ::AAEB :AA ED. § 575 

{pyramids Jiaving equal altitudes are to each other as their bases). 

Now mnce the AAEB and AE D have a common altitude, 
{that iSf the altitude of the trapezoid ABED), 

we have A A E B : A A ED : : A B : DE, §326 
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.\E-ABC lE'ADC ::AB:DE. 

In like manner E-A D, C and ED F C, regarded as having 
the common vertex E and their bases in the same plane D 0, 
have a common altitude. 

r.E-ADC :E-DFC I'.AADC :AD FC. § 575 

But since the A A DC and D FC have a common altitude, 
{ihe altitude of the trapezoid A OF D\ 

we have A A DC . A D FC \ : AC : D F, §326 

Now A DEFis similar to A ABC, § 565 

(the section of a pyramid made by a plane II to tJie hose is a polygon similar 
to the boM) ; 

.\AB :DE::AC :DF, §278 

.-. E-A BC :E-ADC : lE-ADC lE-DF C. 

Now E-ABC = iHXB, §573 

and E-DFC=C-EDF=\HXb, §573 

.-. E-A DC = )/^HX BX ^HXb =- \ H )/B~x1>. 

Q. E. D. 

579. Corollary 1. Since the volume of the frustum is de- * 
noted by F, the lower base by B, the upper base by 6, and the 
altitude by H, 

we have V^^HXB-^-^HXb+^HX ^JWxl, 

= iHx(B-\-b-\- ^/WxTiy 

580. Cor. 2. The frustum of any 'pyramid is equivalent to 
the sum of three pyramids whose common altitude is the altitude 
of the frustum, and whose bases are the lower base, the upper base^ 
aiid a mean proportional between the bases of the frustum. 

For the frustum of any pyramid is equivalent to the corre- 
sponding frustum of a triangular pyramid having the same alti- 
tude and an equivalent base (§ 578) ; and the bases of the frustum 
of a triangular pyramid being both equivalent to the correspond- 
ing bases of the given frustum, a mean proportional between the 
triangular bases is equivalent to a mean proportional between 
their equivalents. 
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Proposition XXI. Theorem. 

581. A truncated triangular prism is equivalent to the 
sum of three pyramids whose common base is the base of the 
prism, and whose vertices are the three vertices of the inclined 
section. 



F 




Let A B C-DEF be a trancated triangular prism whose 
base is ABC, and inclined section DEF, 

We are to prove A B G-D E F "^ three pyramids, EA B C, 
*D-ABG andF-ABC. 

Pass the planes A EC and DEC, dividing the truncated 
prism into the three pyramids E-A B (7, E-A CD, and E-C D F, 

Now the pyramid E-ABC has the base ABC and the 
vertex E, 

E-ACD^B-ACD, §574 

(for they have the same base ACD and the same altitude^ since their vertices 
E and B are in the line SB W to the base A CD), 

But pyramid B-A CD, which is equivalent to pyramid 
E-A C D, may be regarded as having the base ABC and the 
vertex D, 

Again, E-CDF^ B-A C F, 

for their bases CDF and AC F, in the same plane, are 
equivalent, § 325 

{for the A CDF and A C Fhave the common hose CF and equal altitudes, 
their vertices lying in the line A D W to C F). 
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Moreover, E-C D F and B-A G F Lave the same altitude, 

{since their vertices E and B are in the line E B W to the plane of their 
bases A CDF), 

But the pyramid B-A C F may be regarded as having the 
base ABC and the vertex F, 

.'. the truncated triangular prism A B C-B EFis equivalent 
to the three pyramids F-A B C, DA B G, and F-A B C. 

Q.E. D. 
F A' 




582. Corollary 1. The volume of a truncated right tri- 
angular prism is equal to the product of its base by one-third 
the sum of its lateral edges. For the lateral edges DA, E B, 
FC, being perpendicular to the base, are the altitudes of the 
three pyramids whose sum is equivalent to the truncated prism. 
And, since the volume of a pyramid is one-third the product of 
its base by its altitude, the sum of the volumes of these pyramids 
= ABGX\{DA + EB + FC). 

683. CoR. 2. The volume of any truncated triangular prism 
is equal to the product of its right section by one-third the sum 
of its lateral edges. 

For let A B C-A' B' G' be any truncated triangular prism. 
Then the right section D E F divides it into two truncated right 
prisms whose volumes SiTeDEFX^(AD + BE+GF) and 
DEFX i{A'D + B'E+ C' F), 

Whence their syim\aDEFX\ {A A' + BB'+ G G% 
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Exercises. 

1. Given a pyramid whose base is a rectangle 80 feet by 60 
feet, and whose lateral edges are each 130 feet ; find its volume, 
and its entire surface. 

2. Given the frustum of a pyramid whose bases are hepta- 
gons ; each side of the lower base being 10 feet, and of the upper 
base 6 feet, and the slant height 42 feet ; find the convex surface 
in square yards. 

3. Given a stick of timber 30 feet long, the greater end being 
18 inches square, and the smaller end 15 inches square; find its 
volume in cubic feet. 

4. Given a stone obelisk in the form of a regular quadrangular 
pyramid, having a side of its base equal to 25 decimetres, and its 
slant height 12 metres. The stone weighs 2.5 as much as water. 
What is its weight in kilogrammes ] 

5. Given the frustum of a pyramid whose bases are squares ; 
each side of the lower base being 35 decimetres, each side of the 
upper base 25 decimetres, and the altitude 15 metres; find its 
volume in steres. 

6. Given a right hexagonal pyramid whose base is inscribed 
in a circle 30 feet in diameter, and whose altitude is 20 feet ; 
find its convex surface, and its volume. 

7. Given a right, pentagonal pyramid whose base is inscribed 
in a circle 20 feet in diameter, and whose slant height is 30 feet ; 
find its convex surface, and its volume. 

8. Find the difference between the volume of the frustum of 
a pyramid, and the volume of a prism of the same altitude whose 
base is a section of the frustum parallel to its bases and equidis- 
tant from them. 

9. Given a stick of timber 32 feet long, 18 inches wide, 15 
inches thick at one end, and 1 2 inches at the other ; find the 
number of cubic feet, and the number of feet hoard measure it 
contains. Find equivalents for the results in the metric systera. 
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On Similar Polyhedrons. 

584. Def. Similar polyhedrons are polyhedrons which 
have the same form. They have, therefore, the same iiumher of 
faces, respectively similar and similarly placed, and their corre- 
sponding polyhedral angles equal, 

585. Def. Homologous faces, lineSy and angles of similar 
polyhedrons are faces, lines, and angles similarly placed. 




I. The homologotis edges of similar polyhedrons are pro- 
portioTiaL 

Since the faces SAB, SACySBC and A B C a,ve similar 
respectively to S' A' B, S' A' C, S' B' C and A' B' C, we have 



SA__SB^_AB^ t 
S'A'^S'B^'^A'B''^^' 



§278 



II. Any two homologoits faces of similar polyhedrons are 
proportional to the squares of any two homologous edges, 

SAB 'S~A^ SAC S~^ SBC 
Thus, ^,^,^,-^— 2-5/^/C'/-"^r^/2-^2?/(7r §342 



III. The entire surfaces of two similar polyhedrons are pro- 
portional to the squares of any two Itomologous edges. 



Thus, since ^AA. = ^A^ , etc., 
S'A'Bf S'A'C 

SAB+ SAC, etc. SAB ^^3^ 
S'A'B' + SA'C, etc. ~a^M'^' ""^^' 



§ 266 
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Proposition XXII. Theorem. 

586. Two similar polyhedrons may be decomposed into 
the same number of tetrahedrons similar, each to each, and 
similarly placed. 




Let ABCDEOPQRS and A' B' C ly E'-C F Qf It' 8' he 
two similar polyhedrons of which P and P are 
homologous vertices. 

We are to pr<yve tliat A BCDEOPQRS and A^E'C'D'E'- 
(y P* Q' R' S' can he decomposed into the same number of tetrahe- 
drons similar and similarly placed. 

Place two homologous faces A BCD and A^B^Q^U in 
the same plane, having two homologous edges A B and A} B^ II 
and lying in the same direction. 

On any two corresponding faces not adjacent to P and P, 
as ABODE and A' B' C D E'^ from two homologous vertices, 
as E and E', draw diagonals dividing these faces into A, similar 
and similarly placed. 

Prom the homologous vertices P, P' of the polyhedrons 
draw straight lines to the vertices of these A. 

Repeat this construction for each of the faces not adjacent 
to P, P'. 

Then the polyhedrons will be divided into the same number 
of tetrahedrons ; 

that is, into as many tetrahedrons as there are A in these 
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Now, any two corresponding tetrahedrons, as P-A B E and 
F'-A'B' E', are similar; 

for the faces EAB and PAB are similar respectively to 
the faces E' A' B' and P' A' B\ § 294 

(})eing similarly sUvMted A of similar polygons). 

In the A PBE&nd P' B' E' 

PB is II to F B', and BE\jo B' E*, 
(since they make equal A respectively with the II lines A B and A^B') ; 

.\ZPBE = Z P'B'E, § 462 

{pwQ A not in the same plane having their sides il and lying in the sa'tne 
direction are eqical) ; 



and 11 ^(A^)^^ 

P'B' \A'B'/ B' 



E^ 
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/. face PBE is similar to face P' B' E'. § 284 

Also, in the A P^ ^ and P' A' E 
PE 

(being lu/mologous sides of similar A ). 



11. = lll\ = ZA _ (Al\ ^Al & 2 78 
°'i;' \BB7 P'A''~\A'B')~ A'E' ^ 



.-. face PAEis similar to face P' A' E. § 282 

Moreover, since any two corresponding trihedral A of these 
tetrahedrons are formed by three plane A which are equal, each 
to each, and similarly situated, they are equal. § 492 

.-. PA B E and F-A' B' E' are similar. § 584 

In like maimer we may show that any other two tetrahe- 
drons similarly situated are similar. 

That is, the two similar polyhedrons have the same number 
of tetrahedrons similar each to each, and similarly situated. 

Q. E. D. 

587. Corollary. Any two homologous lines in two similar 
polyhedrons have the same ratio as any two homologous edges. 
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Proposition XXIII. Theorem. 
588, Similar tetrahedrons are to each other as tie cubes 
of their homologous edges. 




Let SB CD a,nd S'-B' C ly be two similar tetrahedrons 
having for bases the similar faces BC D andB'OD'y 
and for altitudes SO and S' 0', 



We are to prove 



SBC D B~^ 



Apply the tetrahedron S'-B' C D' to the tetrahedron S-BCD, 
80 that the polyhedral S^ shall coincide with S, 

Then the base B' C D' will be II to the face BCD, 
(since their planes make equal A with t?ieface SBC), 

and the ±S0,± to BCD, wUl also be ± to ^ CD'. 

SO' will be the altitude of the tetrahedron SB' C D'. 

Now-^?:^^-A^^>l^-A^X^,§575 
S-B'C'D'~ B'C'D' X S0'~ BCD' SO'^ 

{any ttoo tetrahedrons are to each other as the products of their hoses and 

aJtiticdes). 



Since the bases are similar, 

BCD 
B'CD'^ 






§343 
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., so BC 
Also. = . 
SO B'C' 


§587 


(in two similar polyhedrons any two Junnologous lints are m 
as any tvoo homologous edges). 


the same ratio 


. S-BCD B(f BC B(f 
' S-B'C'D' B'C^^^'O' £'C<^' 


Q. E. D. 



589. Corollary 1. Ttoo similar polyhedrons are to each 
other as the cubes of any two homologotts edges. 

For, two similar polyhedrons may be decomposed into tetra- 
hedrons similar, each to each, and similarly placed, of which any 
two homologous edges have the same ratio as any two homolo- 
gous edges of the polyhedrons. And, since any pair of the simi- 
lar tetrahedrons are to each other as the cubes of any two 
homologoHs edges, the entire polyhedrons are to each other as 
the cubes of any two homologous edges. § 266 

590. Cor. 2. Similar prisms or pyramids are to each other 
as the cubes of their altitudes ; and similar polyhedrons are to each 
other as the cubes of any two homologous lines. 



Ex. 1. The portion of a tetrahedron cut off by a plane parallel 
to any face is a tetrahedron similar to the given tetrahedron. 

Ex. 2. Two tetrahedrons, having a dihedral angle of one equal 
to a dihedral angle of the other, and the faces including these 
angles respectively similar, and similarly placed, are similar. 

Ex. 3. Given two similar polyhedrons, whose volumes are 125 
feet and 12.5 feet respectively ; find the ratio of two homologous 
edges. 
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On Kbgular Polyhedrons. 

591. Def. a Regular polyhedron is a polyhedron all of 
whose faces are equal regular polygons, and all of whose polyhe- 
dral angles are equal. 

The regular polyhedrons are the tetrahedron^ octahedron and 
icosahedron, all of whose faces are equal equilateral triangles; 
the hexahedron^ or cube, whose faces are squares ; the dodecahe- 
dron, whose faces are regular pentagons. 

Only these five regular polyhedrons are possible, for a poly- 
hedral angle must have at least three face angles, and must have 
the sum of its face angles less than four right angles, (§ 488). 
Hence : 

I. If the faces be equilateral triangles, polyhedral angles 
may be formed of them in groups of 3, 4, or 5 only, as in the 
tetrahedron, octahedron and icosahedron. Since each angle of an 
equilateral triangle is two-thirds of a right angle, the sum of six 
such angles is four right angles, and therefore greater than a 
convex polyhedral angle. 

II. If the faces be squares, polyhedral angles may be formed 
of them in groups of three only, as in the regukr^^figa^etfrow, or 
cube ; since four such angles would be four right angles. 

III. If the faces be regular pentagons, polyhedral angles 
may be formed of them in groups of three only, as in the regular 
dodecahedron ; since four such angles would be greater than four 
right angles. 

IV. "We can proceed no farther ; for a group of three angles 
of regular hexagons would equal four right angles, and of regular 
heptagons, etc., would be greater than four right angles. 
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Proposition XXIV. Problem. 
592. Given an edge, to construct the five regular poly 
hedrons. 

Let A B he the given edge. 

I. Upon AB to construct a Tegular tetrahedron. 

Upon A B construct the equilateral A 
ABC. §232 

Find the centre of this A, § 238 

and erect D A^io the plane ABC. 

Take the point D so that AD=^ AB. 

Draw DA,pB,DC. ^ 

ABC B is the regular tetrahedron required 

For, the edges are all equal, 

and hence the faces are equal equilateral A. 

and its polyhedral A are all equal. 

" .G n 




D 



^B 



§ 450 

§492 

To construct a regular hexahedron. 

Upon the given edge AB construct the 
square ABCD, 

and upon the sides of this square con- 
(7 struct the squares £! B, FC, GD.HAA. to 
the plane ABC D. 

Then A Gib the regular hexahedron required. 

III. To construct a regular octahedron. 

Upon the given Q^gQ A B construct 
the square ^ j5 (7 2>. 

Through its centre pass a J- to 
its plane ABCD. 

In this ± take two points E and F^ 
one ahove and the other helow the plane, 

so that A E and A F are each equal 
\xiAB. 

Join E and F to each of the vertices of the square. 

Then EABCBF\& the regular octahedron required. 

For, the edges are all equal, § 450 

and hence the faces are equal equilateral A. 

And, since the A Z) jS^^ and DACqxq equal, § 108 

DEBFisa. square and the pyramid A-DEBFis equal in 
all its parts to the pyramid E-A BCD. 

Hence, the polyhedral A A and E are equal. 

In liko manner all the polyhedral A of the figure are equal. 
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IV. To constract a regular dodecahedron. 

Upon A B construct the regular pentagon ABODE. § 395 

On each side of this pentagon construct an equal pentagon, 
so inclined that trihedral A shall be fonned at -4, -^,*C, /), E, 

The convex surface thus formed is composed of six regular 
pentagons. 

In like manner, upon an equal pentagon A' B' C ly E' con- 
struct an equal convex surface. 

Apply one of these surfaces to the other, with their convexi- 
ties turned in opposite directions, so that P (^ and P' Q' shall 
fall upon PO and PQ. 

Then every face Z of the one will, with two consecutive 
face A of the other, form a trihedral Z. 

The solid thus formed is the regular dodecahedron required. 

For, the faces are all regular pentagons, Cons, 

and the polyhedral A are all equal. § 499. 

D U 




G G* 

V. To constract a regular icosahedron. 

Upon A B construct the regular pentagon ABODE. § 395 
At its centre erect a X to its plane. 
In this ± take P so that P A == A B. 
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Join P with each of the vertices of the pentagon ; 

thus forming a regular pentagonal pyramid whose vertex is P, 
and whose dihedral A formed on the edges P A^ P B, P (7, etc. 
are all equal. § 571 

Taking A and B as vertices, construct two pyramids each 
equal to the first, and having for hases BP E F G dxAAG HC P 
respectively. 

There will thus be formed a convex surface consisting of ten 
equal equilateral A. 

In like manner upon an equal pentagon A' B' C U E' con- 
struct an equal convex surface. 

Apply one of these surfaces to the other with their convexi- 
ties turned in opposite directions, so that every combination of 
two face A of the one, as P' D' C\ P* B' E', shall with a combi- 
nation of three face A of the other, b& BC H, BC P, P C D, 
form a pentahedral Z. 

The solid thus formed is the regular icosahedron required. 

For, the faces are all equal ; Cons, 

and the polyhedral A are all equal, § 571 

Q. E. D. 




TETRAHEDRON. 























HEXAH 


EDRON. 





ICOSAHEDRON. 



DODECAHEDRON. 



593. Scholium. The regular polyhedrons can be formed 
thus : 

Draw the above diagrams upon card-board. Cut through 
the exterior lines and half through the interior lines. The fig- 
ures will then readily bend into the regular forms required. 
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Supplementary Propositions. 
Proposition XXV. Theorem. (Euler's.) 
594. In any polyhedron the number of its edges in- 
creased by two is eqiial tx> the number of its vertices increased 
by the number of its faces. 

Let E denote the number of edges of any polyhedron; 
V the number of its vertices, F the number of its 
faces. 

We are to prove E + 2 == V + F. 

S Beginning with one face A B CD E^ 

we have E = V, 

Annex a second face /S^ ^ by ap- 
plying one of its edges to an edge of 
the first face. 

There is formed a surface having 
one edge A B, and two vertices A and 
^D B common to both faces. 

.'. whatever the number of the 

^ ^ sides of the new face, the whole num- 

ber of edges is now one more than the whole number of ver- 
tices. 

.-. for 2 faces iS^ = 7+ 1. 

Annex a third fece, SBC, adjacent to each of the fonner. 

The new surface will have two edges SB and B C, 

and three vertices S, B and C, in common with the preced- 
ing surface. 

.'. the increase in the number of edges is again one more 
than the increase in the number of vertices. 

According to the same law, for an incomplete surface of 
F.—l faces 

E= r+ F—2. 

When we add the last face SEA, necessary to complete the 
surface, 

its edges SE, SA and A E, and its vertices S, E and A 
will be in common with the preceding surface. 

.-. in a polyhedron of F faces E= F + -F — 2. 

.\E-\- 2=V-\- F. 

Q. E. D. 




POLYHEDRONS. 327 



Proposition XXVL Theorem. 

595. The mim of all the angles of the faces of any poly- 
hedron is equal to four right angles taken as many times as 
the polyhedron has vertices less two. 

Let M denote the number of edges, V the number ot 
vertices, F the number of faces, and S the sum ot 
all the angles of the faces of any polyhedron. 

We are to prove /S' = 4 rt. ^ X (T— 2). 

Since E denotes the number of 
the edges of the polyhedron, 

2 E will denote the whole num- 
ber of sides of all its faces, con- 
sidered as sides of independent poly- 
gons. 

And since the sum of all the 
interior and exterior A of each poly- ^ ^ 

gon is equal to 2 rt. ^ taken as many times as it has sides, 

the sum of the interior and exterior A of all the faces is 
equal to 2 rt. ^ X 2 ^. 

And since the sum of the exterior A of each face is 
4 rt. ^, § 159 

the sum of the exterior A of all the faces is equal to 
4:Tl,AXF, 

.'. S + 4: Ti. A X F = 2 Tt. A -K 2 E, 

That is, aS'= 4 rt. ^ X (^- i^. 

Since E + 2 -= V ■\- F, §594 

E-F^ 7-2, 
.•.;S=4rt. zi X (r-2). Q.E. D. 
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~ — ^- — 

On the Cylinder. 

696. Def. a Cylindrical surface is a curved surface gen- 
erated by a moving straight line which continually touches a 
given curve and in all its positions is parallel to a given fixed 
straight line not in the plane of the curve. 





Thus, the surface ABC Dy generated by the moving line 
A D continually touphing the curve ABC and always parallel 
to a given straight line My is a cylindrical surface. 

697. Dep. The moving line is called the Generatrix ; the 
curve which directs the motion of the generatrix is called the 
Directrix ; the generatrix in any position is called an Element 
of the surface. 

The generatrix may be indefinite in extent, and the direc- 
trix a closed or an open curve. In elementary geometry the 
directrix is considered a circle. 

698. Dep. A Cylinder is a solid bounded by a cylindrical 
surface and two parallel planes. 

699. Dep. The Bases of a cylinder are its plane surfaces. 

600. Dep. The Lateral surface of a cylinder is its cylindri- 
cal surface. 

601. Dep. The Axis of a cylinder is the straight line join- 
ing the centres of its bases. 
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602. Def. The Altitude of a cylinder is the perpendicular 
distance between the planes of its bases. 

603. Dep. a Section of a cylinder is a plane figure whose 
boundary is the intersection of its plane with the surface of the 
cylinder. 

604. Def. A Right section of a cylinder is a section per- 
pendicular to the elements. 

605. Def. A RaditLS of a cylinder is the radius of the base. 

606. Def. A Right cylinder is a cylinder whose elements 
are perpendicular to its bases. Any element of a right cylinder 
is equal to its altitude. 

607. Def. An Oblique cylinder is a cylinder whose elements 
are oblique to its bases. Any element of an oblique cylinder is 
greater than its altitude. 

608. Def. A Cylinder of Revolution is a cylinder generated 
by the revolution of a rectangle about one side as an axis. 

609. Def. Similar cylinders of revolution are cylinders 
generated by similar rectangles revolving about homologous sides. 

610. Def. A Tangent line to a cylinder is a straight line 
which touches the surface of the cylinder, but does not intersect it. 

611. Def. A Tangent plane to a cylinder is a plane which 
embraces an element of the cylinder without cutting the sur- 
face. The element embraced by the tangent plane is called 
the Element of Contact 

612. Dep. A prism is inscribed in a cylinder when its 
lateral edges are elements of the cylinder and its bases are in- 
scribed in the bases of the cylinder. 

613. Def. A prism is circumscribed about a cylinder when 
its lateral faces are tangent to the cylinder ancj it§ b^^ses are cir- 
cumscribed about the bases of the cylinder, 
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Proposition XXVII. Theorem. 
614. Every section of a cylinder made by a plane pass- 



ing through an element is a parallelogram. 

C 




^17 



Let ABC D be a, section of the cylinder AC, made hy 
a plane passing through A D. 

We are to prove the section ABC D a parallelogram. 

The line B C, in which the cutting plane intersects the 
curved surface a second time, is an element ; 

for, if through the point B a line be drawn II to A D, 

it will be an element of the surface. 

It will also lie in the plane A C. 

This element, lying in both the cylindrical surface and plane 
surface, is their intersection. 

Now ADi^WioB C, 

(Jking elements of the cylinder), 

and ABis W toDCy § 465 

{the intersections of two II planes hy a third plane are W lines), 

.'. the section ABC D is a, O. § 125 

«. E. D. 

615. Corollary. Every section of a right cylinder embrac- 
ing an element is a rectangle. 
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Proposition XXVIH. Theorem. 
616. The bases of a cylinder are equal, 
G^ C 




Let ABE and DC G be the bases of the cylinder A C, 
We are to prove ABB = BOG. 
Any sections A C and A G, embracing A D, an element of 



the cylinder, 


areZI7. 




§614 




.'. A B = D SLud A E = D G. 


§134 


Now 




BCia II to EG, 
(each being II to AD). 


§459 


Also 




BC = EG, 


§464 






.-.ECisA O. 


§ 136 






.•.EB=GG, 


§ 134 




,* 


.AEAB = AGI)C. 


§108 



Apply the upper base to the lower base, so that D C will 
coincide with A B. 

Then A GDC will coincide with A EAB, and point G 
will fall upon point B. 

That is, any point G in the perimeter of the upper base will 
coincide with the point in the same element in the lower base. 
/. the bases coincide, and are equal. 

Q. E. D. 

617. Corollary 1. Any two parallel sections ABC and 
A' B' C\ cutting all the elements of a cylinder E F^ are equal. 
For these sections are the bases of the cylinder A C. 

618. Cor. 2. Any section of a cylinder parallel to the base 
is equal to the base. 
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Proposition XXIX. Theorem. 
619. The lateral area of a cylinder is equal to the 
product of the perimeter of a right section of the cylinder by 
an element of the surface. ru 



Let ABC DB be the base, and A A' any element of the 
cylinder A (7'; and let the curve ahcdebe any light 
section of its surface. 

Denote the perimeter of the right section by P, 
and tlie lateral surface of the cylinder by S. 
We are to prove S = F X A A\ 

Inscribe in the cylinder a prism whose right section abcde 

will be a polygon inscribed in the right section abcde of the 

cylinder. § 604 

Denote the lateral area of the prism by «, 

and the perimeter of its right section by p. 

Then 8=pXAA', §524 

{the lateral area of a prism is eqtial to the product of the perirneier of a right 
section by a lateral edge). 

Now let the number of lateral faces of the inscribed prism 
be indefinitely increased, 

the new edges continually bisecting the arcs in the right 
section. 

Then p approaches P as its limit, 

and 8 approaches aS' as its limit. 
But, however great the number of faces, 
8^p XAA^, 
.'.S=FXAA\ §199 

Q. E. D. 
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B 




620. Corollary 1. The lateral area of a right cylinder is 
equal to the product of the perimeter of its base by its altitude, 

621. Cor. 2. Let a cylinder of revolution be generated by 
the rectangle whose sides are R and H revolving about the 
side H, 

Then R is the radius of the base of the cylinder, and H the 
altitude of the cylinder. 

The perimeter of the base is 2 w i? ; § 381 

hence, S=2irRXH. 

The area of each base is w ^ ; § 381 

hence, the total area T of a cylinder of revolution is ex- 
pressed by 

T=27rRXII+27rR^ = 2irR{H+R). 

622. CoR. 3. Let aS', aS' denote the lateral areas of two simi- 
lar cylinders of revolution ; 

T, T' their total areas ; R, R' the radii of their bases ; H, H' 
their altitudes. 

Since the generating rectangles are similar, we have 

H _R _!!+ R J 266 






H' R' H' + R' 
2'nRH _R xK.-^^ -^' 



•RH'^R' H'^H'^ R^' 



and ^_ 2 7rR(H+R) R / H + R \ _ H^ ^ R[ 
V ""2 TT R (//' + ^0 '^ R' \1V + R'f ~ H'^ "'R'^' 

That is, the lateral areas, or (he total areas, of similar cylirv- 
ders of revolution are to each other as the squares of t/ieir altitudes, 
or as the squares of the radii of their bases. 
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Proposition XXX. Theorem. 
623. The volume of a cylinder is equal to the product of 
its base by its altitude. 




Let V denote the volume of the cylinder A G, B its 
base, and H its altitude. 

We are to prove V=BXH, 

Let F' denote the volume of the inscribed prism A G, B' its 
base, and H will be its altituda 

Then V'-=-B'XH, § 543 

{the vohime of a prism is equal to tJie produd of its base by its altitude). 
Now, let the number of lateral faces of the inscribed prism 
be indefinitely increased, the new edges continually bisecting 
the arcs of the bases. 

Then B^ approaches B as its limit, 

and V approaches V as its limit. 

But however great the number of the lateral faces, 

r = B'X H, 

.\V=BXH, §199 

Q. £. D. 
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624. Corollary 1. Let Vhe the volume of a cylinder of 
revolution, B the radius of its base, and H its altitude. 

Then the area of its base is n B^, § 381 

625. CoR. 2. Let V and F' be the volumes of two similar 
cylinders of revolution, R and i?' the radii of their bases, H and 
IP their altitudes. 

Since the generating rectangles are similar, we have 

, y 1,1^ H B^ H zr« 7?8 

and == = — V = = . 

That is, the volumes of similar cylinders of revolution are to 
ea/ih other as t/ie cubes of their altitudeSy or as the cubes of the 
radii of timr bases. 

Ex. L Required, the entire surface and volume of a cylin- 
der of revolution whose altitude is 30 inches, and whose base 
is a circle of which the diameter is 20 inches. 

2. Required, the volume of a right truncated triangular 
prism the area of whose base is 40 inches, and whose lateral 
edges are 10, 12, and 15 inches, respectively. 

3. Let E denote an edge of a regular tetrahedron ; show 
that the altitude of the tetrahedron is equal to E ^^; that the 
surface is equal to jE"^ y/T; and that the volume is equal to 
E^ 



12 V^- 



4. Required, the number of quarts that a cylinder of revo- 
lution will contain whose height is 20 inches, and whose diame- 
ter is 12 inches. 

5. Given S, the surface of a cube, find its edge, diagonal, 
and volume. What do these become when aS' = 54 ? 



336 



GEOMETRY. BOOK VII. 



Proposition XXXI. Problem. 

626. Through a given point to pass a plane tangent to a 
given cylinder. 




Case I. — fFhen the given point is in the curved surface of the cylinder. 

Let AC be a given cylinder, and let the given point 
be a point in the element A A\ 

It is required to pass a plane tangent to the cylinder and em- 
bracing the element A A'. 

Draw the radius Ay and A T tangent to the base ; 

and pass a plane R T' through A A' and A T, 

The plane R T' is the plane required. 

For, through any point P in this plane, not in the ele- 
ment A A\ 

pass a plane II to the base, intersecting the cylinder in 
the O MN, 

and the plane R T' in MP. 

From the centre of the Q M N draw Q M. 

MP and MQ are II respectively io A T and iO, § 465 
{tlve intersections of two II planes by a third plane are II lines) ; 

.\ZPMQ=^Z TAG, § 462 

{two A not in the same plane, haviiig their sides II and lying in tJie same 
directimiy are equal). 
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.'. PM is tangent to the O MN at M. § 186 

.-. P lies without the O M N, 

and hence without the cylinder. 

.". the plane R T' does not cut the cylinder, and is tangent 
to it. 

Case II. — Whm (he given pairU is vnthotU the cylinder. 

Let P be the given point 

It is required to pass a plane through P tangent to th%. 
cylinder. 

Through P draw the line PT' II to the elements of the 
cylinder, 

meeting the plane of the base at T. 

From T draw TA and TC tangents to the base. § 240 

Through P T and the tangent T A pass a plane R T'. 

Since A A' is II to P T, Cons. 

the plane R T', passing through P T and the point A will 
contain the element AA'y 

(two II lines lie in the same plane). 

And, since R T also contains the tangent A Ty 

it is a tangent plane to the cylinder. 

In like manner, the plane T S\ passed through PI^ and the 
tangent line T 0, 

is a tangent plane to the cylinder, 

Q. E. F. 

627. Corollary 1. The intersection of two tangent planes 
to a cylinder is parallel to the elements of the cylinder. 

628. Cor. 2. Any straight line drawn in a tangent plane, 
and cutting the element of contact, is tangent to the cylinder. 
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On the Cone. 

629. Dbp. a Conical surface is a surface generated by a 
moving straight line continually touching a given curve and 
passing through a fixed point not in the plane of the curve. 

Thus the surface generated by the mov- Al_ 
ing line A A' continually touching the curve 
ABC D^ and passing through the fixed point 
Si is a conical surface. 

630. Def. The moving line is called 
the Generatrix ; the curve which directs the 
motion of the generatrix is called the Di- 
rectrix ; the generatrix, in any position, is 
called an Element of the surface. 

631. Dep. a conical surfece generated 
by an indefinite straight line consists of two 
portions, called Nappes, one the Lower , the 
other the Upper Nappe, 

632. Def. A Cone is a solid bounded by a conical surface 
and a plane. 

633. Def. The Lateral surfiice of a cone is its conical sur- 
face. "" 

634. Dep. The Ba^e of a cone is its plane surfaoe. 

635. Def. The Vertex of a cone is the fixed point through 
which all the elements pass. 

636. Dep. The Altitude of a cone is the perpendicular dis- 
tance between its vertex and the plane of its base. 

637. Def. A Section of a cone is a plane figure whose 
boundary is the intersection of its plane with the surface of the 
cone. 

638. Def. A Right section of a cone is a section perpen- 
dicular to the axis. 

639. Def. A Circular cone is a cone whose base is a circle. 

640. Def. The Axis of a cone is the straight line joining 
its vertex and the centre of its base. 

641. Def. A Biaht cone is a cone whose axis is perpen- 
dicular to its base. The axis of a right cone is equal to its 
altitude. 

642. Def. An Oblique cone is a cone whose axis is 
oblique to its base. The axis of an oblique cone is greater 
than its altitude. 
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643. Dep. a Cone of devolution is a cone generated by the 
revolution of a right triangle about one of its perpendicular sides 
as an axis. 

The side about which the triangle I'e- 
volves is the axis of the cone ; the other per- 
pendicular generates the base, the hypotenuse 
generates the conical surface. Any position 
of the hypotenuse is an elementy and any 
element is called the slant height. 

644. Def. Similar cones of revolution 
are cones generated by the revolution of simi- 
lar right triangles about homologous perpen- 
dicular sides. 

645. Def. A Truncated cone is the portion of a cone 
included between the base and a section cutting all the elements. 

646. Def. A Frustum of a cone is a truncated cone in 
which the cutting section is parallel to the base. 

647. Def. The base of the cone is called the Lower base of 
the frustum, and the parallel section the Upper base. 

648. Def. The Altitude of a frustum is the perpendicular 
distance between the planes of its bases. 

649. Def. The Lateral surface of a frustum is the portion 
of the lateral surface of the cone included between the bases of 
the frustum. 

650. Def. The Slant height of a frustum of a cone of revo- 
lution is the portion of any element of the cone included between 
the bases. 

651. Def. A Tangent line to a cone is a line having only 
one point in common with the surface. 

652. Def. A Tangent plane to a cone is a plane embracing 
an element of the cone without cutting the surface. The element 
embraced by the tangent plane is called the Element of Contact. 

653. Def. A pyramid is inscribed in a cone when its lat- 
eral edges are elements of the cone and its base is inscribed in 
the base of the cone. 

654. Def. A pyramid is circumscribed about a cone when 
its lateral faces are tangent to the cone and its base is circum- 
scribed about the base ^f the cone. 
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Proposition XXXII. Theorem. 
655. Every section of a cone made by a plane passing 
through its vertex is a triangle. 




Let 8BD be a section of the cone S-ABC through 
the vertex S, 

We are to prove the section SB D a triangle. 

The straight lines joining S with B and D are elements of 
the surface. § 630 

They also lie in the cutting plane, 
{for their extremities lie in the plane). 

Hence, they are the intersections of the conical surface with 
the plane of the section. 



BJ) is also a straight line, 
{th>e intersection of two planes is a straight line). 

.'. the section SBD is a A. 



§ 446 



Q. E. D. 
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Proposition XXXIIL Theorem. 

656. Every section of a circular cone nrnde by a plane 
parallel to the base is a circle. 




Let the section ab c of the circular cone S-A BG be 
parallel to the base. 

We are to prove that ah c is a circle. 

Let be the centre of the base, and let o be the point in 
which the axis S pierces the plane of the II section. 

Through SO and any number of elements, SAy SB, etc., 
pass planes cutting the base in the radii A, OB, etc., 

and the section ahem the straight lines o a, oh, etc. 

Now a and o 5 are II respectively io A and OB, ^ 4G5 
(the inter sedimis of two II planes by a third plane are II lines). 
.'.the A So a and Sob are similar respectively to the 
A SO A ^ndi SOB, §279 

and their homologous sides give the proportion 

OA^KsOf^OTB' 
But OA = OBi §163 

,'. oa =zoh. 
That is, all the straight lines drawn from o to the perimeter 
of the section are equal. 

.*. the section ahc is a O. 

Q. E. D. 

657. Corollary. The axis of a circular cone passds through 
the centres of all the sections which are parallel to the base. 
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Proposition XXXIY. Theorem. 

658. The lateral area of a cone of revolution is eqiuil to 
one-half the product of the circumference of its base by the 
slant height. 




Let ^A'E FGHK be a cone generated by the revolution 
of the light triangle AGE about AG as an axis, and 
let 8 denote its lateral area, G the circumference 
of its base, and L its slant height. 

We are to prove S = ^ G X L, 

Inscribe on the base any regular polygon E F G H K^ 

and upon this polygon as a base construct the regular pyra- 
mid A-E FGIIK inscribed in the cone. 

Denote the lateral area of this pyramid by «, the perimeter 
of its base by /?, its slant height by Z, 

Then 8=\pXl, ' §669 

(fhe lateral area of a regular pyramid is equal to one-half the prodiu^ of the 
perimeter of its hose by the slant height). 

Now, let the number of the lateral faces of the inscribed 
pyramid be indefinitely increased, 
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the new edges continually bisecting the arcs of the base. 

Then p, s and I approach C, S and L respectively as their 
limits. 

But however great the number of lateral faces of the 
pyramid, 

s — ipX I. 

.\S=iCxL. §199 

Q. E. D. 



669. Corollary 1. If i? be the radius of the base, we 
have C= 2irE (§ 381). Therefore S= \{27rR X L) = TrEL. 
Also, since the area of the base is zri^^, the total area T of the 
cone is expressed by 

T= irRL + irR = TrR{L + E). 

660. Cor. 2. Let S and & denote the lateral areas of 
two similar cones of revolution, T and T their total areas, 
E and S the radii of their bases, ^and W their altitudes, 
L and V their slant heights. Since the generating triangles 
are similar, we have 

L H R R + L 



L' H' R' R' + L'' 

S irRL R L __ L^ R^ H^ 
'. X. — =- — - 



§266 



R D R' L' L'^ R^ H'^' 



T __ 7rRX(L+R) __R L-hR _ L^ _R^ _IP 
^ r nRX {L' + R) R L'-\- R L'^ R^ 11'^ ' 

That is : the lateral areas, or total areaSj of similar cones of 
revolution are to each other as the squares of their slant heights, the 
squares of their altitudes, or the squares of the radii of their bases. 
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Proposition XXXV. Theorem. 

661. Tthe lateral area of the frmtum of a cone ofrevo- 
lution is equal to one-half the sum of the circumferences of its 
hoses multiplied by the slant height. 

C 




Iset HBC-E FG be the frustum of a cone of revolution, 
and let S denote its lateral area, C and c the cir- 
cumferences of its lower and upper bases, B and 
r the radii of the bases, and L the slant height. 

We are to prove S=^{G + c)XL, 

Inscribe in the frustum of the cone the frustum of the reg- 
ular pyramid HB G-JSFG, 

and denote the lateral area of this frustum by «, the peri- 
meters of its lower and upper bases by P and p respectively, and 
its slant height by L 

Then 8=^i(P + p)l, § 670 

(the lateral area of the fncsttnn of a regular pyramid is equal to one-half 
the sum of the perimeters of its hoses multiplied by the slant height), 

Now, let the number of lateral faces be indefinitely in- 
creased, the new elements constantly bisecting the arcs of the 
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Then P, p, and I, approach (7, c, and L, respectively as 
their limits. 

But, however great the number of lateral faces of the frus- 
tum of the pyramid, 





.:S = 




K \\ 


§ 199 

Q. E. D. 
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662. Corollary. The lateral area of a frustum of a cone 
of revolution is equal to the circumference of a section equidistant 
from its bases multiplied by its slant height. 

For the section of the frustum equidistant from its bases 
cuts the frustum of the regular inscribed pyramid equidistant 
from its bases. 

Therefore the perimeter I LK = ^ the sum of the perim- 
eters HB C and JSFG. § 142 

And this will always be true, however great the number of 
the lateral faces of the frustum of the pyramid. 

Hence, circumference /ZA'== J the sum of the circumfer- 
ences HB C and HFG. § 199 
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Proposition XXXVI. Theorem. 

663. Any section of a cone 'parallel to the hose is to the 
base a& the square of the aUvtude of the part above the section 
is to the sqicare of the altitude of the cone. 

A 




Let B denote the base of the cone, H its altitude, 
h a section of the cone parallel to the base, and 
h the altitude of the cone above the section. 

We are to prove JB :b : : IP : h^. 

Let B^ denote the base of an inscribed pyramid, b^ the base 
of the pyramid formed in ih^ section of the cone. 

Then B' \h' \: IP : ^^ § 566 

{any section of a pyramid II to its base is to the base as the square of the 1. 
from the vertex to the plarie of the section is to the square of the altitude 
of the pyramid). 

Now let the number of lateral faces of the inscribed pyra 
mid be indefinitely increased, 

the new edges continually bisecting the arcs in the base of 
the cone. 

Then B' and 6' approach B and 6 respectively as their 
limits. 

But however great the number of lateral faces of the pyra- 
mid, 

B' : 6' ::m: h\ 

.'.B :b ::H^ :h% § 199 

a E. D. 
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Proposition XXXVII. Theorem. 
664. The vohime of any cone u equal to the product of 
one-third of its base by its altitude. 




Let V denote the volume, B the base, and H the al- 
titude of the cone. 

We are to prove V = ^ B X ff, ^ 

Let the volume of an inscribed pyramid A-G DE FG be 
denoted by F', and its base by B', 

H will also be the altitude of this pyramid. 

Then V'-==\B'XH, §574 

Now, let the number of lateral faces of the inscribed pyra- 
mid be iiMefinitely increased, the new edges continually bisect- 
ing the arcs in the base of the cone. 

Then V approaches to Fas its limit, and B' to B as its limit. 

But however great the number of lateral faces of the pyramid, 

V' = IB'X H, 
.\V=\BXH. §199 

Q. E. D. 

665. Corollary 1. If the cone be a cone of revolution, 
and R be the radius of the base, then B = irR^ (§ 381); 
.-. V=-^irB^XH. 

666. Cor. 2. Similar cones of revolution are to each other 
as the cubes of their altitudes, or as the cubes of the radii of their 
bases. For, let E and R^ be the radii of two similar cones 
of revolution, H and H* their altitudes, V and F' their volumes. 
Since the generating triangles are similar, we have 

H : H' , : R : R'. 
. V ^irR^XH R^ ^H ^W R'' 
V'^^irR'^XH'" R'^ W^ H'^" R'^' 
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Proposition XXXVIII. Theorem. 
667. AfruHtum of any cone is equivalent to the sum of 
three cones whose common altitude is the altitude of the frus- 
tum and tohose bases are the lower base, the upper base, and a 
mean proportional between the bases of the frustum. 

h 




Let V denote the volume of the frustum, B its lower 
pase, h its upper base, and H its altitude. 

We are to prove 7= \ H {B + 6 + >J BXh). 
Let V denote the volume of an inscribed frustum of a pyra- 
mid, B' its lower base, h' its upper base. 
Its altitude will also be H, 

Then, V'=-\H{B' + y+ )] B' X h% § 578 

(a frustum of any pyramid iso to the sum of three pyramids vMose common 
altitude is the altitude of the frustum^ and whose hoses are the lower 
basCf the upp&i' ha^e, and a mean proportional between the bases of the 
frustum). 

Now, let the number of lateral faces of the inscribed frus- 
tum be indefinitely increased, 

the new edges continually bisecting the arcs in the bases of 
the frustum of the cone. 

But however great the number of lateral faces of the frus- 
tum of the pyramid, 

V' = i H{& + 6' + >J B'Xh' . 

.\ V-=^H{B-^ b+ )J BXb). § 199 

Q. E. D. 

668. Corollary. If the frustum be that of a cone of revo- 
lution, and B and r be the radii of its beises, we have B =zn B^, 
and 6 = TT r^, 

and ^ BXb = 7rRr, 

.'. V=i7rH{R^-\-r^ + Br). 




BOOK VIII, 

THE SPHERE. 

On Sections and Tangents. 

669. Def. a Sphere is a solid bounded by a surface all 
points of which are equally distant from a point within called 
the centre, A sphere may be generated by the revolution of a 
semicircle about its diameter as an axis. 

670. Def. A Radius of a sphere is 
the distance from its centre to any point 
in the surface. All the radii of a sphere 
are equal. 

671. Def. A Diameter of a sphere 
is any straight line passing through the 
centre and having its extremities in the 
surface of the sphere. All the diameters 
of a sphere are equal, since each is equal to twice the radius. 

672. Def. A Section of a sphere is a plane figure whose boun- 
dary is th6 intersection of its plane with the surface of the sphere. 

673. Def. A line or plane is Tangent to a sphere when it has 
one, and only one, point in common with the surface of the sphere. 

674. Def. Two spheres are tangent to each other when their 
surfaces have one, and only one, point in common. 

675. Def. A polyhedron is circumscribed about a 
when all of its faces are tangent to the sphere, 
sphere is inscribed in the polyhedron. 

676. Def. A polyhedron is inscribed in a sphere when all 
of its vertices are in the surface of the sphere. In this case the 
sphere is circumscribed about the polyhedron. 

677. Def. A Cylinder or coiie is circumscribed about a 
sphere when its bases and cylindrical surface, or its base and 
conical surface, are tangent to the sphere. In this case the 
sphere is inscribed in the cylinder or cone. 



sphere 
In this case the 
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Proposition I. Theorem. 
678. Every section of a ajohere made by a plane is a circle. 

\ 




Let the section ABC be a plane section of a sphere 
whose centre is 0. 

We are to prove section ABC a circle. 

From the centre draw 2) J- to the section, and draw 
the radii A, By DC, to different points in the boundary of 
the section. 

In the rt. A D Ay D B md ODCy 

OB is common, and A, B and (7 are equal, 
(peing radii of the sphere), 

.-. the rt. A DA, 1) B md ODCsLie equal, § 109 

{tioo rt. ^ are equal when they have a side and hypotemise of Hie one equal 
respectively to a side and hypotenuse of the other). 

.*. D Ay D B and D C aie equal, 
(being homologous sides of equal ^ ). 

.'. the section ABC is b. circle whose centre is 2). 

Q. E. D. 

679. Corollary 1. The line joining the centres of a sphere 
and a circle of a sphere is perpendicular to the circle. 

680. Cor. II. If B, r and p, respectively, denote the 
radius of a sphere, the radius of a circle of a sphere, and the per- 
pendicular from the centre of the sphere to the circle, then 
r = y E^ —.p\ Therefore all circles of a sphere equally distant 
from the centre are equal, and of two circles unequally distant 
from the centre of the sphere the more remote is the smaller. 

Again, if p = 0, then r = B, and the centre of the sphere and 
the centre of the circle coincide ; such a section is the greatest 
possible circle of the sphere. 
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681. Def. a GreaJt cirde of a sphere is a section of the 
sphere made by a plane passing through the centre. 

682. Def. A SmaU circle of a sphere is a section of the 
sphere made by a plane not passing through the centre. 

683. Def. An Aocis of a circle of a sphere is the diameter 
of the sphere perpendicular to the circle ; and the extremities of 
the axis are the Poles of the circle. 

684. Every great circle bisects the sphere. For, if the parts 
be separated and placed with their plane sections in coinci- 
dence and their convexities turned the same way, their convex 
surfaces will coincide ; otherwise there would be points in the 
spherical surface unequally distant from the centre. 

686. Any two great circles, ABGD 
and A EOF, bisect each other. For the 
intersection A C of their planes passes 
through the centre of the sphere, and is 
a diameter of each circle. 




686. An arc of a great circle may 
be drawn through any two given points 
A and E in the surface of a sphere. For 
the two points A and E, and the centre 
0, determine the plane of a great circle whose circumference 
passes through A and E, § 443 

If, however, the two given points are the extremities A and 
of the diameter of the sphere, the position of the circle is not 
determined. For, the points A, and C, being in the same 
straight line, an infinite number of planes can pass through 
them. § 441 

687. One circle, and only one, may be drawn through any 
three given points on the surface of a sphere. For, the three 
points determine the plane which cuts the sphere in a circle. 
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Proposition II. Theorem. 

688. A plane perpendicular to a radius at its extremity 
is tangent to the sphere. 




Let be the centre of a sphere, and MN a plane per- 
pendicular to the radius P, at its extremity P. 

We are to prove MN tangent to the sphere. 

From draw any other straight line Aio the plane MN. 

OP<OA, §448 

(a JL is the shortest distance from a point to a plane), 

.*. point A is without the sphere. 

But ^ is any other line than P, 

.*. every point in the plane MN is without the sphere, 
except P. 

.'. MNis tangent to the sphere at P. § 673 

Q. E. D. 

689. Corollary 1. A plane tangent to a sphere is perpen- 
dicular to the radius drawn to the point of contact. 

690. Cor. 2. A straight line tangent to a circle of a sphere 
lies in a plane tangent to the sphere at the point of contact. 

691. Cor. 3. Any straight line in a tangent plane through 
the point of contact is tangent to the sphere at that point. 

692. Cor. 4. The plane of aay two straight lines tangent 
to the sphere at the same point is tangent to the sphere at that 
point. 
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Proposition III. Problem. 
693. Given a material sjphere to find its diameter. 



-^6 










pi ' ^ P' 

Let PBP'C represent a material sphere. 
It w required to find its diameter. 

From any point F of the given surface, with any opening of 
the compasses, describe the circumference ABC on the surface. 

Then the straight line FB, being the opening of the 
compasses, is a known line. 

Take any three points A, B and C in this circumference, 
and with the compasses measure the rectilinear distances A B, 
BC&ndCA. 

Construct the A A^ B* C'y with its sides equal respectively* 
to AB^BC^XidiGA. §232 

Circumscribe a circle about the A A' B' C, § 239 

The radius D'B' of this O is equal to the radius o^QABC. 

Construct the rt. Ah dp, having the hypotenuse b p =BF, 
and one side b d = B' B', 

Draw 6 jt/ _L to 6 jo, and meeting p d produced in />'. 

Then p p' is equal to the diameter of the given sphere. 

For, if we bisect the sphere through F and B, and in the 
section draw the diameter F F' and chord BF', the A bpp', 
when applied to A B F P', will coincide with it. 

Q. E. F. 
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Proposition IV. Theorem. 

694. Through any four points not in the same plane, 
one spherical surface can be made to pass, and but one. 

D 




Let A, By C, D, be four points not in the same plane. 

We are to prove tluU one, and only one, spherical surface can 
be made to pass through A, B, C, D, 

Construct the tetrahedron A BC D^ having for its vertices 
A, B, C, D, 

Let E be the centre of the circle circumscribed about the 
face ABC. 

Draw EM A. io this face. 

Every point in E M is equally distant from the points A, 
B and C, § 450 

(pbliqiie lines dravmfrom a point to a plane at equod distances fi'om the foot 
ofthel. are equal). 

Also, let F be the centre of the circle circumscribed about 
the face ^C-D; 

and draw FK A^io this face. 

Let H be the middle point of B C. 

Dmw Effa,ndFff. 

Then E II and Z'// are ± to j5 (7. § 184 
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.•. the plane passed through EH and FH is ± to ^(7, § 449 
(jfa straight line be JL to two straight lines dravm through its foot in a 
plane, it is 1. to the plane, and in this case the plane is 1. to the line). 

Hence, this plane is also X to each of the faces ABC 
and BOD, §471 

(if a straight line he 1. to a plane, every plane passed throrigh that line 
is ± to the plane). 

.'. the J; ^ if and FK lie in the plane FffF. 

Hence they must meet unless they be parallel 

But if they were II, the planes BCD and ABC would he 
one and the same plane, which is contrary to the hypothesis. 

Now 0, the point of intersection of the J& F M and FK, 
is equally distant from A, B and C ', and also equally distant 
from B, C and D ; 

.'. it is equally distant from A, B, C and D, 

Hence, a spherical surface, whose centre is 0, and radius 
A J will pass through the four given points. 

Only one spherical surface can be made to pass through the 
points A, B, C and D. 

For the centre of such a spherical surface must lie in both 
the Js^ifandi^^. 

And, since is the only point common to these Js, (? is 
the centre of the only spherical surface passing through A, j5, C 
and 2). 

Q. E. D. 

695. Corollary 1. The four perpendiculars erected at the 
centres of the faces of a tetrahedron meet at the same point. 

696. Cor. 2. The six planes perpendicular to the six edges 
of a tetrahedron at their middle point will intersect at the same 
point. 
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Proposition V. Theorem. 
697.-4 sjphere may be inscribed in any given tetrahedron. 




B 
Let ABCD be the given tetrahedron. 

We are to prove that a sphei^e may he inscribed in A BG D. 

Bisect the dihedral A at the edges AB, BC and AG hj 
the planes OAB, OB C and OAC respectively. 

Every point in the plane OAB is squally distant from the 
faces ^^C and ^j5J9, § 477 

For a like reason, every point in the plane BG is equally 
distant from the faces ABG and DBG ; 

and every point in the plane A G is equally distant from 
the faces ABG smdADG. 

.'. Oy the common intersection of these three planes, is 
equally distant from the four faces of the tetrahedron. 

.'. a sphere described with as a centre, and with the 
radius equal to the distance of to any face, will be tangent to 
each face, and will be inscribed in the tetrahedron. § 673 

Q. E. D. 

698. Corollary. The six planes which bisect the six dihe- 
dral angles of a tetrahedron intersect in the same point. 



On Distances Measured on the Surface of the Sphere. 

699. Dep. The distance between two points on the surface 
of a sphere is understood to be the arc of a great circle joining 
the points, unless otherwise stated. 

700. Def. The distance from the pole of a circle to any 
point in the circumference of the circle is the Polar distance of 
the circle. 
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Proposition VI. Theorem. 

701. The distances measured on the surface of a sphere 
from all points in the circumference of a circle to its pole are 
equal. p 




Let P^F be the poles of the circle ABC. 

We are to prove arcs PA, P By PC equal. 

The straight lines PA, PB and P(7are equal, § 450 
{phliqiie lines drawn fram a point to a plane at equal distances from the foot 
of the ± are equal) ; 

.'. the arcs P A, P B and P C^ are equal, § 182 

(m equal (D equal chords suhtend equal arcs). 

In like manner arcs P' A, P' B and P' C are equal. 

Q. E. D. 



702. Corollary 1. The polar distance of a great circle is a 
quadrant. Thus, arcs PA', PB', P' A\ P' B', polar distances of 
the great circle A' B' C D', are quadrants ; for they are the meas- 
ures of the right angles A' OP, B' P, A' P', B' P\ whose 
vertices are at the centres of the great circles PA'P'G'y PB'P'D', 

703. Scholium. Every point in the circumference of a small 
circle is at unequal distances from the two poles of the circle. 
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Proposition VII. Problem. 

704. To pas8 a circumference of a great circle through 
any twojaoints on the surface of a sjahere. 




Let A and B be any two points on the surface of a 

sphere. 

It is required to pass a drcumfet^ence of a great cirde through 
A and B, 

From ^ as a pole, with an arc equal to a quadrant, strike 
an arc a h, 

and from B as a. pole, with the same radius, describe an arc 
c d, intersecting ab at F. 

Then a circumference described with a quadrant arc, with 
iP as a pole, will pass through A and B and be the circumference 
of a great circle. 

Q. E. F. 

705. Corollary. Through any two points on the surface 
of a sphere, not at the extremities of the same diameter, only 
one circumference of a great circle can be made to pass. 

706. Scholium. By means of poles arcs of circles may be 
drawn on the surface of a sphere with the same facility as upon 
a plane surface, and, in general, the methods of construction in 
Spherical Geometry are similar to those of Plane Geometry. 
Thus we may draw an arc perpendicular to a given spherical arc, 
bisect a given spherical angle or arc, make a spherical angle equal 
to a given spherical angle, etc., in the same way that we make 
analogous constructions in Plane Geometry. 
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Proposition VIII. Theorem. 

707. The shortest distance on the surface of a sphere 
between any two points on that surface is the arc, not greater 
than a semi-circumference y of the great circle which joins 
them. 




Let A B be the arc of a great circle which Joins any 
two points A and B on the surface of a sphere; 
and let AC PQB be any other line on the surface 
between A and B. 

We are to prove arc AB<ACPQB, 

Let P be any point in AC PQB, 

Pass arcs of great circles through A and P, and P 
and B. § 704 

Join A, P and B with the centre of the sphere 0, 
The A A OB, ^ (? P and PQB are the face A of the tri- 
hedral Z whose vertex is at 0. 

The arcs AB, AP and P B are measures of these A. § 202 

Now ZAOB<ZAOP+ZPOB, §487 

(t?ie sum of any two face A of a trihedral is > the third Z). 

.'. arc ii ^ < arc il P + arc P B. 

In like manner, joining any point in A C P with A and P 
by arcs of great ©, their sum would be greater than arc ^ P ; 

and, joining any point in P Q B ^dth P and B by arcs of 
great (D, the sum of these arcs would be greater than arc P B. 

If this process be indefinitely repeated the distance from A 
to j5 on the arcs of the great (1) will continually increase and 
approach to the line ACPQB. 

.'.a.vc A B< A CPQB, 

Q. E. D. 
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Proposition IX. Theorem. 

708. Every point in an arc of a great circle which 
bisects a given arc at right angles is equally distant from the 
extremities of the given arc. 

Let arc CD bisect arc AB at 
right angles. 

We are to prove any point in 
C D is equally distant from A and B. 

Since great circle ODE bisects 
arc ^ ^ at right angles, it also bisects 
chord -4 ^ at right angles. 

Hence, chord ^ijB is -L to the 
plane C-Di? at ^. 

•'. jfiT is -L to chord ii j5 at its middle point. 

,\ straight lines A and OB are equal. 




'.arcs A and OB are equal. 



430 
§58 

§182 

Q. E. D. 



Proposition X. Problem. 

709. To pass the circumference of a small circle through 
any three points on the surface of a sphere, 

a Let A, B and C be any three 
points on the surface of a 
sphere. 
It is required to pass the circum- 
ference of a small cirde through the 
points A, B and C, 
Pass arcs of great circles through 
A and By A and C, B and G. § 704 
Arcs of great circles ao and ho 
1. io AC and BO B,t their middle points intersect at o. 

Then o is equally distant from A, B and (7. § 708 

.'. the circumference of a small circle drawn from o as a 
pole, with an arc o A will pass through A, B and C, and be the 
circumference required. 

Q. E. D. 
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On Spherical Angles. 

710. Dep. The angle of two curves which have a common 
point is the angle included by the two tangents to the two curves 
at that point. 

711. Dep. A «pAerwaZ aw^fe is the angle included between 
two arcs of great circles. 

Proposition XL Theorem. 

712. The angle of two curves which intersect on the sur- 
face of a sphere is equal to the dihedral angle between the 
planes passed through the centre of the sphere, and the tan^ 
gents of the two curves at their point of intersection. 




Let the curves A B and A C intersect at A on the sur- 
face of a sphere whose centre is ; and let A T 
and AS be the tangents to the two curves re- 
spectively. 

We are to prove A TAS equal to the dihedral angle formed 
hy the planes OAT and AS. 

Since A T and ^ aS' do not cut the curves at A, they do not 
cut the surface of the sphere, 

and are therefore tangents to the sphere. 
,'. AT and ^ /S' are _L to the radius A, drawn to the point 
of contact. § 186 

.'. Z T AS measures the dihedral Z. of the planes OAT 
and A 8, passed through the radius A and the tangents A T 
m^AS. §470 

But /LTAS'iB the Z of the two curves ii jB and ^ C. § 710 

.•. the Z of the two curves A B and AC^ the dihedral Z 
of the planes OAToji^OAS. 

Q. E. D. 
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Proposition XII. Theorem. 

713. A spherical angle is equal to the measure of the 

dihedral angle included hy the great circles whose arcs form 

the sides of the angle, 

P 
T- 




Let B PC be any spherical angle, and BPD F and 
C P E P' the great circles whose arcs BP and G P 
include the angle. 

We are to prove Z. B PC equal to the measure of the dihe- 
dral A G-PF'B. 

Since two great © intersect in a diameter, P P' is a 

diameter. § 685 . 

Draw P T tangent to the O ^ P Z> P'. 
Then P T hes in the same plane as the QBP D P', and is 

± to PP' at P. 

In like manner draw P T tangent to the O C P E P', 
Then P T lies in the same plane as the O C P EFy and is 

± to PP' at P. 

,'.Z.TPT' is the measure of the dihedral Z C-PP'-B, § 470 
But spherical ZBPCis the same as plane ZTPT'; § 710 
.'. spherical Z B PC is equal to the measure of dihedral 

Z C-PP'-B. 

Q. E. D. 

714. Corollary. A spherical angle is measured hy the arc 
of a great circle described about its vertex as a pole and intercepted 
hy its sides {produced if necessary). For, if ^ C be the arc of a 
great circle described about the vertex P as a pole, P B and P C 
are quadrants. Hence, B and C' (9 are perpendicular to P P', 
Therefore BOC measures the dihedral angle B-PO-C, and, 
hence, the spherical angle BPC. Therefore, arc ^(7, which 
measures the angle BOC, measures the spherical angle BPC. 
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On Spherical Polygons and Pyramids. 

715. Def. a spherical Polygon is a portion of a surface of 
a sphere bounded by three or more arcs of great circles. 

The sides of a spherical polygon are the bounding arcs; 
the angles are the angles included by consecutive sides ; the 
vertices are the intersections of the sides. 

716. Def. The Diago^val of a spherical polygon is an arc 
of a great circle dividing the polygon, and terminating in two 
vertices not adjacent. 

The planes of the sides of a spherical polygon form by 
their intersections a polyhedral angle whose vertex is the centre 
of the sphere, and whose face angles are measured by the sides 
of the polygon. 

717. Def. A spherical Pyramid is a portion of a sphere 
bounded by a spherical polygon and the planes of the sides of 
the polygon. 

The spherical polygon is the ha^e of the pyramid, and the 
centre of the sphere is its vertex, 

718. Def. A spherical Triangle is a spherical polygon of 
three sides. 

A spherical triangle, like a plane triangle, is right, or oblique ; 
scalene, isosceles or equilateral, 

719. Def. Two spherical triangles are eqtial if their suc- 
cessive sides and angles, taken in the same order, be equal each 
to each. 

720. Def. Two spherical triangles are symmetrical if their 
successive sides and angles, taken in reverse order, be equal each 
to each. 

721. Def. The Polar of a spherical triangle is a spherical 
triangle, the poles of whose sides are respectively the vertices of 
the given triangle. 

Since the sides of a spherical triangle are arcs, they may be 
expressed in degrees and minutes. 
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Proposition XIIL Theorem. 

722. Any side of a spherical triangle is less than the 
sum of the other two sides. 

Let ABC be any spherical triangle. 

We are to prove BC<BA + AC. 

Join the vertices A, B and G with the 
centre of the sphere. 

Then, in the trihedral Z 0-A BO thus 
formed, the face A A DC, AOB and 
BOC axQ measured, respectively, by the 
sides ACyABandBC. § 202 

]!!^ow,BOC<BOA + AOC, § 487 

(tJie sum of any two A of a trihedral is greater than the third Z. ). 

.\BC<BA^ AC. 

Q. E. D. 

723. Corollary. Any side of a spherical polygon is less 
than the sum of the other sides. 




Ex. 1. Given a cone of revolution whose side is 24 feet, and 
the diameter of its base 6 feet ; find its entire surface, and its 
volume. 

2. Given the frustum of a cone whose altitude is 24 feet, 
the circumference of its lower base 20 feet, and that of its upper 
b£ise 16 feet; find its volume. 

3. The volume of the frustum of a cone of revolution is 
8025 cubic inches; its altitude 14 inches; the circumference of 
the lower base twice that of the upper base. What are the cir- 
cumferences of the bases 1 

4. The frustum of a cone of revolution whose altitude is 
20 feet, and the diameters of its bases 12 feet and 8 feet respec- 
tively, is divided into two equal parts by a plane parallel to its 
bases. What is the altitude of each part ? 
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Pkoposition XIV. Theorem. 

724. The sum of the sides of a spherical polygon is less 
than the circumference of a great circle. 



Let ABODE be a spherical polygon. 

We are to proroe AB + BG etc, less than the circumference 
of a great circle. 

Join the vertices A, B, C etc., with the centre of the 
sphere. 

The sum of the face A AG B, BG G etc., which form a 
polyhedral Z at 0, is less than four rt. ^ . § 488 

.'. the sum of the arcs A B, B G etc., which measure these 
face A , is less than the circumference of a great circle. 

Q. E. p. 

725. Corollary. If we denote the sides of a spherical tri- 
angle by a, b and c,''then a + 6 + c < 360®. 



Ex. 1. The surface of a cone is 540 square inches; what 
is the surface of a similar cone whose volume is 8 times as 
great 1 

2. The lateral surface of a cone is S; what is the lateral 
surface of a similar cone whose volume is n times as great 1 
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Proposition XV. Theorem. 

726. A point upon the surface of a sphere, which is at 
the distance of a quadrant from each of two other points, is 
one of the poles of the great circle which passes through these 
points. 

P 




Let P be a point at the distance of a quadrant from 
each of the two points A and B, 

We are to prove P a pole of the great circle which passes 
through A and B. 

Since PA and PB are quadrants, 

A P A sLnd P B a.Te Tt. A. 

.-. P is JL to the plane of the O A B C, § 449 

(a straight line ± to two straight lines dravm through its foot in a plane is 
_L to the plane). 



.-. P is a pole of the O ABC. 



§683 

Q. E. D. 



Ex. 1. Show that two symmetrical polyhedrons may be de- 
composed into the same number of tetrahedrons symmetrical each 
to each. 

2. Show that two symmetrical polyhedrons are equivalent. 

3. Show that the intersection of two planes of symmetry of 
a solid is an axis of symmetry. 

4. Show that the intersections of three planes of symmetry 
of a solid are three axes of symmetry; and that the common 
intersection of these axes is the centre of symmetry. 
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Proposition XVL Theorem. 

727. If ^ from the vertices of a given spherical triangle 
as poles, arcs of great circles be described, another triangle is 
formed, the vertices of which are the poles of the sides of the 
given triangle. 




Let A B C be the given triangle; and, from its vertices 
A, B and C as poles, let the arcs B' C, A' C and 
A' B' respectively be described. 

We are to pr(yve vertices A', B' and C poles respectively of 
arcs BC, AC and A B, 

Since B is the pole of the arc A' C", and C the pole of the 
arcii'jS', 

A' is at a quadrant's distance from each of the points B and C. 

.-. A' is a pole of the arc BCy § 726 

(a poirU upon the surface of a sphere which is cU a quadrant* s distance from 
each of two other poifUs is one of the poles of the great circle which passes 
through those points). 

In like manner, it may be shown that B^ is a pole of the 

arc A C, and C a pole of the arc A B, 

Q. E. a 

728. Scholium 1. A A' B' C is the polar of A ^ ^ a, and, 
reciprocally, A ABCia the polar of A A^ B' C. 

729. ScH. 2. The arcs of great circles described about A, 
B and as poles will, if produced, form three triangles exterior 
to the polar. The polar triangles are distinguished by having 
their homologous vertices A and A' on the same side oi BG and 
B' C", B and B' on the same side of -4 C and A' C\ and C and 
C on the same side of AB and A^ B\ 
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Proposition XVII. Theorem. 
730. In two polar triangles each angle of either is the 
supplement of the side lying opposite to it in the other. 




Let ABC and A' B' C be two polar triangles. 

We are to prove A A, B and C respectiveiy the supplements 
of ike sides B' C, A' C and A' B'. 

Let the sides A B and A C, produced if necessary, meet the 
side F C in the points h and c. 

Since the vertex -4 is a pole of the arc B' C, % 721 

Z ^ is measured by 5 c, § 714 

(a spherical /. is measured by the arc of a great circle described abotU its 
vertex as a pole aiid intercepted by Us sides). 

Now, since B' is the pole of the arc Ac^ BU = 90°. 

Since C is the pole of the arc Ah,C'h = 90°. 

.'. B' c+ C'h-= B' C + hc^\^(f. 

.'. Z ^ ( = i c) is the supplement of the side B' C. 

In like manner it may be shown that each Z of either A is 
the supplement of the side lying opposite to it in the other. 

Q. E. D. 

731. Scholium. In tuoo polar triangles each side of either 
is the supplement of the angle lying opposite to it in the other. If 
Ay B and C denote the angles, and a, h and c the sides of a tri- 
angle, the angles of the polar triangle will be 180° — a, 180° 
— h and 180° — c; and the sides of the polar triangle will be 
180° - A, 180° - B and 180° - C. 

By reason of these relations polar triangles are often called 
supplemental triangles. 
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Proposition XVIIL Theorem. 

732. The mm of the angles of a spherical triangle is 
greater than two, and less than six, right angles. 




Let ABC be a spherical triangle. 

We are to prove A A^r A B ^ Z. C greater than 2, and lesn 
than 6, right angles. 

Denote the sides of the polar A opposite the A A,B,C to- 
spectively, by a', 6', &. 

Then ZA= 180° -a', Z B = 180** - 6' and ZC = 
180** - c', § 730 

(m two polar A each A of either is the supplement of the side lying opposite 
to it in the other.) 

By adding, Z^ + Z^ + ZC = 540** - (a/ + 6' + d). 

But a' 4- 6' + c' is less than 360°, § 724 

{the sum of the sides of a spherical polygon is less than the drcumference of 
a great circle). 

.'.ZA + ZB + ZOISO"". 

Also, since each Z is less than 2 rt. A, 

their sum is less than 6 rt. A. 

Q. E. D. 

733. Corollary. A spherical triangle may have two, or 
even three right angles ; or two, or even three obtuse angles. 

734. Def. a spherical triangle having one right angle Is 
called rectangular; having two right angles, bi-rectangnlar ; 
having three right angles, tri-rectangular. 

Each of the sides of a tri-rectangular triangle is a quadrant, 
and the triangle is called, when reference is had to its sides, tri- 
quadrantal. 
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Proposition XIX. Theorem. 

735. Each angle of a spherical triangle is greater than 
the difference between two right angles and the sum of the 
other two angles. 




Let AAyB and C be the angles of the spherical tri- 
angle ABC. 

We are to prove A A greater than the difference between 180° 
and(ZB + /.CY 

I. Suppose (Z J5 + Z C) < 180^. 

Now /.A^ ZB+ /.€> 180^ § 732 

By transposing, Z. A > im"" — {/. B + Z. C). 

II. Suppose {Z.B + ZC)> 180°. 

Now of the three sides (180° - Z A), (180^ - Z B\ (180° 
— Z C)f of the polar A, each is less than the sum of the other 
two, § 722 

{either side of a spherical A is less than the sum of the other two sides). 

.-. (180° - Z ^) 4- (180° -ZC)> 180° -ZA^ 

or, 360° - (Z 5 + Z (7) > 180° - Z A. 

By transposing, ZA>{ZB-\-ZC) — 180°. 

Q. E. D. 



Ex. 1. The volume of a cone is 1728 cubic inches; what is 
the vohime of a similar cone whose surface is 4 times as great ? 

2. The volume of a cone is T; what is the volume of a simi- 
lar cone whose surface is n times as great ? 
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736. Dep. Equal spherical triangles are triangles which 
have their corresponding sides and angles equal each to each and 
arranged in the same order, so that when applied to each other 
they will coincide. Thus in Fig. I, ABC and A' B' C are equal 
spherical triangles. 




Fig. 1. Fig. 2. 

737. Dbf. Symmetrical spherical triangles are triangles 
"vrhich have their corresponding sides and angles equal each to 
each, but arranged in reverse order. 

Thus, in Fig. % ABC and A' B' C are symmetrical spheri- 
cal triangles. For, since the face angles of the two trihedrals 
are equal respectively, but are arranged in reverse order, the 
sides of the spherical triangles, which measure these face angles, 
are equal, each to each, and are arranged in reverse order ; and 
since the dihedral angles of the two trihedrals are equal respec- 
tively, but are arranged in reverse order, the angles of the 
spherical triangles, which are equal to these trihedrals, are equal, 
each to each, and are arranged in reverse order. 

In like manner we may have symmetrical spherical poly- 
gons of any number of sides, and corresponding symmetrical 
spherical pyramids. 

Two symmetrical spherical triangles cannot be made to 
coincide. For, if their convexities lie in opposite directions, 
they evidently will not coincide ; and if their convexities lie in 
the same direction, and we apply A B to A* B', the vertices C 
and C will lie on opposite sides of A' B'. 
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738. There is, however, one exception. Two symrrietrical 
isosceles spherical triangles can he made to coincide. 





Thus, \i ABChQQji isosceles spherical triangle, AB = AC 
and in its symmetrical triangle A' B' = A' C". Hence A B = 
A' C and AC = A' B', And, since A A and A' are equal, if 
ABhQ placed on A' C, A C wUl fall on its equal A' B'. 

In consequence of the relations established between poly- 
hedral angles and spherical polygons, from any property of poly- 
hedral angles, we may infer a corresponding property of spherical 
polygons. Reciprocally, from any property of spherical polygons, 
we may infer a corresponding property of polyhedral angles. 



Ex. 1. The altitude of a cone of revolution is 12 inches ; at 
what distances from the vertex must three planes be passed par- 
allel to the base of the cone, in order to divide the lateral surface 
into four equal parts % 

2. The altitude of a given solid is 2 inches, its surface 24 
square inches, and its volume 8 cubic inches ; find the altitude 
and surface of a similar solid whose volume is 512 cubic inches. 

3. The volumes of two similar cones of revolution are 6 cubic 
inches and 48 cubic inches respectively, and the slant height 
of the first is 5 inches ; find the slant height of the second. 
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Proposition XX. Theorem. 
739. Two symmetrical spherical triangles are equivalent. 




Let ABC and A' B' C be two symmetrical spherical 
triangles, having A B,AC and B C equal respectively 
to A' B', A' C and B' C. 

We are to prove A ABC =^ A A' B' C. 

Let P and P' be poles of small circles which pass through 
A, B, C and A', B', C, 

Now, since the arcs AB, AC and BC = A'B', A' C and 
B' C respectively, the chords of the arcs AB^ AC and BC = 
chords of the arcs A' B', A' C and B' C respectively. § 181 

.•. the plane A formed by the chords of these arcs are 
equal. § 108 

.*. d) ABC and A' B' C which circumscribe these equal 
plaiie A are equal. 

.'. the six spherical distances P A^ P B, P' A' etc. are equal, 
{being polar distances of equal © on the same sphere). 

.', A. PAB, P' A' B' are symmetrical and isosceles. 

So likewise are A Pi? C, P' B' C and A P^ (7, P' A' C, 

.\ A P AB may be applied to A P' A' B' and will coincide 
with it. § 738 

So likewise A P5C with A P' B' C md A P A C with 
APM'C. 

.-. APAB+ PBC- PAC^ AP'A'B' + F B' C - 

pi J^l Ql^ 

r^AABC-^AA'B'C. 

Q. E. D. 

740. Corollary. Two symmetrical spherical pyramids are 
equivalent.- 
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Proposition XXI. Theorem. 

741. On the same sphere^ or equal spheres y two triangles 
are either equal y or symmetrical and equivalent, if two sides 
and the included angle of the one he respectively equal to two 
sides and the inclvded angle of the other. 





In the A ABC and DEF, let Z A = Z D, and the 
sides A B and A C equal respectively the sides 
DE and D F. 

We are to jjrove A ABC and D E F eqtial, or symmetrical 
aiid equivalent 

I. When the parts of the two A are in the same order as in A 

ABC 2^11^ DEF, 

JS.ABC can be applied to A D E F, as in the corre- 
sponding case of plane A, and will coincide with it. § 106 

II. When the parts are in reverse order, as in A ABC and 

construct the A JD EF symmetrical with respect to A B'E'F, 

Then A D E F will have its A and sides equal respectively 
to those of the A D E' P, § 737 

Now in the A ^ j5(7 and D E F, 

ZA=ZD, AB=^DE^xi^AC = BF, 

and these parts are arranged in the same order. 

.-. AABC = ADEF, Case! 

Bu€ AD'E'F^ADEF, §739 

.-.A ABC^AUEF. 

Q. E. D. 
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Proposition XXII. Theorem. 

742. Two triangles on the same sphere, or equal spheres, 
are either equal, or symmetrical and equivalent, if a side and 
two adjacent angles of the one he equal respectively to a side 
and two adjacent angles of the other. 





For one of the A may be applied to the other, or to its sym- 
metrical A, as in the corresponding case of plane A. § lo7 

Q. E. D. 



Proposition XXIII. Theorem. 

743. Two mutually equilateral triangles on the same 
sphere, or equal spheres, are mutually equiangular, and are 
either equal, or symmetrical and equivalent. 





For the face A of the corresponding trihedral angles at the 
centre of the sphere are equal respectively, § 202 

(since thty are measured by equal sides of the A). 
.'. the corresponding dihedral A are equal. § 492 

;•. the A of the spherical A are respectively equal. 
.*. the A are either equal, or symmetrical and equivalent, 
according as their equal sides are arranged in the same,. or reverse* 
order. 

Q. E. D. 



376 



6E0METBT. BOOK VUL 



Proposition XXIV. Theorem. 

744. Two mutually equiangular triangles on the same 
sphere, or equal spheres, are mutually equilateral, and are 
either equal, or symmetrical and equivalent. 





Let the spherical txis^ngles ABC and D E F be mutually 
equiangular. 

We are to prove A.ABC and D E F mutually equilateral, 
and equal, or symmetrical and equivalerU, 

JjetAA'B'C and ly E' F be the polar A of A ^ ^ Cand- 
D E F respectively. 

Then the A A' B' C and jy E' F are mutually equilat- 
eral, § 731 

(in tvoopoUur L each side of the (me is the suppUment of the Z lying opposite 
to it in the other), 

.\AA' B' G' and D E' F are mutually equiangular, § 743 
{pu)o mutually equilateral ^ on equal spheres are mutually equiangiUar). 

.'. AABC sLud DEFhTe mutually equilateral ; § 731 

hence A ABC a.nd DEF axe either equal, or symmetri- 
cal and equivalent, § 743 
{tufo mutually equilateral ^ on equal spheres are either equal, or symmetrical 

and equivalent), 

' ' Q. E. D. 
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Proposition XXV. Theorem. 

745. The angles opposite equal sides of an isosceles 
spherical triangle are equal. 



In the spherical A ABC, let A B== AC. 
We are to prove /. B^= /. C. 

Draw arc A J) oi a. great circle, from the vertex A to the 
middle of the base B C. 

Then A AB D and AC D &re mutually equilateral. 

.\ A ABD and AC D Q.ve mutually equiangular, § 743 
{two mutucUly equilateral ^ on the same sphere are mutimlly equiangular). 

.\ZB = ZC, 

(since they are homologous A of symmetrical A). 

Q. E. D. 



746. Corollary. The arc of a great circle drawn from the 
vertex of an isosceles spherical triangle to the middle of the base 
bisects the vertical angle, is perpendicular to the base, and di- 
vides the triangle into two symmetrical triangles. 
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Proposition XXVI. Theorem. 

747. If two angles of a spherical triangle he equal , the 
sides opposite these angles are equal, and the triangle is 
isosceles. 




In the spherical A ABC, let ZB = Z.C. 

We are to prove AC "= AB, 

Let A A'B'C\)Q the polar A of A ABC. 

Since Z B =^ Z C, Hyp. 

.\A'C' = A'B', §731 

{in two polar A each side of one is the supplement of the Z lying opposite to 
it in the other). 

.'. ZB' = AC', § 745 

(m an isosceles spherical A, the A opposite the equal sides are eqtuzT). 

.\AC==AB. § 731 

Q. E. D. 
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Proposition XXVII. Theorem. 

748. In a spherical triangle the greater side is opposite 
the greater angle ; andy conversely, the greater angle is oppo- 
site the greater side. 




L In the A ABC, let Z ABO Z G, 

We are to prove A > A B, 

Draw the arc BB oia. great circle, making Z B D = Z G, 

Then BG^BB, §747 

(if two A of a spherical A he eqiuil the sides opposite these A are eqtuil). 

Add I) A to each of these equals ; 

then I)G+DA = DB+DA. 

But I)B-\-I)A>AB, §722 

(ihe sum oftvx> sides of a spherical A is greater than the third side). 

.'. I) G + D A > A B, OT A G > A B. 
II. Let AG > A B, 

We are to prove Z ABG> Z (7. 
If ZABG = ZG,AG = AB, §747 

and if ZABG<ZG,AG<A B, Case I. 

But both of these conclusions are contrary to the hypothesis. 
.\ZABG>ZG, 

Q. E. D. 
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Proposition XXVIII. Theorem. 
749. On unequal splieres mutually equiangular triangles 
are similar. 




From 0, the common centre ot two unequal spheres, 
draw the radii A, B and C cutting the sur- 
face of the smaller sphere in a, h and c. Draw 
arcs of great circles, AB, AG, BC, ah, ac, he. 
We are to prove A A BG similar to A abc, 

A A,B,G are equal respectively to A a, 6, c, 
(since the corresponding dihedrals in eadi case are the same). 

In the similar sectors AO B and a Oh, 

AB :ah ::A0 :aO; §385 

and in the similar sectors AO G and aOc, 

AG :ac::AO :aO. § 385 

,\ AB \ ah :: A G : ac. 

In like manner, AB : ah :: BG :hc. 
That is, the homologous sides of the two A are proportional, 
and their homologous A are equal. 

.', A ABG is similar to A a h c. 

Q. E. D. 

750. Scholium. The statement that mutually equiangular 
spherical A are mutually equilateral, and equal, or symmetrical 
and equivalent, is true only when limited to the same sphere, or 
equal spheres. But when the spheres are unequal, the spherical 
A are similar, but not equal. Hence, to compare two similar 
spherical A, it is necessary to know the linear extent of two 
homologous sides ; or, what is equivalent, to know the radii of 
the spheres. And, as in the case of plane A, two similar spheri- 
cal A have the same ratio as the squares of the linear measures 
of any two homologous sides, and therefore as the squares of the 
'Hdii of the spheres. ^ 
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On Comparison and Measurement op Spherical Surfaces. 

751. Dep. a Lune is a part of the surface of a sphere in- 
cluded between two semi-circumferences of great cii-cles. 

752. Dep. The Angle of a lune is ^ 
the angle included by the semi-circum- 
ferences which forms its boundary. 
Thus Z. C AB \&i\\Q angle of the lune. 

753. Dep. A Spherical Ungula, or 
Wedge, is a part of a sphere bounded 
by a lune and two great semicircles. 

754. Dep. The Base of an ungula 
is the bounding lune. 

755. Dep. The Angle of an ungula 
is the dihedral of its bounding semicir- 
cles, and is equal to the angle of the bounding lune. 

756. Dep. The Bdge of an ungula is the edge of its angle. 

757. Dep. The Spherical Excess of a spherical triangle is 
the excess of the sum of its angles over two right angles. 

C 758. Dep. Three planes which 

pass through the centre of the sphere, 
each perpendicular to the other two, 
divide the surface of the sphere into 
eight tri-rectangular triangles. Thus 
3|i5the three planes C A D B, GEDF 
and AEBF divide the surface of 
the sphere into the eight tri-rectangular 
triangles C E B, D E B, CBF, DBF, 
etc. 

As in Plane Geometry the whole 
angular magnitude about any point in a plane is divided by two 
straight lines perpendicular to each other into four right angles, 
and each right angle is measured by a quadrant, or fourth part 
of a circumference described about that point as a centre witli 
any given radius ; so, if, through a point in space, three planes 
be made to pass perpendicular to one another, they will divide 
the whole anguhir magnitude about that point into eight solid 
right angles, each of which is measured by an eighth part of the 
surface of a sphere described about that point with any given 
radius. 

And, as in Pkne Geometry, each quadrant which measures 
a right angle is divided into 90 equal parts called degrees, so 
each of the eight tri-rectangular spherical triangles is divided 
into 90 equal parts called degrees of surface. Hence, the whole 
surface of the sphere is divided into 720 degrees of surface. 
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Proposition XXIX. Lemma. 
759. The area of the surface generated hy the revohitiou 
of a straight line about another line in the same plane with it 
as an axis, is equal to the product of the projection of the line 
on the axis hy the circumference whose radius is perpendicular 
to the revolving line erected at its middle point and teimi- 
nat'Cd by the axis. 




Let the str&i^ht line A B revolve about the axis Y Y' 
in the same plane; let E F he its projection on 
the axis; and G the perpendicular to A B at its 
middle point C, and terminated in the axis. 

We are to prove area AB = EF X 2ir GO. 
Tlie surface generated by ^ ^ is the lateral surface of the 
frustum of a cone of revolution. 

Draw Gff±y and J Z) II, to TF. 

Then SiTBa.AB = ABX2nGff, §662 

(the lateral area of a frustum of a cone of revolution is equal to the siant 

height multiplied by the circumference of a section equidistant from its 

Jmses). 

The A ABB and G G IT SLve similar ; 

.'.AD :AB::GH :GG. 

But GH:GG :: 2 ir GH : 2 n GG, 

(circumferences of © Jiave the sarne ratio as their radii), 

.\AD :AB ::27rGff:2nGG, 

.\ADX2nGG==ABX 2 ir G H. 

.\aTiiSiofAB = ADX 2 n G G. 

l^ow A D = EF. 

.\a.Tea,AB = EFX 2 w G G. 

Q. E. D. 

760. Scholium. If either extremity oi AB be in the axis 
YY',AB generates the lateral surface of a cone of revolution; and 
if ^ ^ be parallel to the axis Y Y', it generates the lateral area of 
a cylinder of revolution. In either case the formula holds good 



§287 
§375 

§ 135 
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Exercises. 

1. If, from the extremities of one side of a spherical triangle, 
two arcs of great circles be drawn to a point within the triangle, 
the sum of these arcs is less than the sum of the other two sides 
of the triangle. 

2. On the same sphere, or on equal spheres, if two spherical 
triangles have two sides of the one equad respectively to Wo 
sides of the other, but the included angle of the first greater 
than the included angle of the second, then the third side of the 
first will be greater than the third side of the second. 

3. To draw an arc perpendicular to a given spherical arc, 
from a given point without it. 

4. At a given point in a given arc, to construct a spherical 
angle equal to a given spherical angle. 

5. To inscribe a circle in a given spherical triangle. 

6. Given a spherical triangle whose sides are 60°, 80°, and 
100° ; find the angles of its polar triangle. 

7. The volume of a pyramid is 200 cubic feet ; find the vol- 
ume of a similar pyramid which is three times as high. 

8. Find the centre of a sphere whose surface shall pass through 
three given points, and shall touch a given plane. 

9. Find the centre of a sphere whose surface shall pass through 
three given points, and shall also touch the surface of a given 
sphere. 

10. Find the centre of a sphere whose surface shall touch two 
given planes, and also pass through two given points which lie 
between the planes. 
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Pboposition XXX. Theobbm. 

761. The area of the surface of a sphere is equal to the 
product of its diameter by the circumference of a great circle. 
A A 




Let ABODE he the circumference of a great circle, 
and AD the diameter, and OA the radius of a 
sphere. 

We are to prove surface of sphere = ADX2frOA, 

Let the semicircle and any regular inscribed semi-polygon 
revolve together about the diameter A D, 

The semi-circumference will generate the surface of the 
sphere, 

and the semi-perimeter a surface equal to the sum of the 
surfaces generated by the sides A B, BC, C D, etc. 

Draw from the centre 0, Ji H, 1 and -ff' to the chords 
AB.BC, CD, etc. 



These J? bisect the chords and are equal ; 
.'. area A B = A P X 2 n H ; 

Vive€iBC = FBX2 7rOI; 
and area CD = R D X 2 n OK, 



§185 
§759 
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Adding, and observing that Hy 01 and JC are equal, 

area^^C7i> = (iliP+iP^ + ^i>)X 2«-0^. 
.\9s&^ABGD = AD X 2nOff. 

Now, if the number of sides of the regular inscribed semi- 
polygon be indefinitely increased, the surface generated by th« 
semi-perimeter will approach the surface of the sphere as its 
limit, and H will approach (? ^ as its limit. 

.'.at the limit we have 

surface of the sphere = ADX^itOA. § 199 

Q. E. D. 



762. Corollary 1. If i? denote the radius of the sphere, 
then A D will equal 2 R, and A wiU equal R, Hence the 
surface of a sphere equals 2 R X 2 tt R = 4: tt R^, 

763. Cor. 2. Since the area of a great circle of a sphere is 
equal to w /?^ (§ 381), and the area of the surface of a sphere is 
equal to 4: v R% the surface of a sphere is equal to four great 
circles. 

764. CoR. 3. If we denote the surfaces of two spheres by 
S and S', and their radii by R and R', we have S : S^ :: 4: w R^ : 
4 IT R'\ ov S : S' :\ R^ : R'^ ; that iSythe surfaces of two ^heres 
have the same ratio as the squares on their radii, 

765. CoR. 4. Since S=4vR^ = v{2 R)^, the surface of a 
sphere is equivalent to a circle whose radius is equal to the diameter 
of the sphere. 
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Pboposition XXXI. Thecmubil 
766. A lune is to the surface of the sphere as the angle 



of the lune is to four right angles. 

A 




Let L denote the lune A BBC whose angle is A; S, 
the STutace of the sphere; and BGDFj a great 
circle whose pole is A, 

We are to prove 



S 4rt. 2i 

Now the a,TC BC measures the Z A of the lune ; 
and the circumference BCD F measures 4 rt. zi . 



§714 



CaJ3B I. — IfBGandBGDFhecommmsardble. 

Find a common measure oi BO and BC D F, 

Suppose this common measure to be contained vaBCZ times, 

and in -ff C i> i^ 25 times. 



Then 



4rt. ^ 



( BC \ 3 

\BCDf) 25' 



Pass arcs of great ® through A and these points of division. 
The entire surface will be divided into 25 equal lunes, of 
which lune L will contain 3. 

" S 25 ' 

A 3 , L A 

4rt. zi""25' '*' S'^ 4 rt./S' 



But 
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Case II. — IfBG wnd B GB F he inctmmensurable, 

the proposition can be proved by the method of limits, as* 
employed in § 201. 

Q. E. D. 



767. Corollary. If we denote the surface of the tri-rectan- 

gidar triangle by T, the surface of the whole sphere will be 8 2^ 

(§ 758), and if we denote the surface of the lune by L, and its 

angle by A, the unit of the angle being a right angle, we shall 

L A 
have -^-^^ -T' Therefore L = TX2A. 

And if we take the tri-rectangular triangle as the unit of 
surface in comparing surfaces on the same sphere, we shall have 
X = 2 ^. That is, if a right angle be the unit of angles and the 
tri-rectangular triangle be the unit of spherical surfaces, the area 
of a lune is expressed by twice its angle. 

768. Scholium. We may also obtain the area of a lune 
whose angle is known, on a given sphere, by finding the area of the 
sphere, and multiplying this area by the ratio of the angle of the 
lune, expressed in degrees, to 360®. Thus, if the angle of the lune 
be 60®, the area of the lune will be -^^ of the area of the sphere. 



Ex. 1. Given the radius of a sphere is 10 feet ; find the area 
of a lune whose angle is 30°. 

2. Given the diameter of a sphere is 16 feet; find the area 
of a lune whose angle is 75°. 

3. Given the diameter of a sphere is 20 inches; find the 
entire surface of its circumscribed cylinder ; and of its circum- 
scribed cone, the vertical angle of the cone being 60°. 
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Proposition XXXII. Thbobem. 

769. If two circuvtferences of great circles intersect dn 
the surface of a hemisphere, the sum of the opposite triangles 
thus formed is equivalent to a lune whose angle is equal to 
that included hy the semi-circurnferences. 




Let the semi-ciTcnmteTences BAD and CAB inteisect 
at A on the suzface of a hemisphere. 

We are to prove A ABC + A DAE equivalent to a lune 
whose angle is BAC, 

The semi-circumferences produced intersect on the opposite 
hemisphere at A\ 

Then each of the arcs A D and A' B ia the supplement of 

ABy 

(two great ® hised each other), 

.'.AD = A*B. 

In like manner, A E = A^ C &nd D E = B C. 

.•. A ADE and A^BC sie symmetrical and equiva- 
lent. § 743 

.'.AABC+AADE^AABC^ AA'BC = lune 
ABA'CA. 

That ]a,AABC'^AADE^ lune whose Z\aBAC. 

Q. E. D. 

770. Corollary. The sum of two spherical pyramids, the 
sum of whose bases is equivalent to a lune, is equivalent to a 
wedge whose base is the lune. 
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Proposition XXXIII. Theorem. 
771. The area of a spherical triangle is equal to the 
tri-^ectangular triangle multiplied by the ratio of the spherical 
excess of the gi'den triangle to one right angle. 




Let ABC he & spherical triangle, and T the area of 
the tri-rectangvLlar triangle. 
We are to prove AABG = T{AA + B+C''2). 

Complete the circumference ABDK 
Produce A and BC to meet this circumference in I) and B, 
Then A ABG + BCD (=l\ine A) = TX2Z A. §767 
A A B C + A H {=lxiiiQ B) =^ T X 2 Z B, § 767 

AABC+DCB (=lune 0) (§ 769) =TX2ZC. § 767 
By adding these equalities, 
2AAB0+AABC+B0D+AGE+DCB 
= TX2(AA + B+0). 
But AABC + BCD + ACi:+ DCB = iT, §768 
(the mrfctce of a hemisphere is equal to 4 iri-rectaivgular A). 
.-. 2 A ABC -^^ iT^TX2{AA + B-^G)', 
.'.AABC=TX(AA + B -t C - 2). 

^ Q. E. D. 

772. Scholium 1. li ZA^ U0^ ZB= 120^ and Z (7 = 
100°, a right angle being the unit, 

then,A^^(7=r(il?+^+^-2) = 2r. 
' \90° 90° 90° / 

773. ScHO. 2. To find the area of a spherical triangle on a 
given sphere, the angles of the triangle being given, we mag multi- 
pig the area of the hemisphere by the ratio of the spherical excess 
to 360°. 

Thus if Z ^ = 140°, Z 5 = 120° and Z (7 = 100°, since 
the hemisphere is 2 «■ B^, we have A A BG = 2 ir B^ X 
ZA + ZB-t ZG- 180° _ 1^9! _ w 

360° — 2 IT 72* X 3gQo — vB'. 
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Proposition XXXIY. Theorem. 
774. The area of a spherical polygon is equal to the 
tri^reetangular triangle mulliplied by the ratio of the spherical 
excess to one right angle. 




Let P denote the area, of the spherical polygon; S the 
sum of its angles; n the number of its sides ; t, tf, 
if' ... the areas of the triangles formed by drawing 
diagonals from any vertex A; «, sf, sf' ... respec- 
tively the sums of the angles of these triangles; 
and T the tri-rectangular triangle. 

We are to prove P = ^ [*S^— 2 (» — 2)]. 

Now t = T(s- 2), § 771 

{(he area of a spherical A is equal to its spherical excess mtUtiplied into the 
area of the tri-rectangular A). 

tf^T{sf-2), §771 

and <"==!r(»"-2), ... 

By adding these eqaalities, 

< + «' + ^", . . . = 5^ [« + fi' + «" + . . ! - 2 (» - 2)]. 

But « + <' + e"+ . ..=JP; 

and « + y + «" + ... = & 

.\P=T[S-2(n-'2)]. 

aE.D. 
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775. Corollary. The volume of a spherical pyramid is to 
the volume of the tri-rectangvlar pyramid^ as the hose of the pyror 
mid is to the tri-rectangular triangle. And, since the volume of 
the tri-rectangular pyramid is J the volume of the sphere, and 
the area of the tri-rectangular triangle is |^ of the surface of the 
sphere ; the volume of a spherical pyramid is to the vdume of the 
sphere as its base is to the surface of the sphere. 




776. Dep. a Zotie is the part of the surface of a sphere in- 
cluded between two parallel circles of the sphere ; as the surface 
included between the circles ABG and EFG, 

*l*l*l. Def. The Bases of a zone are the circumferences of 
the intercepting circles; as circumferences ABC and EFG, 
If the plane of one base become tangent to the sphere, that 
base becomes a point, and the zone will have but one base. 

778. Dep. The altitude of a zone is the perpendicular dis- 
tance between the planes of its bases. 

779. Dep. A Spherical Segrnent is a part of the sphere in- 
cluded between two parallel planes. 

780. Dep. The Bases of a spherical segment are the bound- 
ing circles. 

One of the planes may become a tangent plane to the sphere. 
In this case the segment has but one base. 

781. Def. The Altitude of a spherical segment is the per- 
pendicular distance between the planes of its bases. 
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782. Dep. a Spherical Sector is a part of a sphere gener- 
ated by a circular sector of the semicircle which generates the 
sphere ] d^^a AOG K. 

783. Dep. The Base of a spherical sector is the zone gener- 
ated by the arc of the circular sector ) d^ AC K, 

The other bounding surfaces of a spherical sector may be 
one conical surface, or two conical surfaces ; or one conical and 
one plane surface. 

Thus, let ABhQ the diameter around which the semicircle 
AC B revolves to generate the sphere. The solid generated by 
the circular sector AOC will be a spherical sector having the 
zone ACKior its base, and for its other bounding surface the 
conical surface generated hy GO. 

The spherical sector generated hjCOD has for its base the 
zone generated by CD, and for its other surfaces the concave 
conical surface generated by I) 0, and the convex conical surface 
generated by C 0. 

The spherical sector generated hj £0F has for its base the 
zone generated by E F, and for one surface the plane surface 
generated by B 0, and for the other surface the concave conical 
surface generated hj FO, 
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Proposition XXXV. Theorem. 

784. The area of a zone is equal to the product of its 
altitude hy the circunference of a great circle, 

A 




D 
Let A BODE be the circumference ot a, great circle, 
BC SLny arc of this circumference, and OA the 
radius of the sphere. And, let PR be the altitude 
of the zone generated by arc BO. 

We are to prove zone BG = P R X 2 w A, 

If the semicircle ABC D revolve about the diameter A D 
as an axis, the semi-circumference ABC D will generate the sur- 
face of a sphere ; the arc B C, a, zone, 

and the chord B CyO. surface whose area isPRX 2itOI. §769 

Now if we bisect the arc B C, and continue this process in- 
definitely, the surface generated by the chords of these arcs will 
approach the zone as its limit ; 

the ± / will approach the radius of the sphere as its limit ; 

while P R will remain constant. 

.-. at the limit, zone BC = PRX 27r OA, 

Q. E. D. 

785. Corollary 1. Zones on the same sphei^e, or equal 
spheres, liave tlie same ratio as their altitudes, 

786. CoR. 2. A zone is to the surface of the sphere as the 
altitude of the zone is to the diameter of the sphere, 

787. CoR. 3. Let arc A B generate a zone of a single base. 
Then, zone AB = AP.X2irOA, Hence, zone AB^'v AP 
X AD = V A i^. (§ 307.) That is, a zone of one base is equiv- 
alent to a circle whose radivs is the chord of the generating arc. 
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On the Volume op the Sphere. 



Proposition XXXVI. Theorem. 

788. The volume of a sphere is equal to the area of its 
surface multiplied by one-third of its radius, 

G F 





D 



Let R be the radius of a sphere whose centre is 0, S its 
surface, and V its volume. 

We are to prove V= S X ^ B. 

Conceive a cube to be circumscribed about the sphere. 

From 0, the centre of the sphere, conceive lines to be 
drawn to the vertices of each of the polyhedral A A, B, C, i>, etc. 

These lines are the edges of six quadrangular pyramids, 
whose bases are the faces of the cube, and whose common altitude 
is the radius of the sphere. 

The volume of each pyramid is equal to the product of its 
base by J its altitude. § 574 

.*. the volume of the six pyramids, that is, the volume of 
the circumscribed cube, is equal to the surface of the cube mul- 
tiplied by \ /?. 

Now conceive planes drawn tangent to the sphere, cutting 
each of the polyhedral A of the cube. 

We shall then have a circumscribed solid whose volume will 
be nearer that .of the sphere than is the volume of the circum- 
scribed cube. 
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From conceive lines to be drawn to each of the polyhedral 
A of the solid thus formed, a, 6, c, etc. 

These lines will forin the edges of a series of pyramids, 
whose bases are the surface of the solid, and whose common alti- 
tude is the radius of the sphere j 

and the volume of each pyramid thus formed is equal to 
the product of its base by J its altitude. 

.'. the sum of the volumes of these pyramids, that is, the 
volume of this new solid, is equal to the surface of the solid mul- 
tiplied by J R, 

Now, this process of cutting the polyhedral A by tangent 
planes may be considered as continued indefinitely, 

and, however far this process is carried, it will always be 
true that the volume of the solid is equal to its surface multiplied 

£ut the sphere is the limit of this circumscribed solid. 

.-. V^SX\R. § 199 

Q. E. D. 

789. Corollary 1. Since ^= 4 ,r 72^ (§ 762), V=^nB^X 
\R = ^vR^. If we denote the diameter of the sphere by 

790. Cor. 2. Denote the radius of another sphere by R' and 

V _^vR^_ R* 
its volume by V ; we have F'= J ir 72'*. .*. -^ "" T~^"" ]^- 

That is, spheres are to each other as the cubes of their radii. 

791. Cor. 3. The volume of a spherical sector is equal to the 
product of the area of the zone which forms its base by one-third 
the radium of the sphere. 

Let R denote the radius of a sphere, C the circumference of 
a great circle, H the altitude of the zone, Z the surface of the 
eone, and Y the volume of the corresponding sector. 
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Then C = 2frE; §381 

Z=CXff=2wEXH; §784 

r=iZXB = iwIPXff. 

792. Cor. 4. The volumes of spherical sectors of the same 
sphere, or equal spheres, are to each other <m the zones which form 
their bases, or as the altitudes of these zones. 

For, let V and V denote the volumes of two spherical 
sectors, Z and Z the zones which form their bases, U and W 
the altitudes of these zones, and R the radius of the sphere. 



Then 



And since 
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§785 




793. CoR. 5. The volume of a spherical segment of one 
base, less than a hemisphere, generated by the revolution of a 
semi-segment ABC about the diameter A D, may be found by 
subtracting the volume of the cone of revolution generated by 
OB from that of the spherical sector A B. 

In like manner, the volume of a spherical segment of one 
base, greater than a hemisphere, generated by the revolution of 
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A B'C may be found by adding the volume of the cone of revo- 
lution generated by B' C \jo that of the spherical sector gener- 
ated by ii .B'. 

794. Cor. 6. The volume of a spherical segment of two 
bases, generated by the revolution oi C B B* C about the diame- 
ter A D, may be found by subtracting the volume of the segment 
of one base generated by ABC from that of the segment of 
one base generated by A B' G*. 



Exercises. 



1. Given a sphere whose diameter is 20 inches ; find the cir- 
cumference of a small circle whose plane cuts the diameter 4 
inches from the centre. 

2. Construct, on the spherical blackboard, spherical angles of 
SO**, 45°, 90°, 120°, 150° and 136°. 

3. Construct, on the spherical blackboard, a spherical triangle, 
whose sides are 100°, 80° and 70° respectively. What is true 
of its polar triangle ? 

4. Find the surface and volume of a sphere whose radius is 10 
inches j also find the area of a spherical triangle on this sphere, 
the angles of the triangle being 80°, 86° and 100° respectively. 

5. If 7 equidistant planes cut a sphere, each perpendicular to 
the same diameter, what are the relative areas of the zones 1 

6. Given, two mutually equiangular triangles on spheres whose 
radii are 10 inches and 40 inches respectively ; what are their 
relative areas ? 

7. Let V denote the volume of a spherical pyramid, S its base, 
E the spherical excess of its base, and R the radius of the sphere ; 
show that aS' == i IT 7?2 Jgr, and r= ^ ir R^ E. 

8. Given, the volume of a sphere 1728 inches : find its radius 
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9. Find the ratio of the surfaces, and the ratio of the yolomes, 
of a cube and of the inscribed sphere. 

10. Find the < ratio of the surfaces, and the ratio of the vol- 
umes, of a sphere and the circumscribed cylinder. 

11. Let V denote the volume and H the altitude of the spher- 
ical segment of one base, and E the radius of the sphere ; show 
th/jt F = irJy«(^-J£r). Also, find F when ^=12 and 

12. Given, a sphere 2 feet in diameter; find the volume of a 
segment of the sphere included between two parallel planes, one 

*at 3 and the other at 9 inches from the centre. (Two solutions.) 

13. A sphere 4 inches in diameter is bored through the centre 
with a two-inch auger ; find the volume remain^g. 



THE END. 
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expected or desired, and any claim to usefulness must be based 
upon the method of treatment and upon the number and character 
of the examples. About four thousand examples have been se- 
lected, arranged, and tested in the recitation-room, and any found 
too difficult have been excluded from the book. The idea has been 
to furnish a great number of examples for practice, but to exclude 
complicated problems that consume time and energy to little or no 
purpose. 

In expressing the definitions, particular regard has been paid to 
brevity and perspicuity. The rules have been deduced from pro- 
cesses immediately preceding, and have been written, not to be 
committed to memory, but to furnish aids to the student in framing 
for himself intelligent statements of his methods. Each principle 
has been fully illustrated, and a sufficient number of problems has 
been given to fix it firmly in the pupil's mind before he proceeds to 
another. Many examples have been worked out in order to exhibit 
the best methods of dealing with different classes of problems and 
the best arrangement of the work ; and such aid has been given in 
the statement of problems as experience has shown to be necessary 
for the attainment of the best results. General demonstrations 
have been avoided whenever a particular illustration would^ serve 
the purpose, and the application of the principle to similai; cases 
was obvious. The reason for this course is, that the pupil must 
become familiar with the separate steps from particular examples, 
before he is able to follow them in a general demonstration, and to 
understand their logical connection. 

Wentworth'8 Complete Algebra. 

Introduction^ $1.40; Allowance for old hook in use, 40cts. ' 
This work is the continuation of the Elementary Algebra 
(described above), and contains about 150 pages more than that. 



The additions are chapters on Chance, Interest Formulas, Contin- 
ued Fractions, Theory of Limits, Indeterminate Coefficients, the 
Exponential Theorem, the Differential Method, the Theory of 
Numbers, Imaginary Numbers, Loci of Equations, Equations in 
General, and Higher Numerical Equations. 



Went worth & McLellan's University Algebra. 



Wentujorth's Plane Geometry. 

Introduction^ 75ct8.; Allowance for old hook in use, 25ct8. 

Wentworth's Plane and Solid Geometry. 

Introduction^ $1.25 ; Alloioance for old book in use, 40 cts. 

This work is based upon the assumption that Greometry is a 
branch of practical logic, the object of which is to detect, and state 
precisely the successive steps from premise to conclusion. 

In each proposition, a concise statement of what is given is 
printed in one kind of type, of what is required in another, and the 
demonstration in still another. The reason for each step is indi- 
cated in small type, between that step and the one following, thus 
preventing the necessity of interrupting the process of demonstra- 
tion by referring to a previous proposition. The number of the 
section, however, on which the reason depends, is placed at the 
side of the page ; and the pupil should be prepared, when called 
upon, to give the proof of each reason. 

A limited use has been made of symbols, wherein symbols stand 
for words, and not for operations. 



Great pains have been taken to make the page attractive. The 
propositions have been so arranged that in no case is it necessary 
to turn the page in reading a demonstration. 

A large experience in the class-room convinces the author that, 
if the teacher will rigidly insist upon the logical form adopted in 
this work, the pupil will avoid the discouraging difficulties which 
usually beset the beginner in geometry; that he will rapidly develop 
his reasoning faculty, acquire facility in simple and accurate expres- 
sion, and lay a foundation of geometrical knowledge which will be 
the more solid and enduring from the fact that it will not rest upon 
an effort of the memory simply. 

Wentworth's Plane and Solid Geometry, and 

Plane Trigonometry. " 
Introduction, $1.40 ; Allowance for old hook in use, 40 eta. 



Wentworth's Plane Trigonometry. 

Paper. Introduction, 30 cts. 

Wentujorth's Plane Trigonometry and Logarithms. 

Introduction, 60 cts. 

Wentworth's Plane and Spherical Trigonometry. 

Introduction^ 75 cts.; Allowance for old book in use, 25 cts. 

As this work is intended for beginners, an effort has been made 
to develop the subject in the most simple and natural way. 

In the first chapter, the functions of an acute angle are defined 
as ratios, and the fundamental relations of the functions are estab- 
lished and illustrated by numerous examples. It is afterwards 



shown how the numerical values of the ratios may be represented 
by lines, and the simpler line values are employed in studying the 
changes of the functions as the angle changes. 

In the second chapter the right triangle is solved, and many 
problems are given in order that the student may at the outset per- 
ceive the practical utility of Trigonometry, and acquire skill in the 
use of logarithms. 

In the third chapter the definitions of the functions are extended 
to all angles, and the necessary propositions are established by sim- 
ple proofs. 

In the fourth and last chapter the oblique triangle is solved, and 
a collection of miscellaneous examples is added. 

The answers to the problems are printed at the end of the book. 

Wentworth's Surveying, 

Paper. IntroduUion, 26 cts. 

Wentworth's Plane and Spherical Trigonometry, 

Surveying, and Navigation. 

Introduction, $1.12; Allotoance for old book in u^e, 40 cts. 

The object of this brief work on Surveying and Navigation is to 
present these subjects in a clear and intelligible way, according 
to the best methods in actual use ; and also to present them in so 
small a compass, that students in general may find the time to 
acquire a competent knowledge of these very interesting and im- 
portant studies. 

Wentworth's Plane and Spherical Trigonometry, 

and Surveying. With Tables. 

Introduction, $1.25; Allowance for old hook in use, 40 cts. 
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Wentworth & Hill's Five-Place Logarithmic and 

Trigonometric Tables. (Seven Tables.) 

Introduction, 50 cts. 

Wentworth & Hill's Five-Place Logarithmic and 

Trigonometric Tables. (Complete Edition.) 

Introditction, $1.00. 

These tables have been prepared mainly from Gauss's Tables, 
and are designed for the use of schools and colleges. 

Table T. contains the common logarithms of the natural numbers 
from 1 to 10,000. 

Table II. contains the values of ir, its most useful combinations, 
and the corresponding logarithms. 

Table III. contains the logarithms of the trigonometric functions 
of angles from 0° to 0° 3' and from 89° 57' to 90° for every second ; 
from 0° to 2° and from 88° to 90° for every 10 seconds ; and from 
1° to 89° for every minute. 

Table IV. gives a method of working with great accuracy when 
the angle lies between 0° and 2° or 88° and 90°. 

Table V. contains the natural sines, cosines, tangents, and cotan- 
gents to four decimal places, and at intervals of 10 minutes. 

Table VI. contains the values of the circumference and area of 
a circle for different values of the radius, and of the radius and 
area for different values of the circumference. 

The tables are preceded by an introduction, in which the nature 
and use of logarithms are explained, and all necessary instruction 
given for using the tables. 

The tables occupy 60 pages and are printed in large type with 
very open spacing. Compactness, simple arrangement, and figures 
large enough not to strain the eyes are secured by excluding pro- 
portional parts from the tables. These are considerations of the 
very highest importance, and it is doubtful whether the printing of 
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proportional parts has any advantage for the purposes of instruction 
where the main object is to iuculcate principles. Experience shows 
that beginners without the aid of proportional parts learn in a very 
short time to interpolate with great rapidity and accuracy. 

Since so many wish these Tables separate, we have published 
them in convenient form, at a price hardly covering the cost of 
manufacture. 

Wentworth & Hill's Examination Manual. 

/. Arithmet/e. Introduction, 35 cts. 

Wentworth & Hill's Examination Manual. 

11. Algebra. Introduction, 35 cts. 

Wentworth & Hill's Exercise Manual. 

.//. Algebra. Introduction, 35 cts. 

(The last two may be had in one volume.) 

Wentworth & Hill's Exercise Manual of Arithmetic. 

In Press. 



Wentworth & Hill's Exercise Manual of Geometry. 

In Press. 

These, and others to follow, are a series of short Manuals, intended 
to cover the main subjects studied in our schools and colleges. 
Each Manual is confined to one subject, and consists of two parts : 
the first containing about 100 examination papers made from the 
best collections of questions ; the second containing recent papers 
actually set in English and American schools and colleges. Each 
Manual also contains a paper completely worked out, as a model. 



Mathematical Books. 



INTBOD. PBICK. 

Byerly Differential Calculus ^2.00 

Integral Calculus 2.00 

Syllabus of Plane Trigonometry 10 

Syllabus of Analytical Geometry 10 

Syllabus of Analytical Geometry, adv, course .10 
Syllabus of Equations 10 

Gi- Addition Tablets {^-|l*,^-; ; ; ; ; ; ,-'^ 

Ilalsted Mensuration 1.00 

Hardy Quaternions 2.00 

Hill Geometry for Beginners 1.00 

Peirce Three and Four-Place Logarithms 40 

Tables, chiefly to Four Figures 40 

Elements of Logarithms 60 

Tables of Integrals 10 

Waldo Multiplication and Division Tables : — 

Folio size 60 

Small size 26 

Wentworth . . . Elements of Algebra 1.12 

Complete Algebra 1.40 

Plane Geometry 75 

Plane and Solid Geometry 1.26 

Plane and Solid Geometry and Trigonometry 1.40 

Plane Trigonometry. Paper 30 

Plane Trigonometry and Tables. Paper . .60 

Plane and Spherical Trigonometry 76 

Plane and Spherical Trigonometry, Survey- 
ing, and Navigation 1.12 

Plane and Spherical Trig, and Surveying, 

with Tables 1.25 

Surveying. Paper 25 

Trigonometric Formulas 1.00 

Wentworth & HIU : Five-Place Log. and Trig. Tables (7 Tables) .60 
Five-Place Log. and Trig. Tables ( Comp. Ed.) 1.00 

Practical Arithmetic 1.00 

Examination Manuals. I. Arithmetic . . .36 

II. Algebra ... .36 

Wheeler Plane and Spherical Trig, and Tables . . . 1.00 

Copies sent to Teachers for Examination^ with a view to 
Introduction^ on receipt of Introduction Price. 
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